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Abstract We consider rupture initiation and
instability on a displacement-weakening interface. It
is assumed to follow a power-law relation between
a component of displacement discontinuity (whether
tensile opening in mode I or shear slippage in modes
II or III) and the reduction from peak strength of a
corresponding component of stress (normal or shear
stress) on the interface. That is, the stress decrease
from peak strength, as the interface discontinuity develops, is assumed to be proportional to displacementdiscontinuity to some exponent n > 0. The study is
done in the 2D context of plane or anti-plane strain,
for an initially coherent interface which is subjected
to a locally peaked “loading” stress which increases
quasi-statically in time. We seek to establish the instability point, when no further quasi-static solution exists
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for growth of the ruptured zone along the interface,
so that dynamic rupture ensues. We have previously
addressed the case of linear displacement-weakening
(n = 1), and proven the remarkable result that for an
unbounded solid, the length of the displacement-weakening zone along the interface at instability is universal,
in the sense of being independent of the detailed spatial
distribution of the locally peaked loading stress. Present results show that such universality does not apply
when n differs from 1. Also, if n < 2/3, there is no
phase of initially quasi-static enlargement of the rupturing zone; instead instability will occur as soon as the
maximum value of the loading stress reaches the peak
strength. We first employ an energy approach to give
a Rayleigh–Ritz approximation for the dependence
of quasi-static rupture length and maximum displacement-discontinuity on the loading stress distribution
of a quadratic form. Results, depending on curvature
of the loading distribution, show that qualitative features of the displacement-discontinuity development
are significantly controlled by n, with the transition
noted at n = 2/3. Predictions of the simple energy
approach are in reasonable quantitative agreement with
full numerical solutions and give qualitative features
correctly.
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Fig. 1 A displacement field, associated with anti-plane shear
(mode III) rupture in an infinite, homogeneous, isotropic, linear
elastic solid, is schematically shown. The nonuniform loading
stress τo (x, t) is locally peaked in space and changes gradually
with time, at rate R. Inside the slipping region, a linear or powerlaw slip-weakening relation holds. The corresponding in-plane
shear (mode II), or tensile (mode I) rupture problems can be
defined analogously

1 Introduction
In previous study, Uenishi and Rice (2003) investigated
the behaviors of displacement-weakening interfaces,
specifically in the case of slip-weakening faults, and
evaluated the nucleation length that is relevant to fault
instability, i.e., earthquake nucleation, in that model. In
the analysis, the case of a linear slip-weakening constitutive law
τ (δ) = τ p − W δ,

(1)

(τ is shear stress, δ is slip, τ p and W are positive constants) was mainly studied in the framework of twodimensional quasi-static elasticity. They considered, in
an infinite, homogeneous, isotropic elastic space, a planar fault under a locally peaked nonuniform loading
stress, which is assumed to gradually change in time
due to, for instance, tectonic loading, but to retain its
peaked character in space (Fig. 1). Such nonuniform,
locally peaked stress distribution may be expected, for
example, as a result of residual stressing from prior
seismic events, and is given mathematically (for the
case of a fixed residual stress distribution) by
τo (x, t) = τ p + Rt − q (x) .

(2)

Here, the fault plane coincides with the x − z plane
(y = 0) of a Cartesian coordinate system x yz, Rt is
the stress change from that for which the peak in the
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loading stress distribution equals the shear strength of
the fault, τ p . At this peak strength τ p , slip and weakening initiate. The function q(x), which gives the exact
shape of the loading stress distribution as a function
of the position on the fault, x, satisfies q(x) > 0 for
x = x p and q(x p ) = 0. Thus t = 0 is the time when
the peak value of loading stress, at x p , first reaches
τ p so that slip initiates at that point and then the slipping region a− (t) < x < a+ (t) expands quasi-statically. In Uenishi and Rice (2003) it was assumed that
a linear slip-weakening law with constant weakening
rate W (W > 0) applies at least approximately for the
range of slips which occur prior to instability. We will
make an analogous assumption for the power-law relations to be studied here. It was shown in that linear case
that the size of the slipping region on a fault grows
under increased loading stress until finally a critical
nucleation length h n is reached at which no further
quasi-static solution exists. This marks the onset of a
dynamically controlled instability. Such nucleation
length h n was analytically proven to be universal, i.e.,
independent of the exact shape of the loading stress
distribution q(x), and it is given by
h n ≈ 1.158μ∗ /W.

