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Spatio-temporal Complexity of Slip on a Fault 

JAMES R. RICE 

Department of Earth and Planetary Sciences and Division of Applied Sciences, Harvard University, Cambridge, Massachusetts 

Three-dimensional analyses are reported of slip on a long vertical strike-slip fault between steadily 
driven elastic crustal blocks. A rate- and state-dependent friction law governs motion on the fault; the 
law includes a characteristic slip distance L for evolution of surface state and slip weakening. Because 
temperature and normal stress vary with depth, frictional constitutive properties (velocity weakening/ 
strengthening) do also. Those properties are taken either as uniform along-strike at every depth or as 
perturbed modestly from uniformity. The governing equations of quasi-static elasticity and frictional 
slip are solved on a computational grid of cells as a discrete numerical system, and a viscous radiation 
damping term is included to approximately represent inertial control of slip rates during earthquake- 
like instabilities. The numerical results show richly complex slip, with a spectrum of event sizes, when 
solved for a grid with oversized cells, that is, with cell size h that is too large to validly represent the 
underlying continuous system of equations. However, in every case for which it has been feasible to 
do the computations (moderately large L only), that spatio-temporally complex slip disappears in favor 
of simple limit cycles of periodically repeated large earthquakes with reduction of cell size h. Further 
study will be necessary to determine whether a similar trhnsition occurs when the elastodynamics of 
rupture propagation is treated more exactly, rather than in the radiation damping approximation. The 
transition from complex to ordered fault response occurs as h is reduced below a theoretically derived 
nucleation size h* which scales with L but is 2 x 104 to 105 larger in cases considered. Cells larger than 
h* can fail independently of one another, whereas those much smaller than h* cannot slip unstably 
alone and can do so only as part of a cooperating group of cells. The results contradict an emergent 
view that spatio-temporal complexity is a generic feature of mechanical fault models. Such generic 
complexity does apparently result from models which are inherently discrete in the sense of having no 
well-defined continuum limit as h diminishes. Those models form a different class of dynamical 
systems from models like the present one that do have a continuum limit. Strongly oversized cells 
cause the model developed here to mimic an inherently discrete system. It is suggested that oversized 
cells, capable of failing independently of one another, may crudely represent geometrically disordered 
fault zones, with quasi-independent fault segments that join one another at kinks or jogs. Such 
geometric disorder, at scales larger than h*, may force a system with a well-defined continuum limit 
to mimic an inherently discrete system and show spatio-temporally complex slip at those larger scales. 

INTRODUCTION 

Slip histories /5(x, z, t) over repeated earthquake cycles 
are reported for a model with laboratory-based rate- and 
state-dependent friction along a long vertical strike-slip fault 
in an elastic half-space (Figure 1). The fault is driven by 
imposing slip at a uniform rate, equal to the long-term plate 
velocity Vplate, along the downward continuation of the fault 
plane into the half-space, i.e., on -• < z < - Zdept h. 
Solutions for/5(x, z, t) are determined over --Zdept h < Z < 
0 and are restricted to be periodic in x over an imposed 
period Xlength. Because temperature and normal stress vary 
with depth, frictional constitutive properties do also. The 
calculations are based on constitutive data for velocity 
weakening or strengthening as a function of temperature in 
granite under hydrothermal conditions [Blanpied et al., 
1991] and consider the possibility of either hydrostatic or 
elevated pore pressure conditions. Constitutive properties 
are taken either as uniform along-strike at every depth or 
perturbed modestly from uniformity to promote any latent 
instabilities. 

The stress history ,r(x, z, t) on the fault should be related 
to the slip history/i(x, z, t) there in a manner determined by 
solving the equations of continuum elastodynamics in the 
quarter spaces which adjoin along the fault. Given the 
interest here in the character of repeated earthquake re- 
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sponse based on a realistic friction law, solution of the full 
elastodynamic equations is regarded as too challenging com- 
putationally at the present time. Instead, the following 
radiation damping approximation is adopted' •x, z, t) is 
related to/5(x, z, t) by the equations of quasi-static equilib- 
rium elasticity, but a viscous term -,lOll(x, z, t)/Ot is added 
to the expression for •x, z, t). That term, with viscosity 
= Ix/2c (Ix is elastic shear modulus, c is shear wave speed), 
becomes significant only at very high slip rates Oli/Ot and 
represents energy outflow as seismic Waves. It assures that 
the governing system of equations continues to have a 
solution throughout earthquake-like episodes in which 
increases by several orders of magnitude; the quasi-static 
model without such a term has solutions in which 0/i/0 t 

