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(I) A Derivation of the Elastodynamic Green's Function
(Unbounded Isotropic and Homogeneous Medium)

Elastodynamic (Navier) equations:

The Navier equations of motion for a homogeneous and isotropic linear elastic solid are

A+wWV(V-u+ MVZu +f= pazu /9 , Or

2
o+ =22 J o =p02ug /01> .

Y+ +
oy, ey Aoy

Green's function GVB(x, 1) is the response to a concentrated impulsive force. That is, GVB(x, 1)
is the solution for u, (x,7) when the body force density fo, =8 430pirac(? ) pirac(x). The
solution to the Navier equations is first developed here for f, = Fy (£)0pjqc(¥), Which represents

a time-dependent concentrated force F(r) at x =0.

Observations:

The following observations reduce the determination of the response of a solid to a

concentrated force to finding spherically symmetric solutions to a pair of scalar wave equations.
(i) Orthogonal operators (on an arbitrary vector field v = v(x,r) ) may be defined by:

MPy=V(V-v), M'v=V*»=V(V-1)=-VxVxv .



They have the following properties:
MP(MPvy= M (MPv)=0
MP(MPy) = MP (V)
M (MPv)= M (V?v)

(ii) Navier equations can be re-written as

pcf)Mpu +pcs2Msu+f=pE)2u/8t2 (pc§=k+2u, pc?zu),
and if we write
u(x,t) = MPAP (x,0) + M° A*(x,1)
then those equations become
pMP (5VZAP — P AP 107 ) +pM (s VA’ - * A% o)+ f =0 .
(iii) Poisson's equation V2¢ = g(x) has the general solution
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Observe, when g(x)= dpjpc (), ¢ =—1/4m (where r =|x|), and so V2(=1/47mr) = S pirac (X).

(iv) Body force of interest to us is a point force and can be written as

f:F(t)SDirac(x):_Vz(m)Z—(Mp+MS)(M)

47r 47r
Thus, Navier equations will be satisfied if:

coVPAP —3%AP 197 = F(1)/ dmpr, ¢]VZA® ~9*A° 10 = F(1)/ 4mpr .



Solution for A” and A°®, and hence for arbitrary concentrated force F(f):
Define a vector function P(7) in terms of the given F(z) by
P(1) = F(), with P(07)=P(0")=0.
Then, to solve the two wave equations in (iv) above, we want to solve

VA -0%A /3% = P(r) /4mpr .
2
Look for spherically symmetric solutions, in form A = A(r,f), and observe that rV A= a—z (rA)
r

for spherical symmetry.

) 92 092 .
ST = (rA)——=(rA) = P(¢)/ 4mp,
or ot

which has the general solution

rA=—-P()/4np +Qi(t —r/c) + Oy (t+r/c)
where Q) and @ are arbitrary functions. The first term is a particular solution; the last two give
the general homogeneous solution. We set 0 =0 (no incoming waves). In order to avoid a

singularity in A as r — 0, we must set Q) (¢) = P(t)/ 4mp.

. Solution is

yp Pl PO Pa—rie)-PO)
4mpr ’ 4mpr
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so that the solution for u = MP AP + M*A° is



(1)
2| B
uv(x,t):—6V|3V [4Ttpl’

2 (Py(t—r/ 2 Py(t—r/cg
4 pt rc”)+5vﬁV2— ’ LA rC),
0x,0xg Ampr dx,0x g Ampr

where r=|x| and Pﬁ(t) = Fﬁ(t).

] < vanishes for r >0

By carrying out the differentiations indicated, one may show further that

YvYp S,8= 7Y 3vvYpg—0yg /S
1) = Fp(t—r/ + Fg(t—ricy)+ Tk (t—1)dt
uy(x,1) = TPC{ plt—ricy) Tpcsz_ plt—=rlcy) " r/fcp =1

where here the unit vector Yy =x/r .

Green's function:
= Gy (x.1) when Fy (1) =8ug0pirac(®)
describing an impulsive point force in direction . The corresponding Py (?) = BocBR(t) , where

t for t>0
0 fort<0”’

2 R() o> [R@t—rlcy) > % [ Ra-rlcy)
=— AV =
Gup(xe) = —0ypV (4nprj " ax\,axB( 4mpr +| Ovp 0x,0xp dmpr

Static limit of solution:

R(?) = unit ramp function = { and R(f) = Opirac(?) -

Let the force F(t) considered above be F(t) = F , a constant, for ¢ >tz and observe that

because ﬁ(t) =F@), Pt)=C; +Cyt + Ft? /2 fort> tr (the constants Cj,C, will make no
contribution to Gvﬁ (x,1) so do not matter). Thus

P(t—r/c)—P(t)=—Cyr/c—Frt/c+Fr?/2¢® whenever t—r/c>tp.