(3)

Here the numerical factor (to that many digits) comes
from the least eigenvalue of a certain homogeneous
problem. Also, μ∗ = μ (shear modulus) for mode III,
and μ/(1 − ν) for mode II, with ν being Poisson’s
ratio. The same results apply, as do the new ones to be
derived in the current presentation based on power-law
displacement-weakening, for interfaces loaded in tension (mode I), in which case τ is to be reinterpreted
as tensile stress, δ as opening displacement, and μ∗ =
μ/(1 − ν). For a specific focus, we phrase much of
the paper in terms of slip-weakening on a fault surface,
recognizing that the results apply without change to
nucleation of fracture under tensile loading of a displacement-weakening interface.
While the methodology of the paper, as presented in
Appendices A, B and C, could be applied to any slipweakening law τ = τ (δ) of interest, we here focus
exclusively on cases for which the strength τ can be
assumed to be given by
τ (δ) = τ p − Aδ n ,

(4)

for all slips δ experienced. Here A is a positive constant with units [stress/lengthn ], and n is also a positive
constant (Fig. 2). We study slip development and its stability or instability for such a power form (as already
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Fig. 2 The nonlinear, power-law slip-weakening constitutive
relation. The fault strength τ is given by τ = τ p − Aδ n , where
A and n are positive constants. The initial gradient of the curve,
dτ/dδ(δ = 0+ ), is zero when n > 1. It is a constant [−A(< 0)]
if n = 1 (linear case) and negative infinite (−∞) if n < 1

partly analyzed using dimensional analysis in Uenishi
and Rice (2003) ). First we employ an energy approach
like in Rice (1992) and Rice and Beltz (1994) to give
a Rayleigh–Ritz type approximation for the dependence of slipping zone length, and maximum slip, on
the level and shape of the loading stress distribution (see
“Appendices A and B” for the detailed description of
the analytical method). A second approach is to provide
a full numerical solution for the slip development (see
Appendix C for the numerical methodology). Remarkably, the predictions of the simplified energy approach
are in reasonable quantitative agreement with the full
numerical solution, and predict qualitative features
correctly.
It should be noted that the objective in this study is to
show the mathematical properties of more
generalized displacement-weakening interfaces under
spatially nonuniform loading, simply because the
displacement-weakening concept is widely used in
fracture analysis. That includes cases of earthquake
nucleation in seismology, although we do not intend
here to support or advocate the use of slip-weakening laws in that context, as opposed to more elaborate laboratory-based descriptions of the rate and
state type (Dieterich 1979; Ruina 1983). For studies

of nucleation in the rate and state context, see Dieterich
(1986, 1992), Tse and Rice (1986), Dieterich and
Kilgore (1996), Lapusta and Rice (2003), Rubin and
Ampuero (2005), and Ampuero and Rubin (2008).
Similarly, studies of dynamic rupture based on thermally-driven fault weakening during seismic slip, with
an essential dependence on slip rate, reveal responses
such as self-healing rupture modes (Nodaet et al. 2009)
which cannot be fully explained in the slip-weakening context. That stated, a recent study (Abercrombie and Rice 2005) has used seismological observations, interpreted to give seismic moment, radiated
energy, and rupture duration, for earthquakes over a
broad range of moment magnitude, Mw = 0.5 to 7.3,
to constrain how shear stress τ varies with slip δ
during seismic rupture, for slips ranging from ∼0.2 mm
to ∼3 m. The measured data does not fully suffice for
that, even in principle; Abercrombie and Rice (2005)
noted that to infer a τ (δ) relation one must make an
assumption, not testable through seismic observations
of the type mentioned, about how the final static τ at a
point along the fault, well after rupture arrest, relates to
the τ at the same point just before arrest of sliding. They
reported results for the case for which the two τ are the
same, although theoretical studies (Madariaga 1976;
Nodaet et al. 2009) have identified cases for which the
τ just before slip arrest may be greater or less than the
final static τ . In that way, they found that the results for
δ ranging from 0.2 mm to 0.2 m could be fit approximately (with large scatter) by a relation in the form of
Eq. (4) with n ≈ 0.3, although re-examination shows
that results for δ ranging from 1 to 10 mm are better
described by Eq. (4) with n ≈ 0.7.

2 Nonlinear displacement-weakening
2.1 Analysis based on the simplified energy approach
Consider a nonlinear power-law slip-weakening constitutive relation given by Eq. (4). Assume, for simplicity,
that the loading stress falls off from its locally peaked
value with a quadratic dependence (with curvature κ
[stress/length2 ] (> 0)) on distance x from the peak location, at x = 0, as q(x) = κ x 2 /2 for small x. Then, the
slipping region expands symmetrically (a+ = −a− ≡
a), and Eqs. (B5, B6) and (B8) in Appendix B imply,
as briefly mentioned in Rice and Uenishi (2002) and
Uenishi and Rice (2003), that the critical length h n =
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Fig. 3 Relation between the half-length a (shown nondimensionally, with overbar) of the slipping region and the stress
change Rt for n > n th (= 2/3). Note that in all cases a maximum value of load Rt occurs along the loci of equilibrium solutions shown, and we denote by ac the corresponding half-length
at instability. The behavior is qualitatively similar to that for
the linear case (n = 1). Slip develops gradually with increasing remote loading until the slipping zone reaches the critical
length. For n > 1, however, the unstable equilibrium range
of the results (commencing at ac and the maximum possible
loading Rt) exhibits a maximum value for a, labelled au , marking the start of a nonphysical branch (see text)