in finite time, with no solution existing beyond that time. 
Further, the choice '1 = Ix/2c both assures that the limiting 
value of Oli/Ot is of order cA •-//x (where A•-is a representative 
stress drop during an unstable event) and also exactly 
represents the instantaneous response of continuum elasto- 
dynamics along a fault, in the sense of properly relating 
discontinuities, or sufficiently rapid changes, in the time 
history of •x, z, t) to corresponding discontinuities, or 
rapid changes, in the time history of Oil(x, z, t)/Ot. Never- 
theless, wave propagation effects along the fault are not 
modeled by this approximation, and it is important for future 
study to determine what features of the present results are 
preserved or modified by rigorous elastodynamic analysis of 
the propagation and arrest of ruptures. 

When slip in the present model is constrained to vary with 
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Fig. 1. Vertical fault plane in elastic half-space, driven at uni- 
form rate Vplat e below region covered with cells in which rate- and 
state-dependent friction laws apply. For results reported in subse- 
quent figures, the depth of the zone covered by cells is Zdept h = 24 
km, the periodic repeat distance along strike is Xlength = 240 km, and 
the driving rate is Vplat e = 35 mm/yr. 

depth only, & = &(z, t), so that deformation is by two- 
dimensional antiplane strain, the model coincides approxi- 
mately with that of Tse and Rice [1986] and makes similar 
predictions. However, the Tse-Rice analysis gave only limit 
cycle solutions and did not show the spatio-temporal com- 
plexity of the earthquake process, evidenced by the aperi- 
odicity of earthquake occurrence, strong nonuniformities 
along-strike in the seismic slip distribution, and the Guten- 
berg-Richter distribution of earthquake sizes. (The Tse-Rice 
study adopted a different procedure than the inclusion of 
radiation damping for getting through instability. Instead, 
when the largest value over the fault of O&/Ot in the solution 
of their quasi-static equations reached a value of order 1 m/s, 
they suspended that system of equations in favor of a 
quasi-static crack analysis to determine the state after insta- 
bility. The crack analysis solved for the further slip & 
accumulated during instability as the response to a pre- 
scribed stress drop A•-on the rupture, equal to the stress at 
onset of instability minus the steady state strength for rapid 
slip; A•-is negative on hotter, deeper portions of the fault, 
and the spatial extent of rupture zone was determined as that 
for which positive and negative stress drops cancelled in the 
sense of producing no change in stress at the rupture edge. 
This procedure also allowed them to include dynamic over- 
shoot effects, which made no qualitative change to the 
results apart from lengthening the interseismic interval. Part 
of the motivation for using the radiation damping procedure 
here was to check if the lack of aperiodic solutions found by 
Tse and Rice could be due to that crack procedure for 
modeling the instability event.) 

In contrast, Horowitz and Ruina [1989] used similar fric- 
tion laws to those of Tse and Rice [ 1986] and analyzed sliding 
between two plates, of finite depth, and of finite width Yo in 
the y direction, but infinite in x with slip repeated periodi- 
cally along strike. They drove the system by imposing a 
uniform fault-parallel displacement rate between the borders 

at y = _+ Yo, assumed completely uniform friction properties 
over the fault surface, and analyzed the model as a two- 
dimensional elastic problem in the x-y plane, so that slip 
could vary with distance along strike only, & = &(x, t). They 
showed that spatio-temporally complex slip response, while 
not a generic feature, could result in certain parameter 
ranges near those of neutral stability for the friction law. 
They also limited slip velocity runaways with a viscous term. 

Thus a first motivation for the present work was to see if 
the Tse-Rice limit cycle solutions would give way to some- 
thing more complex if slip was allowed to vary along strike 
as well as with depth, & = &(x, z, t), in a system with 
properties, at each depth, that are uniform or nearly so along 
strike (but still depth variable because temperature and 
normal stress vary with depth). 