Since P(t—r/c)— P(t) is divided by r before taking the spatial derivatives above, only the last
term in P(z—r/c)— P(t) contributes to the expression for displacements. Thus the static field

(which is established just behind the s wave front which emanates from the point of force
application at the moment F(¢) becomes constant at F'), is

82 Fﬂr ) 82 Fﬂl"
= +|6,8V" -
() ox, dxg Snpcg v dx,dxg | 87pc;

or, when we recognize the expressions for wave speeds in terms of moduli, and differentiate,

5vﬂ —XyXxg /r? . 6vﬁ +XyXg /r? Fg _ (A+3WF, +(A+ Wxyxgkg /r?

uv(x) =

A+2u u 8mr 87 (A +2 1)

(I) Moment Tensor Sources, Transformation Strain Approach
Transformation strain:

Rapid processes of fault slippage, crack opening, dislocation motion, phase changes or
local heating generate waves. Such sources of elastic displacement fields can generally be
represented, kinematically, by distributions of transformation strain egﬁ(x,t); for cracks, faults

and dislocations, these are singular distributions (see below). The transformation strain describes

an alteration of the stress free configuration of a solid. The usual relation between stress and
strain, for a solid with elastic moduli Cggys ., is Ogp = Copys€ys - If the stress-free configuration

of an elementary volume of the solid at x is altered to a new shape, described by egﬁ(x,t) , the

stress-strain relation is then altered to

OB = Copys (€ys — SyTa) (1)
[which is gy = A6y, B(Eyy — 877,;/) +2U(Eqp — 85/3) for an isotropic material].

This assumes no alteration of the elastic moduli due to the transformation strain. Here the strain
&ys is defined in the usual way, by &5 = (1/2)(ch,, / dxg + dug / dx,) where uy (x,t) is the

displacement field. Thus, if we cut an element of the source region free from its surroundings,
and remove stress from it, it would take on the strain £,5 = 8}7,;3.



The common model of a crack or fault as a surface of displacement discontinuity is
achieved as a limit of a distribution of egﬁ (x,t) over a narrow zone. One lets the transformation

zone thickness go to zero, with appropriate components of egﬁ(x,t) then going to infinity, such

that there is a net displacement across the rupture; this limit is best taken a little later in the
theoretical development, after reaching the stage of the integral involving function Hygg below.
In that limit, we write

e = (11 2)(ngAug + ngAug 3pisgc (5) )

(07

Here S denotes the fault surface; Au = u+ —u— on S; + and — denote sides of S ; n is the
unit normal to S, pointing from — towards + ; and Opjrqc(S) is the surface Dirac function,

having the property that, if volume AV contains a portion AS of the surface S, then
)y F®Opinge($) dv =] fx)dS.

This provides an alternative approach to one based on applying the elastodynamic reciprocal
theorem to a solid with a cut, for representation of the field generated by a crack or fault; that

latter approach is discussed in Aki and Richards, Chp. 3.
Two problems:

To understand how to calculate the response to egﬁ(x,t) , consider two problems:

Problem 1, response to given body and surface forces: A solid is subjected to some
distribution of body force fg = fp(x,?) in the region V that it occupies, and to some distribution of

surface tractions (or "surface force") T = Tp(x,t) on the boundary § of V, but is subjected to zero

transformation strains, egﬁ(x,t) =0 . This is the is the classical problem of elastodynamics.

Problem 2, response to given distribution of transformation strain: The same solid
discussed above is now subjected to zero body and surface forces, fp(x,1)=0 and Tp(x,)=0, but is

subjected to some arbitrary non-zero distribution of transformation strain egﬁ(x,t).



For both problems the governing set of equations are:

(I) The equations of motion of a continuum:
8G(Xﬁ d 21/![3
3 +/p= p? in the region V, with boundary conditions n,0,3 =Tg on the surface S.
%07

1
(IT) The strain - displacement gradient relations: &5 = 2

(IIT) The (elastic) stress-strain relations of eq. (1): Ogp = Caﬁ;b‘ (Syg - 8}7,;3 ). [Note that since
Copys is chosen symmetric in its last two indices, use of (II) shows Cyp,5€y5 = Copysoiy / xs ]

Let us now formulate both problems in terms of displacements as variables:
Formulation, problem 1, response to given body and surface forces:

(II) and (III) above with Egﬂ =0 lead to oyp = Caﬁﬁ&ty / dg for the stresses. Inserting

that into (I) we obtain the following statement of the problem of determining the displacement
field:

J Ju 0u uy

Y _ B . - _
%(Caﬁyg %)+fﬂ —p? in V, subject to ”Occaﬁﬁ%‘ Tg on S. 3)

where we regard fg = fg(x,t) and Tg = Tp(x,?) as given functions.