2a at instability depends on the curvature κ of the
loading stress distribution when the slip-weakening
relation is not linear, i.e., n = 1. In other words, there
is no longer a universal nucleation length that is independent of κ. The analysis in “Appendix B” also shows
that qualitative features of the slip development are significantly controlled by the power, n, of the slip-weakening law (4). In the following sections, we will discuss
qualitatively the mathematical features for the three
distinctive ranges of n, namely n > n th , n = n th
and 0 < n < n th , where n th = 2/3 is the threshold value. The results obtained by the simplified energy
approach will be shown in the normalized form (using
Eqs. (B11) or (B19) depending on the power n).
2.2 The case n > n th (= 2/3)
Figure 3, for three different values of n > 2/3, namely
for n = 0.8, 1 and 2, shows that the behavior is
qualitatively similar to that for n = 1 (linear case),
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in that the slipping region (represented by the halflength of the region, a, and shown in a non-dimensional
form) first develops gradually with increasing remote
loading Rt [that is, d(Rt)/da > 0 near a = 0+ , as
confirmed by Eq. (B7)]. That occurs until a reaches the
critical length ac . As a → ac , da/d(Rt) → ∞, so
that d(Rt)/da → 0, corresponding to a maximum in
sustainable load under the assumed equilibrium conditions. Beyond that critical length 2ac , an unstable equilibrium branch commences for which the load must
decrease to continue to grow the length of the slipping region under the assumed equilibrium conditions
[d(Rt)/da < 0 for sufficiently large a in Eq. (B7)].
When discussing such unstable equilibrium solutions,
we suspend thinking of t as time, and simply interpret
Rt as the level of uniform tectonic loading in Eq. (2),
and Fig. 1, which would allow an unstable equilibrium
configuration of length 2a.
The system must become unstable at that critical
length ac , and corresponding load Rt, because as shown
by the results in Fig. 3, there is no equilibrium solution
for larger values of the load Rt. Hence, in the situation
of a continuous slow increase in load Rt, the rupture
should transition into an initially-controlled dynamic
process at greater load.
If n > 1, as shown in Fig. 3, along the unstable equilibrium branch starting at half-length ac and
corresponding load Rt (the maximum possible load
for equilibrium), da/d(Rt), which turned negative at
ac , can pass through zero at a half-length denoted
a = au , beyond which da/d(Rt) resumes positive values. Equation (B15) confirms the expected result that
au > ac always. We can attribute no physical significance to this branch commencing at au , beyond which
da/d(Rt) resumes positive values, because under conditions of continuous quasistatic increase in load the
system will have already gone unstable at ac . Also, to
trace out that range beginning at au would require an
unphysical direction of traversal of the slip-weakening
relation, with material along the ruptured surface going
from weakened to strong again. Therefore, the branch
of unstable equilibrium states must be understood to
exist only between the half-lengths ac and au .
2.3 The case n = n th (= 2/3)
In this case, the loading stress must either always
increase, or stay constant, or always decrease in order
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Fig. 4 The a versus Rt relation for n = n th (= 2/3): The loading
stress must in this case either always increase, or stay constant, or
always decrease in order to expand the slipping region. A dimensionless parameter q (≡ κμ∗2 /A3 ) controls the character of this
slip response

Fig. 5 Relationship between the half of the slipping length a and
the stress change Rt for 0 < n < n th (= 2/3). Upon initiation of
slip the loading Rt must be decreased in order to quasi-statically
expand the slipping region

to expand the slipping region. Whichever occurs is
controlled by the dimensionless parameter q = κμ∗2 /
A3 , a measure of the curvature of the loading stress
distribution, and not to be confused with the function
q(x) in Eq. 2 and Fig. 1. That parameter has a critical
value of qc = 32/9 (Fig. 4): (a) If q < qc , slip development is always unstable, i.e., the remote loading must
be decreased in order to widen the slipping region; (b)
If q > qc , the slip development is always stable (remote
loading must be increased); (c) If q = qc , the slipping
region can take any length without change of the remote
loading. The physical meaning of this threshold value
nth will be discussed in Sect. 3.1.

peaked value of the loading stress reaches the strength
τ p . This is a prediction based on using the power-law
starting at δ = 0+ .
In this n < 2/3 range, the unstable equilibrium
branch ultimately stabilizes with increasing slipping
length, in that the loading must start to increase again
to grow the slipping region further (d(Rt)/da > 0
for sufficiently large a). That may imply that as soon
as the peak of loading reaches the strength τ p of the
fault, the slipping region nucleates and then expands
to a finite size at which arrest occurs at a = a0
(mathematically given by Eq. (B13), if the dynamic
effect can be ignored. Note, however, that the predicted re-emergence of equilibrium solutions at finite
a results from an analysis in which, because of the
q(x) term in Eq. (2), the loading stress decreases quadratically with distance x and even turns negative at
sufficiently great x. We do not expect such pop-in
to an equilibrium configuration, i.e., fracture arrest,
to occur when the loading stress remains comparable to, if less than, τ p at all x, rather than diminishing
towards zero and reversing sign as in the analysis presented. That is, we suspect that it is a simple artifact
of the pre-stress being negative away from the point
of peak loading, but have not done analysis to confirm
that.