Numerical procedures in the Tse and Rice [1986] and 
Horowitz and Ruina [1989] studies were devised so that the 
results had essentially no dependence on such features as the 
size of cells in a computational grid (Figure 1) or the shortest 
period considered in a spectral (Fourier series) representa- 
tion of slip. By choosing such quantities small enough, the 
solution to the discrete system of numerical equations es- 
sentially converged upon the proper continuum limit de- 
scribing the mathematical model. The same is attempted 
here in the solutions to be presented. Nevertheless, it seems 
also useful to focus on the dependence of results, especially 
for complexity of slip, on cell size since this opens new 
insights on what may be called "inherently discrete" fault 
models, by which is meant discrete fault models that have no 
well-defined continuum limit. 

Indeed, the rate- and state-dependent formulation of fric- 
tion involves a characteristic slip distance L (Figure 2). This 
is a measure of the distance of sliding necessary for the 
surface to evolve to a new state, i.e., to a new population of 
contacting asperities, and can also be interpreted as a sliding 
distance over which slip weakening takes place. (More 
accurate descriptions may involve two or more such char- 
acteristic distances [Ruina, 1983; Gu et al., 1984]). Require- 
ments for suitable reduction of cell dimension h of a com- 

putational grid, or of shortest period in a spectral treatment, 
scale with L. For example, as will be rationalized later, if (B 
- A) m represents the maximum value of [-VdTSS(V)/dV] 
over the fault plane, where V is local slip rate and •-ss(v) is 
the steady state fictional strength at that rate (Figure 2), then 
a critical length dimension is defined by h* = 2IxL/•r(B - 
A) m. In order for the discrete numerical formulation to 
coincide with the continuum limit, one requires cell size h 
• h*. Subsequent examples will illustrate this point. The 
oversized cells of an inadequately refined grid can fail 
independently of one another, whereas the cells of a suitably 
refined grid are too elastically stiff to slip unstably alone and 
can do so only as a part of a cooperating group of cells. 

Important new perspectives on complexity have been 
gained in recent studies of discrete fault models. The sim- 
plest two-dimensional version of these is a cellular automata 
[Bak and Tang, 1989; Ito and Matsuzaki, 1990; Chen et al., 
1991; Sacks and Rydelek, 1992; Christensen and Olami, 
1992; Narkounskaia et al., 1992] with stochastic or uniform 
deterministic increase in stress on an array of identical cells, 
or spring-loaded sliding blocks, and with shedding of load to 
the four nearest-neighbor cells or blocks whenever one fails. 
These models, which essentially incorporate a simple dis- 
continuous drop from a static to a kinetic friction strength, 
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with quasi-static determination of the state after any one cell 
or block fails, show complex failure sequences described as 
"self-organized criticality." The frequency of failures in- 
volving N cells is found empirically to be an inverse power 
of N (for N >> 1 but N small compared to overall system 
size), suggestive of a Gutenberg-Richter frequency- 
magnitude relationship. Other fault models, with discrete 
fault patches following static/kinetic friction, and with stress 
interactions between them calculated by quasi-static elastic- 
ity theory, have also shown complex failure sequences 
[Rundle and Kanarnori, 1987; Rundle, 1988a, b; Ward, 
1991]. 

The equations of Newtonian dynamics have been solved 
exactly during slip episodes in other discrete fault models. 
These have generally involved Burridge and Knopoff[1967] 
arrays of spring-connected rigid blocks, distributed uni- 
formly in one [Carlson and Langer, 1989; Carlson et al., 
1991] or two [Brown et al., 1991; Carlson, 1991] dimensions, 
with the assumption that friction is a function of velocity 
only, and is velocity-weakening, once a static threshold 
force is reached. (Rate- and state-dependent friction, 
adopted here, reduces to such a description when one lets L 
--> 0.) Depending on the ratios of model parameters [Vas- 
concelos et al., 1992; de Sousa Vieira et al., 1993], the 
one-dimensional model can also give results suggestive of 
Gutenberg-Richter behavior for small events. While the 
equations of Newtonian dynamics are solved exactly in 
these Burridge-Knopoff models, it has not been generally 
acknowledged that the dynamical solution for rupture along 
a chain of lumped masses, or a string of concentrated mass 
in the continuous limit, bears a presently uncertain relation 
to dynamical solutions for rupture along a fault embedded in 
a surrounding elastic continuum. For example, the response 
of B-K models to an instantaneous change in stress r along 
the rupture is an instantaneous change in the acceleration 
0 2 ti/Ot 2, but there is no instantaneous change in Oti/Ot. By 
contrast, the response of continuum models is, instead, an 
instantaneous change in Oti/Ot (a feature properly modeled 
by the radiation damping term adopted here). Also, since 
there is no analogue to energy radiation as seismic waves in 
the normal implementation of the B-K models (an exception 
is the recent work of Knopoff et al. [1992]), all potential 
energy lost to the system during a rupture is fully account- 
able as frictional work; the same is not true for rupture in a 
continuum. Related to that point, the B-K model and similar 
lumped-mass dynamic fault models [e.g., Rice and Tse, 
1986] produce large dynamic overshoot of the final slip after 
rupture, of order 100% greater than the static slip that would 
correspond to the stress drop during rupture, and thus leave 
final stress on any failed block well below that prevailing 
during unstable sliding. Dynamic overshoot is still not well 
characterized for rupture in a continuum [Madariaga and 
Cochard, 1992] but is generally regarded as being far less 
than that predicted by the lumped-mass fault models. Nu- 
merical elastodynamic solutions that prohibit back slip show 
overshoot of slip on circular ruptures of order 25% (18-36% 
in different simulations), near the center of a rupture, and 
show smaller overshoot of order 5% near the edges [Madar- 
iaga, 1976; Kostrov and Das, 1988, p. 191]. 