Note that since the governing equations are linear in the u4(x,?) , their solution for the uy
must involve some linear summation over all space and prior time of the effects of the given fp
and Tg. The Green's function Gvﬁ(x,x’,t) may then be defined (consistently with the

understanding in part (I) above) as the weighting coefficient in such a linear response, so that we

can write the solution to the above set of equations as

wxn=[" [, Gpexi-Ofanavary || [ Gpexi-0 T dsdar @)



The coefficient of Gy (x,x,t—1) is an infinitesimal impulse, f i (x’,1)av'dt or Tﬁ(x', t)dsdr’,
applied at position x” and time ¢”. We may thus say that G, g(x,x") is the displacement

response in the v direction at place x and time ¢ due to a unit impulse applied in the 3 direction at

place x”and time 0.

Formulation, problem 2, response to given distribution of transformation strain:

ou
(IT) and (I1I) now lead to OoB = Camﬁ (_}/ - 8;5) for the stresses, and we insert that into
oxs

(D) with fg=0 and T3=0 to get the following equations governing the displacement field:

2 1c (%—gT)]— P g in V. with n,C (%—eT)—o onS. (5a)
ox, ofys E y5)1= P? ) oL opys E vS .

Introducing the notation
T
maﬂ(xat) = Caﬁy5(x)gy6 (x,1) ,

where mgg is called the moment (volume) density tensor, we therefore see that problem 2 can be

restated as

P o,  om Pug _ O
@(Caﬁyé 3)6;)_ 8xaﬂ =p 8t2ﬁ in V, with nacaﬂy(?gz;:”amaﬁ on S. (5b)

o

This statement of problem 2 can be re-written (to emphasize the analogy to problem 1) as:

J out 9%u

ou
14 I — B . : Y _ 7t
@(Caﬁws %) + fﬁe =p &T inV, with Ny Ca[}yS 5 = Tﬁe on S. (SC)

where the effective body and surface force terms thus introduced are

fﬁﬁ :—8maﬂ/8xa and TEﬁ =ngMyp - ©



Comparing problem 2 as formulated in eq. (5¢) and (6) with problem I as formulated in
eq. (3), we see that both have an identical mathematical statement (but with f Eﬁ and Tﬁﬁ of

problem 2 replacing f B and T[} of problem 1). Hence problem 2 must have an identical form of

solution which can be can be written out directly from eq. (4), in terms of the Green's function,

as

wn=-]"_J Gvﬁ(x,x’,t—mw avir
o (7)

+ ,[_tw j S Gyp(%,%,1 =)o (XYmep (x,1) dS'dt’ .

Use of the divergence theorem to transform the surface integral to a volume integral, then shows

that the solution to problem 2 is

IG5 (x,x',t—1) L,
wen=[" [, =2 (') dV @®)
o

Since m, 3 1S symmetric in o and (3 (that is because C 18 symmetric in its first two
af 18 8y ofys 18 8y

indices, which follows from OoB= OB ), it is preferable to rewrite this solution as
1 t , ’ ’ I3y
uv(x,t):aj_m jV Hvaﬂ(x,x,t—t)maﬂ(x,t)dth ©))

where the moment response function is

't—1) 0G,g(x,x",t—t
Hygpet )= ZaX 200 T L (10)
X3 Oxg

Hvaﬁ(x, x’,t —t’) can be interpreted as the displacement u,, at x in response to the application at

x’ of a pair of impulsive force dipoles with zero net moment. One such dipole is arrayed along

the [ direction with its impulses in the o direction, the other arrayed along the o direction with
its impulses in the 3 direction. Hvaﬁ(x, x',t —t’) is called the double couple response when

oand B differ, and the linear vector dipole response when they agree.