2.4 The case 0 < n < n th (= 2/3)
Figure 5 indicates that, if n < 2/3, upon initiation of
slip the loading must be decreased in order to quasistatically expand the slipping region (Eqs. (B5) and
(B7) imply d(Rt)/da < 0 near a = 0+ ). At a = 0+ ,
d(Rt)/da = 0− (the vertical axis, Rt = 0, is tangent to
the curve) if 1/2 < n < 2/3, but d(Rt)/da = −∞ (the
horizontal axis is tangent to the curve) if 0 < n < 1/2.
That is, an unstable equilibrium branch initiates at slip
δ = 0+ , and hence instability will occur as soon as the
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Fig. 6 Comparison of the numerical (thick lines) and the simplified analytical (fine lines) results, showing the relation between
the half-length a and the stress change Rt for n > n th

123

0

0.1

0.2

Normalized Rt
Fig. 7 The numerical (thick lines) and the simplified analytical
(fine lines) results. The relation between the slip δ(x = 0) at the
center of the slipping region and the stress change Rt is shown
for n > n th

2.5 Numerical approach
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Alternatively, a numerical approach has been taken, to
solve within given accuracy the exact statement of the
problem in Eq. (C1), i.e., without the apriori assumption of a functional form for the slip distribution, like
adopted in Eq. (A8) for use in the simplified energy
approach. The numerical procedure is described in
“Appendix C”, and results of it are used to examine
the accuracy of the approximate analytical solutions,
underlying results shown in the previous sections. We
have set the allowable error ε = 1 × 10−8 (“Appendix
C”) in the numerical calculations, and in all diagrams,
we normalize the position-related variables (a and x),
stress change (Rt) and slip (δ) as before (Eqs. (B11) or
(B19) depending on n).
The numerically obtained results are shown in
Figs. 6, 7, 8 and 9. In generating these diagrams, we set
the normalized grid spacing x as 0.01 for n ≥ 0.8,
0.08 for n = 0.6, 0.03 for n = 0.4 and 0.015 for
n = 0.2. Figures 6 and 8 indicate the relation between
the half-length a of the slipping region and the stress
change Rt while Figs. 7 and 9 show the slip development at the center of the slipping region (D in the
analytical case; see Eq. (A8)). In all Figs. 6, 7, 8
and 9, the numerical results (thick lines) and the simplified analytical ones (fine lines) show good agreement when ā ≤ āc (i.e., up to the instability point
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Fig. 8 The numerical (thick lines) and the analytical (fine lines)
results showing the relation between the half-length a and the
stress change Rt for 0 < n < n th

point at which d(Rt)/da and d(Rt)/dδ(x = 0) become
zero). For example, for n = 0.4, both analytical and
numerical calculations indicate that Rt ≈ −0.334 at
ā = āc ≈ 1.1 (Fig. 8). The difference between the
numerical and the analytical results is not negligible
for larger values of ā, especially with very large or very
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value without change of Rt; If q > qc , the energy U
always decreases, U < Uo , as the slipping region on the
fault stably expands with Rt; If q < qc , then U > Uo
and Rt < 0, suggesting unstable slip development on
the fault.
This threshold n th = 2/3 can be obtained also from
dimensional analysis (Uenishi and Rice 2003) and its
value is independent of the curvature κ of the loading,
if κ > 0. However, if the stress distribution q(x) is
given in a more general form like q(x) = κ x m /m (m
even integer (>0)), nth varies depending on the power
m and is written as

4
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n th = m/(m + 1) for q (x)

0.5
0
-0.8
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Fig. 9 The numerical results (thick lines) and the analytical ones
(fine lines) indicating the relation between the slip δ(x = 0) at
the center of the slipping region and the stress change Rt for
0 < n < n th

small values of n. For n = 0.2 (Fig. 8), when Rt = 0,
the numerical simulation gives ā = 0 and 1.95 while
the analysis renders ā = 0 and 2.01 (= ā0 in Eq. (B14),
showing approximately 3% difference. However, the
general qualitative features observed in the simplified
energy approach, described in the last three sections,
are reproduced also in the more exact numerical results,
including the special case of n = n th .