The cellular automata and Burridge-Knopoff models also 
simplify elastic interactions to nearest neighbor cells or 
blocks. Thus they do not properly scale the stress concen- 
tration around the rim of a rupture zone with the size of the 
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Fig. 2. Features of friction law as revealed by a velocity jump 
test; L is a characteristic sliding distance associated with evolution 
of surface state (e.g., formation of a new population of asperity 
contacts) and slip weakening. 

zone and hence do not have the feature that sufficiently large 
ruptures, growing two dimensionally over a smooth fault 
plane, will tend to be unstoppable until reaching system 
boundaries (ruptures that grow large enough two dimension- 
ally to traverse the brittle zone and then spread one dimen- 
sionally along strike, in a model like in Figure 1, do have a 
stress concentration at their tip which becomes asymptoti- 
cally independent of rupture area). This feature makes it 
easier for local heterogeneities of stress to stop ruptures, and 
those heterogeneities of stress are yet further amplified by 
the large overshoots in the dynamical B-K models, thus 
promoting a spectrum of event sizes. 

What is focused more on here, however, is that those 
cellular automata and Burridge-Knopoff models as so far 
reported are what may be called "inherently discrete" 
models, in that their simplified friction laws, specifically of a 
kind that do not include a characteristic slip weakening or 
state evolution distance L, endow them with the property of 
not having a well-defined continuum limit as the spacing of 
the discrete elements is shrunk towards zero. Since L = 0 in 

those models, h* = 0 and thus there is no finite character- 
istic size for the discrete elements to shrink below to pass 
towards such a limit. (Cao and Aki [1986] also studied a 
one-dimensional Burridge-Knopoff array, using rate- and 
state-dependent friction and hence finite L, but did not study 
the statistics of complex slip as systematically as did Carlson 
and Langer [1989] and Carlson et al. [1991] and, as is 
relevant here, did not examine the relation of their discrete 
fault model to its continuum limit.) 

The present results, based on solution of the discrete 
system providing the numerical formulation of the problem 
sketched in Figure 1, do show richly complex slip when the 
calculations are done with oversized cells, i.e., of size h that 
is too large (compared to h*) to provide an acceptable 
discretization. Spatio-temporal complexity seems to be ge- 
neric prediction in that range. Nevertheless, in all cases that 
have thus far been amenable to study (necessarily with larger 
L than desirable, for reasons of computational tractability), 
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it has been found that spatio-temporal complexity disappears 
in favor of simple cycles of repeated large earthquakes when 
cell size of the numerical grid is reduced reasonably below 
h*, i.e., to the range which provides an acceptable discret- 
ization of the underlying continuous mathematical model. 
Thus an emergent view in this field, that spatio-temporally 
complex slip is a generic feature of mechanical fault models, 
is contradicted by the present results. 