Surface source region S:
Suppose that the source is a crack or fault so that the transformation strain is a singular
distribution over some internal surface S, like in equation (2). (This S is not to be confused with

alternative use of the same symbol to denote the external surface of the body considered.) Then

the volume moment density is

Mo (X ,1) = Mg (X,1)0pirac(S) , Where g g(x,1) = Copys (X)ny, (x)Aug(x,t) (11)
is the moment surface density tensor. The only change in expression above for u is that we
replace mgg (x”,t’)dV’ in equation (9) with ”A%xﬁ (x’,t)dS’, and integrate over the surface S
rather than over volume V, making analogous changes in subsequent formulae.

Fourier transform version:

It is convenient for some purposes to have the Fourier transform of the displacement,

which is given as
~ 1 ~ ’o~ , ,
iy (x.0)= - [\, Hyop e’ yings (2 0) V" . (122)
Observe also that the transform of the moment rate maﬁ (x,1) is
Tt (X, 0) = i (xX,0) ,
and that if we define E,,g(x.x",0)= H,qp(x.x",0)/ i, then

4 t ’7 I 4
Evop(x.X0)= || Hypp(xx'0) di

is the function analogous to the moment response Hvaﬁ(x, x’,t), but based on a step-function
rather than impulsive time history. That is, Evocﬁ (x,x’,1) can be calculated like in equation (10),
but replacing Gaﬁ(x,x’,t) with the function which gives the displacement u,,(x,?) in response to
the body force density f, (x,1)=6ygUep(1)0pipac (x — x) where Ug,, (1) is the unit step
function; recall that Ggg(x,x",t) corresponds to f, (x,1)=6,80pjrac(N)0 pjrac (X —x') .

10



Thus an equivalent form for the displacement field is

~ 1 ind ’ v ’ ’
iy (x.0)= - [\, Evop(x.d.@pigpx’.0) av” (12b)

which corresponds in the time domain to the equivalent version of equation (9) as
1 J‘[ J ’ N . 7.’
uv(x,t):a by Evaﬂ(x,x,t—t)maﬁ(x,t) dvdt (12¢)

Low-frequency response and point source approximation:

Let a be a typical dimension of the source region, such that #,=a/c, where ¢ = wave

speed, is a typical time for waves to traverse the source. If the elastic properties and geometry of
the body are relatively uniform through the source region, such that the response Eyq (x,x’,1) at

a distant receiver site x is essentially independent of the location of x” in the source region
(ignoring travel time differences of the order of #,,), then the source can be considered as if it was

a point source. This neglect of accuracy of order #,, in the time dependence can be characterized,

in the frequency domain, as being valid at low frequencies @, such that |wl,, <<1. We may then

write the response as given in equations (9b,c) as
~ 1~ , 5 1 t ’ A ’ ’
iy (5.0) == By (5 )M (@) . or wy(x) = " Eyepxxt=)Myg(tar

where x’ is any location in the source region, and where
Mp(t) = JV mop(x',1) dV’

is the total moment of the source. In general, if r is distance from source to receiver, and if there
is enough uniformity in the source region for the independence of the exact source locations x’,
then the point source model is valid when

r>>a and cllo|>>a,

where the latter expresses the condition |a)|tw <<1.

11



The time scale #; of the source process is the time over which the ég ﬁ(x’,t) , and hence

ndaﬁ (x’,1), are non-zero. Suppose f is short compared to the precision with which we want to
know the time history. Such is the case when we consider low frequencies such that |olt, <<1.

In that frequency range,
s ’ teo g . ’ ’
g (o) = [ 7 T i () dt = mo (1) (ool << 1)

where My B (x’,t,) is the final moment density at the termination of the source process. Hence

(9b,c) become, in that low-frequency range,
~ 1 J — ’ ’ ’ 1 J‘ ’ 4 ’
uy, (x,w) zE v Evaﬂ(x,x ,a))maﬁ(x,ts) dVv’, or u,(x,t)= 5 v Evaﬁ(x,x,t)maﬁ(x,ts) dv’.

In general, for dynamic rupture processes, one expects f,, to be less than #;. Thus frequencies
which are low enough to justify the approximation just made will also be low enough for validity
of the point source model, at least if we also meet the condition of enough uniformity in the

source region for the independence of the exact locations x”. In that case we may write
~ I~ , 1 ,
u, (x,w) zE Evaﬁ(x,x ,a))Maﬁ(ts) , or u,(x,t)= EEvaﬁ(x,xJ)Maﬂ(fs) .