3 Discussion
3.1 Threshold value of the power, n th
We have found that the qualitative features of the
slip-weakening fault vary considerably, depending on
whether the power n of the slip-weakening law (4)
is larger than the threshold or not. For the quadratic
loading function q(x) = κ x 2 /2, the threshold value
is n th = 2/3. Physically, this value corresponds to
the situation where the energy U of the slip-weakened
body changes monotonically or remains the same as
the remote loading changes with Rt: When the dimensionless parameter q = qc (= 32/9), the energy U is
always equal to the energy when there is no slip, Uo ,
i.e., U = Uo , regardless of the length of the slipping
region, and therefore the half-length a can take any

(5)

and
Now the dimension of κ is
except for the adjustment associated with this change
of dimension, the general mechanical characteristics
of the slip-weakening fault, i.e., the behaviors for
the three cases, n > n th , n = n th and 0 < n < n th ,
remain the same for different values of m. (Of course,
the case m = 2, for which n th = 2/3, pertains to any
loading stress distribution with an analytic maximum,
with positive downward curvature at the peak-loaded
point.)
[stress/lengthm ],

4 Conclusions
We studied slip development and its stability or instability for a power-law slip-weakening fault. In addition
to the result that when the power n is different from 1,
there is no longer a universal nucleation length, independent of the curvature of the loading stress distribution, both the simplified energy approach and the
numerical calculations show that qualitative features
of the slip development are considerably controlled
by n.
Principal results are as follows: (1) If n > n th (=
2/3), the behavior is qualitatively similar to that for n =
1 (linear case) of Uenishi and Rice (2003). Slip develops gradually with increasing remote loading until it
reaches the critical length above which no stable solution for increased loading exists. (2) The case n = n th is
transitional. The loading stress must in that case either
always increase, or stay constant, or always decrease in
order to expand the slipping region. Whichever occurs
is controlled by a dimensionless parameter. (3) If 0 <
n < n th , the analysis indicates that upon slip initiation
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the loading must be decreased in order to quasi-statically expand the slipping region, suggesting instability
at zero slip and the lack of any finite-size nucleation
zone.

τ

τp
Ψ(δ)
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Φ(δ)

Appendix A

Simplified energy approach

Fig. 10 A general displacement-weakening constitutive law is
shown where the area under the τ versus δ curve between
δ
δ = 0 and δ = δ, (δ) ≡ 0 τ (η)dη, is the displacementweakening energy per unit area of the failing interface (the concept of “energy” can be used for a frictionally weakening or
failing interface in cases for which dδ/dt is always ≥ 0). The
complementary energy per unit area of the interface is given by
the area (δ) ≡ τ p δ − (δ)

system outside the slipping region due to introduction
of δ, is given by

A1 Basic concepts
We define the functional M[δ(x)] as the reduction in
stress, from some initial distribution τo (x) to an altered
distribution τ (x), on the fault plane (y = 0) due to the
introduction of slip δ(x)[x = (x, z)], and express it as

s [δ (x)] = −
1
=
2

1
2



[τo (x) + τ (x)]δ(x)d S
S

τ (x) − τo (x) = −M [δ (x)] .

a+
a−

dδ(ξ )/dξ
dξ ,
x −ξ

(A2)

where, as in the main text, μ∗ = μ (shear modulus) for
mode III and μ/(1−ν) for modes I and II, with ν being
Poisson’s ratio. (We use the notation M[δ(x)] for conciseness but it would be more precise to rewrite M as
M[δ(ξ ), −a− < ξ < a+ ](x) to emphasize that it is a
function of x, which is a functional of δ(ξ ) on the given
interval.) The change s[δ(x)] in elastic energy of the
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τo (x)δ(x)d S,
S

(A3)

(A1)

For two-dimensional plane strain conditions in an
infinite, isotropic and homogeneous elastic solid with
the slipping region a− < x < a+ , it is given by the
standard continuous distribution of line dislocations,
as (e.g., Bilby and Eshelby 1968)



M[δ(x)]δ(x)d S −
S

μ∗
M[δ(x)] =
2π

δ

δ

O

Based on an energy approach (Rice 1992; Rice and
Beltz 1994), we discuss the approximate behavior of
the slip development on a slip-weakening fault. This
approach can be applied also to the analysis of threedimensional fault rupture, e.g., with assumed nucleation zones of circular or elliptical plane form (Uenishi and Rice 2004, manuscript to be submitted, 2010).
We employ the Cartesian coordinate system xyz in our
analysis.

where S is the area of slipping region.
Here, a general displacement-weakening constitutive law is assumed (Fig 10), giving τ as a function of
δ. For real slip-weakening (or, in mode I, for real tensile decohesion), τ can be regarded as a function of δ,
for δ > 0, only for cases in which there is no unloading
from states along the displacement-weakening curve.
Our analysis is physically relevant only for that situation, and for it we can treat the failing interface as if it
was “elastic” in the sense of exhibiting a τ which is a
unique function of δ. In such cases, an energy per unit
area of the slip plane, (δ), can be defined by
δ
τ (ς )dς

(δ) =
0
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a+

δ
= τpδ −

a−

0

≡ τpδ −

[Rt − q(x)]δ(x)d x −

−

[τ p − τ (ς )]dς

a+

(δ),

(δ(x))d x.
a−

(A4)

(A7)

where (δ) is the complementary energy per unit area
of slip plane.
We define Uo as the energy when there is no slip,
i.e., when δ(x) = 0 everywhere on the fault plane.
Then, the energy functional U[δ(x)] of the slip-weakened body with the slip distribution δ(x) is the sum of
Uo , the energy change of the system outside the slipping region due to introduction of slip δ(x), and the
energy of the slip plane due to δ(x). Mathematically, it
is expressed as

[δ(x)]d S
U [δ (x)] = Uo + s [δ (x)] +

At equilibrium, U = 0 for arbitrary variations δ,
a+ and a− . It is not difficult to see that this re-creates equilibrium equations with singularity-free ends at
x = a± (see Uenishi and Rice 2003).