To put a positive interpretation on a seeming defect, 
however, it may be argued that the oversized cells of an 
inadequately refined grid might possibly provide a crude first 
model of a geometrically complex fault zone. Such cells, 
capable of failing independently of their neighbors, could 
represent individual fault segments that are poorly con- 
nected to adjacent segments, due to bends or offsets, and 
that can therefore fail independently of one another. Thus a 
conjecture having consistency with the results found here, 
but yet to be tested by more rigorous elastodynamic analy- 
sis, is as follows: The observed spatio-temporally complex 
slip in the earthquake process should not be regarded as 
emerging, at least generically, from nonlinear dynamics 
acting over an essentially smooth fault plane but rather as 
emerging as a consequence of geometric disorder of fault 
zones. That is, natural faults must have characteristic slip- 
weakening distances L associated with them, since such are 
seen in laboratory studies of friction and faulting. But the 
influence of geometric disorder over scales in excess of the 
associated h* causes their large scale dynamics to mimic 
that of inherently discrete systems, for which spatio- 
temporal complexity over at least some range of small events 
seems to be a generic response. This conjecture is based on 
what could be regarded as artifacts of inadequate numerical 
discretizations and on calculations over the very limited 
range of L that is computationally accessible with present 
algorithms. Nevertheless, it serves to identify a critical open 
problem of understanding how slip-weakening frictional be- 
havior interacts with fault zone geometric heterogeneity to 
produce complex earthquake slip. 

MODELING PROCEDURES 

Referring to Figure 1, slip is to be calculated on a portion 
of the fault less deep than Zdepth, which includes that portion 
of the fault which slips in earthquakes. Tectonic loading is 
represented by imposing uniform motion at the long-term 
slip rate Vplat e on the fault at depths well below those of 
seismic activity, i.e., at depths greater than Zdept h. The fault 
extends infinitely along strike, but the modeling is done for a 
slip distribution which is constrained to be repeated period- 
ically along strike with period Xlength. It is based on equa- 
tions that embody (1) elasticity of the surroundings and (2) 
the frictional constitutive relation, in a way now described: 

Elastic Relation Between Stress and Slip 

Since the fault plane is embedded in an elastic solid, any 
distribution of slip motion on the fault will have associated 
with it a distribution of shearing stress. Thus the right lateral 
shear stress r(x, z, t) along the fault plane, y = 0, is related 
to the slip •5(x, z, t) (constrained to be strike-slip only) by a 
relation of the type 

'i'(X, Z, t)•----foXlengthf• -- k(x-x',z, z') Zdepth 

ß [•(x', z', t) - Vplatet ] dx' dz'- •/ 
OS(x, z, t) 

Ot 

Related notes are as follows: 

1. In terms of the stress and displacement fields, rr,• and 
u,(a, 13 = x, y, z), created in the solid, r(x, z, t) = rryx(X, 
0, z, t) and $(x, z, t) = Ux(X, 0+, z, t) - Ux(X, 0-, z, t). 

2. The stiffness kernel k(x - x', z, z') in the integral is 
calculated, in discretized form, as the set of stresses at cell 
centers in Figure 1 from the Chinnery [1963] quasi-static 
elastic solution for uniform slip over a rectangular disloca- 
tion cell in an elastic half space. (T. E. Tullis and W. D. 
Stuart (private communication, 1992) provided the relevant 
equations, previously used by Stuart [1986], which were 
then appropriately summed periodically along strike with 
period Xlength; see the appendix.) The integral is thereby 
discretized into a set of linear relations 

•'i(t) = -- • kij(•j(t) - Vplate t) - •/ d•i(t)/dt 
J 

where subscripts i or j denote values of variables associated 
with individual cells, the sum extends over all cells, and the 

kij are elements of the stiffness matrix [k] from the Chinnery 
solution. The diagonal components k diag of [k] give the 
relation between slip of a single cell and stress in that same 
cell. When one omits parts of the expressions for kdiag which 
remain finite when cell size is reduced towards zero and 

which arise from the "image" effects of Earth's surface, the 

remaining part of the expression for k diag is (as is also 
derivable from expressions for stresses due to dislocations in 
full spaces [e.g., Hirth and Lothe, 1968]) 

2/x 1 + q2/(1- v) 
kdiag -- rrh (1 + q2) 1/2 

where h is the edge length of a single cell of Figure 1 in the 
depth direction, h/q is the edge length in the along-strike 
direction, Ix is the elastic shear modulus, and v is the Poisson 
ratio. The expression for kdiag is used to extract the critical 
cell dimension h*. 