At such level of approximation, the expressions show no effects of the actual time dependence of

the source process, but only the time dependence embedded in Ey,p (x,x’,t), possibly reflecting

multiple wave reflections, scattering and dispersion on the route from source to receiver.
(IIT) Moment Tensor Response, Isotropic and Homogeneous Solid

The displacement in response to a distribution of transformation strain egﬁ(x,t) , with

property that the stress-strain relations of the medium are altered to
B T T
Oap = A0up(€yy = Eyy) +214(E0p — €qp) -
is given in terms of the moment tensor source density
T T
maﬂ(x,t) = Maﬁ&‘w(x,t) + Zugaﬁ(x,t)

12



by the expressions above, i.e., equation (9) with the Green's function of part (I) for the

unbounded isotropic and homogeneous medium used in equation (10). Because, in the present
case, we consider an unbounded homogeneous solid, G, (x,X’,7) = G,,,(x —x’,7). Thus
Hypp(x, x',1) = Hygp(x— x’,t) , which means thatdG, ., (x —x’ t)/&xﬁ =—-0dGyu(x —X’ t)/&xlg.

Thus the moment response is

a a
vaﬂ(x )= —— vﬁ(x f — ,B Gyo (X,1) .

Using the expression above for the Green's function Gy,

! s | R® Rt-rlc,))) o (Ra=rlcy)
2 vop (o) = (Lvaﬁ * L"O‘ﬁ)(47rprj _Leaﬁ[W —Lyep Tpr

where

> 1 d
p - N
LvocB - axvaxaE)Xﬁ » Lyap= (6va axﬁ +5v[3 o, )V Lvoc[}

Note that the first term of HvaB will make no contribution outside the source;
(I” + *)(R/4mpr) =0 there because V2(1 /r)=0 for r>0.

To evaluate the expression for u,,(x,?) it is simplest to solve first for 82uv(x,t)/8t2, in the

representation of eq. (9), observing that

82

1
32 ( Hyup j— same expression as for H\qp above, but with R(r) — R(t)= ODirac () -

2
Note now that when performing the convolution on # of 87(5 Hyop (x,x’,1— t')) with

maﬁ(x {'), there will arise integrals J ODirac (t— r/c)ma/;(x {ydt' = =My xt—r/c),

where 7 =|x—x’|. Thus

13



mug(X',t—r/cy)

52 maﬂ(x',t—r/c ,

—u, (x,1)=-LF f 1740 ) f
27 vaof Ampr vo

source source

volume volume

4mpr

This gives the solution for u,,(x,f) using initial conditions u,, =du,, /dt=0 before onset

of the source process. To formally write the expression for u,,(x,t), let WaB(x,t) be defined by

i . d
87 WOLB(x’t) = maﬁ(x’t) , with WaB(x,O) = E WaB(x,O) =0 .

Such Wg(x,1) is given by Wyg(x,1)= Jé (t— t”)maﬁ(x,t”)dt”. In terms of it,

W, (x’,t—r/c Wog(Xt=rlcg) |
of of s gy

4 mpr

”v(x’t):_l‘eaﬁ J. _Lsaﬁ J.

source source
volume volume

4mpr

Evidently, the displacement field can be written in the form
p s
uv(xa t) = MV (xa t) + Mv(x,t) b

and in terms of these notations the last expression would, e.g., be written

W, gx",t—r/c ),
off pors)

uf " e =-Ligs" | Ampr

source
volume

with the Fourier transform version being

pors polgs J eXp(_lwr/Cpors)ma/}(x (1))
v Vo,
source

volume

x,0
(x.0)= 47rpa) r

14



Rupture on a surface S:
In this case the transformation strain is given by equation (2),

Eqp (1.0 = (11 2)[ gy () Aug (x,1) + n g (%) Autgy (%,118 piye (S)

where n is the unit normal to S, pointing from the — to + side, and Au= u' —u is the
displacement discontinuity on S. Thus the surface moment density tensor ”A%x[} (x,7) 1s given by

n%aﬁ(x,t) = lSaﬁny(x)Auy(x,t) + ulny, (x)Auﬁ(x, 1)+ ng (X)Auy (x,1)].