S


1
= Uo +
M[δ(x)]δ(x)d S
2
S


− τo (x)δ(x)d S +
[δ(x)]d S. (A5)
S

At equilibrium U must be stationary, i.e., if  denotes
an infinitesimal variation, U = 0 (to first order) for
arbitrary variations of the slip distribution.
For the two-dimensional case, defining Rt as in the
text so that the peak of the remote loading is τ p at
Rt = 0, we have
τo = τ p + Rt − q (x) and

a+
M[δ(x)]δ(x)d x
a−

[τ p + Rt − q(x)]δ(x)d x

a−
a+

+

3μ∗ D
M [δ (x)] =
2πa 3
=

3μ∗ D
2a

+a  2
ξ a − ξ2
dξ
ξ −x

−a



1 x2
−
2 a2


, −a < x < +a
(A9)

and the energy functional U of the slip-weakened body
is
3π ∗ 2
μ D − [β Rt − Q(a)]a D
32
+1 

−a
D(1 − u 2 )3/2 du.

U = Uo +

a+
−

(A8)

which induces no stress singularity at ends (x = ±a).
Here, D is a constant that represents the maximum slip,
occurring at at x = 0. Then, the functional M[δ(x)] is
given by

(A6)

Then, making U the energy per unit distance perpendicular to the x-y plane,
1
U [δ (x)] = Uo +
2

In this section, slip development under symmetrically
peaked loading is considered in the two-dimensional
context. The slipping region expands also symmetrically, i.e., a+ = −a− (≡ a) if the position for the peak
of the remote loading is set at x = 0. We further assume,
as an approximate form, a one-degree-of-freedom representation of slip
δ(x) = D(a 2 − x 2 )3/2 /a 3 , (−a < x < +a)

S

τ = τ (δ) within the slipping region.

A2 Application to slip-weakening nucleation
by symmetrically peaked loading

(δ(x))d x

a−

1
= Uo +
2

a+
M[δ(x)]δ(x)d x
a−

(A10)

−1

 +1
Here, we have defined u ≡ x/a, β ≡ −1 (1 − u 2 )3/2
 +1
du(= 3π/8) and Q(a) ≡ −1 q(au)(1 − u 2 )3/2 du.
Since U = 0 for any D and a, we obtain the
following equations
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∂U
= −[β Rt − Q(a) − a Q (a)]D
∂a
+1 

D(1 − u 2 )3/2 du = 0, and
−
−1

∂U
3π ∗
=
μ D − [β Rt − Q (a)] a
∂D
16
+1 

D(1 − u 2 )3/2 (1 − u 2 )3/2 du = 0.
−a
−1

(A11)
From Eq. (A11), D and a can be determined in terms
of Rt, and also D can be obtained as a function of a.

In the case of the linear slip-weakening law (1), the
complementary energy can be written as (δ) =
W δ 2 /2 and (δ) = W δ and hence, we have from
Eq. (A11)
a 2 Q (a)
3π ∗
16 μ

β Rt =

− 16
35 aW
3π ∗
16 μ
Q (a) + 3π
∗
16 μ

−

(A12)

32
35 aW
16
35 aW

∗

h n = 2ac = 2λμ /W ≈ 1.138μ /W.

(A14)

We compare this result with the exact one, Eq. (3), and
notice that there is an error of only about 1.7% in this
simplified energy approach.
Appendix B Nonlinear slip-weakening: simplified
energy approach
Consider now the nonlinear slip-weakening constitutive relation given by the power-law, Eq. (4). Assume

123

(B2)

where the dimensionless positive constant C1 ,
depending on n, is chosen such that the relation (B1)
has the form
μ∗ D/(κa 3 ) = (1/3) + P.

(B3)

The constant C1 is given by
and

a Q (a).
−
The critical half-length ac (= hn /2) of the slipping
region at rupture instability can be obtained as the value
of a when d(Rt)/da → 0. For instance, for a symmetric,
quadratic function q(x) = κ x 2 /2 (κ > 0) for small x,
we have Q(a) = ρκa2 and the condition d(Rt)/da = 0 at
a = ac gives
512 2 54
27 2
λ − πλ +
π = 0,
(A13)
245
35
128

+1
where ρ ≡ 21 −1 u 2 (1 − u 2 )3/2 du(= π/32) and λ ≡
ac W/μ∗ . Solving Eq. (A13) renders the critical nucleation length hn as
∗

where  is the gamma function. We define a dimensionless parameter P of the form
P ≡ C1 AD n /(κa 2 ),