3. The factor r/ describes seismic radiation damping, 
adopted to avoid the unbounded slip velocity which would 
otherwise develop as a consequence of instability in a 
quasi-static model, but to do so in a more tractable way than 
would be the case if the entire calculation were set up in the 
(proper, and preferable) elastodynamic framework. The 
most sensible choice of r/is tz/2c, where c is shear wave 
speed. This describes the relation between stress and slip 
rate for spatially uniform but arbitrarily time-dependent slip 
•5 = •5(t) along an infinite fault plane y = 0 traversing an 
elastic full space, under conditions that all radiation is as 
outgoing planar shear waves. The result may be seen as 

follows: For such a wave field, try x + (tx/c)OUx/Ot is 
constant in space and time in y > 0, just as try x - 
(tx/c)OUx/Ot is in y < 0; on y = 0, O'y+x = O'y x -- •' and $ = 
Ux + - u•-, so that r - const -(tx/2c)O•i/Ot on the fault, 
showing the origin of r/=/x/2c. In fact, with this value for r/ 
the above equation for r(x, z, t) along the fault plane, or for 
ri(t ) in the discretized form, exactly incorporates the elas- 
todynamic result for how any instantaneous changes in the 
time histories of r(x, z, t) and O•i(x, z, t)/Ot, or of ri(t) and 
d$i(t)/dt, are related to one another. It is clear that if the 
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constitutive response of the fault zone material causes a 
stress r to decrease by a stress drop •x r over a time scale for 
which the slips (/•) change only very modestly, so that 
elements of the product [k](/•) changes little in comparison 
to fir, then the resulting slip velocity diS/dt will be of order 
•Xr/rt, i.e., of order c•r/tx, which is the proper range for slip 
rates during an inertia limited instability in an elastic contin- 
uum. The exact elastodynamic equations would, however, 
replace the product [k](•) with a convolution in time, and 
that convolution reduces to the quasi-static product form 
used here only on time scales that are large compared to 
those for waves to travel representative length scales along 
the fault over which there are gradients in the slip distribu- 
tion. Thus, as suggested earlier, important aspects of the 
elastodynamics of fault response, especially relating to 
wave-mediated propagation along the fault plane of stress 
alterations due to slip, are not adequately treated here. 
Instead, stress changes corresponding to those predicted by 
an exact elastodynamic analysis after wave propagation 
(i.e., the final static stress changes) are communicated 
instantaneously along the fault by the system of equations 
adopted here. 

4. While tx/2c is the proper choice for rt in the present 
formulation, large values of rt shorten computer time re- 
quired to integrate through instabilities; thus rt = 102 to 104 
tx/2c is typically used and sometimes 10 6 I-d2c. This can be 
reinterpreted as doing the analysis with a much lower wave 
speed, say, •, than actual speed c, but one which, for the 
parameters adopted, still assures that the typical unstable 
slip rate •x r/ix is many orders of magnitude larger than the 
loading rate Vplat e or interseismic slip rates. The use of such 
large rt values has the effect of extending the time of 
individual instabilities to time scales of minutes to days. 
Since the higher rt is, the lower the maximum slip velocity 
attained during instability is, there is another effect for the 
type of friction law used here, with monotonically decreas- 
ing rSS(V): Higher rt means lower stress drop, and hence 
slip, in individual earthquakes and thus a shorter recurrence 
interval. (This would be a small or negligible effect in one 
version of the friction laws used by Tse and Rice [1986] 
which had a "leveling off" of rSS(V) at slip speeds above 
about 1 mm/s.) For example, in a test case involving peri- 
odically repeated earthquakes, a recurrence interval of 90 
years obtained with rt = tx/2c shortened to 74 years with rt = 
10 2 ix/2c, to 55 years with rt = 10 4 ix/2c, and to 35 years 
with rt = 10 6 ix/2c. 

5. In the above equations for stress r in terms of slip/i, it 
may at first seem unclear why the integration extends over 

only the part -Zdepth ( Z ( 0 of the half plane and not below 
where slip/5 = Vplate t is imposed. The logic for this may be 
seen by decomposing the slip/5 into the sum of a part Vplate t 
that is uniform over the entire half plane plus a part /5 - 
Vplate t which is nonuniform. The former is associated with a 
rigid translation of one elastic quarter space relative to the 
other and creates no stress; the latter is nonzero only over 
--Zdept h ( Z ( 0, which is therefore the source region in the 
integral or sum over cells. (See also Rundle [1988a, b].) 