Since in such cases we replace mgg (x”,t’)dV’ in equation (9) with ”A%xﬁ (x’,7)dS’, the

displacement field is given by

foaﬂ(x’,t —rlcpors)
4mpr

u S ey =—LEES | as’

where

2% - . n J ~
a7W(Xﬁ(x,t):mwﬁ(x,t) with Waﬂ(x,O):E aﬁ(X,O)zo,

and the Fourier transform version is

i exXp(—iar/cy op IMep(Xo0)
0= gy [, s

(IV) High-Frequency Response and Far-Field Approximation

Assume r >>a (a = source dimension), and r >> c¢/®. Then for such range of (high)

frequencies

15



or x-x X . D : . .
where y=—= ~— for a coordinate origin in the source region and observation point at
X r T,
o

distance 7, from the origin. Hence, each time we take a derivative with respect to some x,,

which we do successively three times in operating with the Leo?lr;s above, that is equivalent in the

high frequency limit to multiplying by —i@y,, /¢, o ;. Thus the Fourier transform expression

above becomes

. exp(—ar/c ) -
u‘l/aors(x’w)zR‘]/)O?és J. 5 pors maﬂ(x/’w) dV, ,
source 47rp rCP ors

volume

(using ﬁiaﬁ( x )= [ Omyg (x’,w) ) where the radiation patterns R‘Ifaﬁ and R\faﬂ , descended from

the two differential operators, are
RP = d R ———1 0 +0 Y YaY
vop = Yv¥o¥p, an vaf 2( vV B vﬁYa) vVoVB-

By noting further that r = r, — - x’, when |y- x| << r,, which is the case here, this can also be

written as
exp(—iar, /¢ ) -
~pDOrs __ppbors 4 pors J. . ’ 3 ’ ’
ulf) ° (x,0) ~Ryap pY— exp(ioy- X'/ ¢y o ) Mup(x',0) dV'.
Pro pors source
volume

The last two expressions for 125 T (x,) invert to the time domain as

maﬁ(x’,t —rlcpors) o

u S = RIS

source
volume

3
47prey or s

1 . ’ 4 ’
szors—S J maﬂ(x,t_ro /Cpors+7'x /CP()fs)dV ’

vof3
47Z'p rOCP Ors  source

volume

where now it is understood that the slower (low frequency) parts of the radiated field may not be

well represented (for example, these expressions predict no long-term static displacement field).

16



The equations do show that the high-frequency part of the radiated signal is a direct linear map,

corrected for travel-time differences, of the rate of transformation strain in the source region.

For the case of rupture with displacement discontinuities Au,, = u; — Uy, = Auy (X,1) on a

surface S, the above integrals over the source region become

J (1/47WPC§90rS)maﬁ(x,,t_r/Cpors) av’

source volume

- JS (1 470rpc ), o H{ABopny (XN Aity, (x't=1 /¢ o )
+ Ul ng (xX)Aig(xXst—r/cp o o)+ ng(x) Al (x"s1=1/ ¢ o )1}dS’
_ jS (1) 47r¢3 o DA(e 2 =26 2)8, gy (XAl (X't =1/ ¢ o )

+ csz[na(x')AL't,B (x't=r /¢por S)+nﬁ(x')Ab'ta(x',t— ricy or )13dS”.

Far-field radiation due to slip on a planar fault:

The fault plane S is in the plane x,=0; slip is entirely in the 1 direction; Au = (Au1,0,0),
n = (0,1,0); Aut=Aui (x1.x3.0); #iyo(%,0) = fitn 1 (x,1) = fAuy(x1,x3,1) = pe- Auy(xy,x3,¢). Then the

far-field p and s wave displacements are

pors 2

vi2 *~s .
QCy,t =1,/ CporsiCpors)
oCpors

u‘[/) ors(x,t)z

where

or

. +
Qo= | Aul(xl,x3,t+M)dxldx3 :

+ -
PAEOR LS 7/3363)Aul (x1, x3,w)dx;dx3
c

f)(y,a);c)z IS exp(iw
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Far-field radiation due to tensile opening on a planar crack:

The crack plane S is in the plane x=0; relative displacement of the crack walls is entirely
in the opening mode, and hence in the 2 direction; Au = (0,4u2,0), n = (0,1,0); Aup=Aur(x1,x3,t);
A ~ 2 2
my1(x,1) = mz3(x,1) = Auy (x1,x3,1) = p(cy —2cy) Aup (xy,x3,1), and

Moyp(x,8)= (A +21) Auy (x1,x3,1) = pclz,Auz(xl ,X3,7). In this case

pors, 2 ~.2 pors 2
pors ~Rvaa (cp 205)+2Rv22 CSQ ) _
uy  (xp)= 3 (Yt=15/CporsiCpors) >
4717’0‘1pors

where we note that R, =7, and R, =0, and where now

NXx +¥3x3

Qtie) = [ Aity(rpxst+ Ydxydxs , o
S

X1

~ + -
Q(y,m;c) = IS GXP(l'w&)Auz(xl,x3,a))dx1dx3 .
C
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