A3 Case of linear slip-weakening

D=

again that the remote loading can be approximately
given with q(x) = κx 2 /2(κ > 0) for the sufficiently
small x that we consider. For this quadratic loading, the
slipping region expands symmetrically with the center
located at x = 0 (a+ = −a− ≡ a). The equilibrium conditions (A11) for the slip distribution (A8),
when we eliminate Rt so as to express a in terms of D,
lead to
√
π
(3μ∗ D − κa 3 )
16
n  ((3n + 5)/2)
Aa D n = 0
−
(B1)
n + 1  ((3n + 6)/2)

16
n  ((3n + 5)/2)
,
C1 ≡ √
3 π n + 1  ((3n + 6)/2)

(B4)

and Eq. (B3) can be rewritten as
Ca −(3n−2)/n P 1/n = (1/3) + P

(B5)

where
−1/n −(n−1)/n

C ≡ C1

κ

μ∗ A−1/n

(B6)

is dimensional. Note that Eq. (B5) implicitly defines
P as a function of a. The relation for Rt can now be
inferred from either of Eqs. (A11), giving for Rt and
d(Rt)/da the expressions
Rt = κa2 (1 − 2P/n)/4, and
1 1 − 3n P − 3P 2
d(Rt)
=
.
2
d(κa )
4 1 + 3(1 − n)P

(B7)

Equation (B7) shows that the critical condition for loss
of equilibrium, d(Rt)/da = 0, is achieved when
P = Pc ≡

n 2 + (4/3) n
− .
4
2

(B8)

Since P is given implicitly in terms of a by Eqs. (B5,
B7), gives the evolution of Rt with a, and Eq. (B8) gives
the value of a when the evolution of a with Rt goes from
stable to unstable, or vice versa. Also, setting P = Pc in
Eq. (B5), we obtain the value of a = ac at that transition
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(if n is not the threshold value nth (= 2/3); the value of
a at the transition approaches either 0+ or infinity as
n → nth ). Equations (B5, B6) and (B8) show when n
= 1, that critical length ac depends on the curvature κ
of the loading stress distribution, i.e., there is no longer
a universal nucleation length that is independent of κ.
In the following we will mathematically show the
difference between the two cases, namely n = nth and
n = nth . At this stage, it may be convenient to define a
new dimensionless load curvature parameter q, not to
be confused with the function q(x) of Eq. (2), as
∗−(n−2)/n

q ≡ κμ

A

−2/n

.

δ- 1

δ0

δ1
δl- 2

δ- l+2

δ

δ- l+1

δl- 1

- Δ x O Δx

- lΔx

lΔx (current a)
(l-1) Δx (previous a)

Fig. 11 Illustration of the numerical procedure

(B9)
or in a normalized form,

B1 The case n = n th (= 2/3)
Rt = 0

For cases other than n = 2/3,
∗

κa = μ
2

−2/(3n−2) n/(3n−2)
C1
q
−2n/(3n−2)

×[(1/3) + P]

6n n
2(3n + 2)n C1

1/(3n−2)

.
(B14)

P 2/(3n−2) ,

Rt = κa 2 (1 − 2P/n) /4, and
D = [κa 2 P/(C1 A)]1/n ,

(B10)

hold. With the normalized parameters
1/2 a
A1/(3n−2) a
= μ∗1/2κq n/(6n−4)
,
κ (1−n)/(3n−2) μ∗n/(3n−2)
2/(3n−2)
A
Rt
Rt
Rt ≡ κ n/(3n−2)
= μ∗ q n/(3n−2)
, and
μ∗2n/(3n−2)
3/(3n−2)
1/n
A
D
A D
D̄ ≡ κ 1/(3n−2) μ∗2/(3n−2) = μ∗1/n q 1/(3n−2) ,

ā ≡

(B11)

Eq. (B10) reduce to the parametric (in terms of P)
solution for all the normalized quantities of (B11) as
−1/(3n−2)

[(1/3) + P]−n/(3n−2) P 1/(3n−2) ,
(B12)
Rt = ā 2 (1 − 2P/n) /4, and D̄=(ā 2 P/C1 )1/n

ā = C1

From these equations, we can plot ā − Rt (and D̄ − Rt)
diagrams for n = 2/3 (see Figs. 3 and 5).
Asymptotic analyses, based on the solutions of
Eq. (B5) in the respective limits a → 0+ and a → +∞,
show that, depending on which case, and depending
on whether n > 2/3 or n < 2/3, P tends to either 0 or
infinity in the limit, and Eq. (B5) is balanced in the limit
by either using 1/3 or P on the right side; the other is
negligible compared to the one retained.
Equation (B7) indicates Rt = 0 when a = 0 or
P = n/2. When n = 2/3, the latter condition is equivalent to
Rt = 0

when ā = ā0 ≡

6n 1/n C
when a = a0 ≡ 1/n
2 (3n + 2)

n/(3n−2)

,
(B13)

If n > 1, da/d(Rt) = 0 (and da/d D = 0) when
P = Pu ≡ 1/(3n − 3). This situation gives a maximum allowable half-length of the slipping region, au .
Note that Pu > Pc always holds for all n > 1. This
relation implies, if a becomes larger with the increasing remote loading, the instability of the fault rupture
occurs before the slipping region reaches the maximum
allowable length. This maximum value terminates the
branch of unstable equilibrium states beginning at the
critical length, and it is given by
(3n − 3)n−1 C n
au =
nn

1/(3n−2)

,

(B15)

or in a normalized form as
āu =

(3n − 3)n−1
n n C1

1/(3n−2)

.