Frictional Constitutive Relation 

The most common rate- and state-dependent friction law 
of the class introduced by Dieterich [1981] and Ruina [1983] 
is used and can be written 

Or A OV V 
__ = [,-- ,-ss(v)]; 
ot v ot L 

olS(x, z, t) 
V(x, z, t)= , 

Ot 

where here A (> 0) is taken as a constant, i.e., independent 
of V and r but not of effective normal stress and tempera- 
ture. Also, the form adopted for the steady state strength is 

r ss(v)= r0 + (A -B) In (V/Vplate), 

where r 0 , A - B, and L are constant in the same sense. This 
is the law used by Tse and Rice [1986] and is commonly seen 
in an equivalent version [Ruina, 1983], which explicitly 
introduces an evolving state variable 0, as the set of equa- 
tions 

r = r 0 + A In (V/Vplate) d- B O, 

O0/Ot = -(V/L)[O + In (V/Vplate) ]. 
The logarithmic forms give approximate fits to data over, 

typically, a few orders of magnitude variation in sliding rate; 
low or high speed cutoffs are sometimes introduced. The 
main features of this friction law can be seen from the 

integration of the equations defining it for the idealized 
velocity jump test in Figure 2. In this test an imposed slip 
rate is suddenly changed from a steady value V1 to a new 
value V2; the resulting stress versus slip is shown. For 
sustained slip/5 >> L at fixed V (= V1 or V2) the response 
is "steady state" friction, and it is appropriate to adopt the 
simplified viewpoint that r is just a function of V, namely, r 
• rss(v). This corresponds to (steady state) velocity 
strengthening if A - B > 0, and to weakening if A - B < 
0. However, when the sliding velocity is suddenly increased 
or decreased over amounts of slip that are small compared to 
L, one finds that the stress respectively increases or de- 
creases. This is a fundamental feature of material response, 
not an inertial effect in the testing apparatus. With A = V 
(0•'/0V)instantaneous constant, the jump is by Ar = A In 
(V2/Vi) as in Figure 2. According to the law adopted, the 
approach to a new steady state involves exponential decay 
such that if slip/5 = V2 t is measured from the moment of the 
jump, then r evolves toward the new steady state strength 
level rss(v2) according to the relation 

r = rss(v2) + e-ti/L[rss(v1) + A In (V2/V1) - rss(v2) ]. 
The bracketed term represents the drop in strength, or slip 

weakening, from the peak strength rSS(V1) + A In (V2/Vi), 
required to initiate slip at the rapid rate V2, to the residual 
level rss(v 2) attained after slip /5 >> L. Thus in different 
limiting situations the rate- and state-dependent friction 
formulation includes not only velocity weakening but also 
slip-weakening type behavior. The latter is equivalent to the 
notion of fracture energy at crack tips in singular elastic 
crack theory [Rice, 1980], and the fracture energy for the 
above idealized representation of the stress versus slip 
relation is just the bracketed term times L. (This description 
is idealized because V is highly variable rather than uniform 
at some large value V2 behind the front of an advancing slip 
zone, and steady state slip conditions at some low slip rate 
V1 will not generally prevail ahead of the front.) Descrip- 
tions of fault friction that do not include some such charac- 
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Fig. 3. (Left) Laboratory data, granite under hydrothermal conditions, on velocity weakening/strengthening at 
various temperatures; from Blanpied et al. [1991] as converted by them into a - b [= V drSS(V)/dV/(trn - p)] versus 
depth based on a Lachenbruch-Sass SAF geotherm. (Right) Assumed a - b and a [- V(OdO V)instantaneous/(O' n - p)] 
versus depth for use in model of Figure 1. 

teristic length L are then equivalent to degenerate elastic 
crack models with zero fracture energy. In such models, 
cracks in an elastic continuum can only propagate at wave 
speeds (for example, an antiplane shear crack at the shear 
wave speed, an in-plane shear crack at the Rayleigh speed) 
and cannot concentrate stress ahead of their tips; any 
nonzero stress intensity factor, as is generally associated 
with subsonically propagating cracks, corresponds to a 
positive fracture energy. 

In formulating the friction law for the model of Figure 1 
the following assumptions are adopted: 

1. The coefficients A and B scale directly with effective 
normal stress, A = a(cr n - p) and B = b(cr n - p), where 
o- n (= --Cryy) is the compressive normal stress on the fault 
and p is pore pressure, and the coefficients a and b then 
depend only on temperature. 