(B16)

B2 The case n=n th (= 2/3)
The case n = 2/3 (Fig. 4) is transitional. In this case,
C1 = 2/3 and
C = (3/2)3/2 q 1/2 ,
Rt = (1 − 3P) κa 2 /4,
D = [3κ P/ (2 A)]3/2 a 3 ,

(B17)

for all a with
C P 3/2 = (1/3) + P.

(B18)
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when there are repeated indices. Note that δ(lx) =
δ(−lx) = 0 and from Eq. (C2)

Or, defining the normalized parameters,
ā ≡ κ 1/2 a/μ∗1/2 ,
Rt ≡ Rt/μ∗ , and
D̄ ≡ A3/2 D/μ∗3/2 ,

(B19)

Rt = q (lx) + K l j δ ( jx) , (−l + 1 ≤ j ≤ l − 1)
(C3)

we have
Rt = ā 2 (1 − 3P) /4,
D̄ = (ā 2 P/C1 )3/2 ,

(B20)

with
(3/2)3/2 q 1/2 P 3/2 = (1/3) + P,

(B21)

and q now being q = κμ∗2 /A3 . This equation shows that
P is independent of a; its constant value depends on C
of Eq. (B6).
Equation (B17) indicates that Rt is directly proportional to κa2 , with a proportionality constant that is
positive (permanently stable growth) if the dimensionless parameter P < Pc and negative (permanently unstable) if P > Pc , with Pc = 1/3 also satisfying Eq. (B8).
From Eq. (B21), we can see that this critical value Pc =
1/3 corresponds to q = qc (= 32/9), and then Eqs. (B17)
show that there is a family of solutions (i.e., coordinated pairs D and a) all of which correspond to a fixed
tectonic load level Rt = 0.

Appendix C Nonlinear slip-weakening:
numerical approach

holds, that being the discretized equivalent of the condition of no stress singularity, but rather continuity of
stress, at the ends of the slipping zone. In order to determine the stress level, Rt, and the slip distribution, δi ≡
δ(ix)(−l + 1 ≤ i ≤ l − 1), for the given a = lx, we
first eliminate Rt using Eqs. (C2 and C3), and define
f i (δ−l+1 , δ−l+2 , . . . , δl−2 , δl−1 )
≡ Aδin + q (lx) − q (ix) − (K i j − K l j )δ j ,
(−l + 1 ≤ i, j ≤ l − 1)
and the Jacobian matrix
δi, j − K i j
Ji j ≡ ∂ f i /∂δ j = n Aδ n−1
j
+K l j ,

(−l + 1 ≤ i, j ≤ l − 1)

μ∗
− Aδ (x) = Rt − q (x) −
2π

a+

n

a−

dδ(ξ )/dξ
dξ .
x −ξ

(C5)

where δi, j is 1 if i = j and 0 if i = j. Then, the solutions δi of f i = 0(−l + 1 ≤ i ≤ l − 1) can be found
by employing the Newton–Raphson method: We start
our calculation with the initial values adopted from the
known vector δi (−l + 2 ≤ i ≤ l − 2) obtained for
a = (l − 1)x. Assume δ−l+1 = δl−1 = δl−2 , and
then calculate the correction vector δi by solving the
following simultaneous equations
Ji j δ j = − f i . (−l + 1 ≤ i, j ≤ l − 1)

Consider the equilibrium condition for the power-type
slip-weakening fault, derived from Eqs. (2, 4, A1 and
A2)

(C4)

(C6)

We add that correction vector δi to the initial vector
δi (−l + 1 ≤ i ≤ l − 1). Iterate the procedure using
the modified δi until convergence is achieved, i.e., until
the maximum value of |δi | becomes smaller than the
allowable error, ε.

(C1)
In the case that q(x) is of a quadratic form, q(x) =
κx2 /2, a+ = –a− [≡ a] and by employing the simplest
discretization method, Fig. 11, with piecewise constant
slip in cells of uniform size, we can discretize Eq. (C1)
as
−Aδ (ix)n = Rt − q (ix)
−K i j δ ( jx) , (−l ≤ i, j ≤ l).

(C2)

Here l is a positive integer, satisfying l x = a with the
uniform grid spacing x, K i j = −μ∗ /{2π x[(i −
j)2 − 0.25]}, and the summation convention is used
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