2. The velocity dependence a - b is made depth vari- 
able following the data of Blanpied et al. [1991] on temper- 
ature dependence of a - b for granite under hydrothermal 
conditions. They converted their data on a - b as a function 
of temperature to a plot of a - b as a function of depth, as 
based on a Lachenbruch-Sass San Andreas fault (SAF) 
geotherm, and their plot is shown in Figure 3 at the left. 
These data show transition from velocity weakening, a - b 
< 0, to velocity strengthening, a - b > 0, at temperatures 
around 325øC, corresponding to depth z = - 14 km. There is 
also a velocity strengthening zone at shallow depth, above 
-2 km. The fit to a - b and the values of a used in the 

modeling are shown in Figure 3 at the right; a - b has a 
minimum value of -0.004 over depths from 4.0 to 13.5 km 
and is negative from 2.0 to 14.3 km; a is not reported by 
Blanpied et al. [1991] but factor of 2 or so variations in its 

value, for a given distribution of a - b, have little effect on 
the dynamics. 

3. The normal stress rr n = (280 bar/km) (-z) [(28 
MPa/km) (-z)], a typical overburden stress, and the pore 
pressure p is given by either p = hydrostatic = (100 bar/km) 
(-z) [(10 MPa/km) (-z)], or by p = max (hydrostatic, rr n - 
const). The latter incorporates elevated pore pressure con- 
cepts [Rice, 1992] in which dp/dz approaches drrn/dz with 
increase of depth, as a consequence of slow upward fluid 
permeation in a fault with permeability that diminishes 
rapidly with increase of rr n - p; see Figure 4, which 
illustrates this type of pressure distribution for p offset by 
1000 bars (100 MPa) from rr n at depth. 

4. The slip weakening, or state transition, slip distance L 
is in the 0.01- to 0.1-mm range in data involving small slips 
on laboratory-prepared fault surfaces that are smooth at 
wavelengths above a mm or so [Dieterich, 1981; Biegel et 
al., 1989]. Slip weakening distances that are typically in the 
range 0.1-0.3 mm occur in fault formation in initially intact 
laboratory triaxial specimens of granite [Rice, 1980; Wong, 
1982]. It is currently a computational necessity to make L 
larger, above 2 mm in the 2-D modeling and above 10 mm in 
the 3-D modeling, to accurately solve equations with suit- 
ably refined grid sizes to reach the continuum limit. Larger L 
values may also be partially justified to approximately ac- 
commodate scaling to broad scale fault roughness (Scholz 
[1988] suggests L • 1 to 10 mm over a 6-16 km depth range 
based on asperity contacts along fractal fault surfaces) and to 
model weakening in large rapid slip for which constraints 
from the fracture energy of earthquakes (G = 106 to 107 
J/m 2, strength drops in rupture = 2 x 102 to 103 bars [20-100 
MPa], L • G/strength drop) suggest a 10- to 500-mm range. 
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Fig. 4. Forms assumed for pore pressure versus depth. Pore 
pressure p may be hydrostatic or may have a transition to a rate of 
increase with depth that is the same as for normal stress O'n; the 
latter case approximately represents results of Rice [1992] for slow 
pore fluid upflow along a fault zone with permeability that dimin- 
ishes rapidly with increase of o' n -- p. Case shown is for p = max 
(hydrostatic, O' n -- 1000 bars [100 MPa]). 

It seems possible that L values in the same range as inferred 
for small slips in laboratory specimens will apply to the onset 
of slip on natural faults but that the far larger slips of such 
earthquakes involves a much larger scale slip-weakening 
length in subsequent slip. This might be describable approx- 
imately by the multi-state-variable form discussed by Ruina 
[1983] and used by Gu et al. [1984] in stability analysis, but 
the simplification of a single slip-weakening process is re- 
tained in the present work. 

5. The constant term in the friction law can be written as 

•'0 -- fo(O'n -- P), where f0 is the friction coefficient for 
steady state sliding at the rate V - Vplat e. For a given 
distribution of A and B over the fault plane, the term r 0 is 
irrelevant for the results obtained for the slip rate V(x, z, t) 
once the system has gone through an early part of its history, 
sensitive to initial conditions. 

Thus if we introduce the notation s i = ri - r/ss(vi), 
where subscript i refers to the value of a variable, or the 
form of a function like r/ss(v) or driSS(V)/dV, in cell i of the 
grid, the governing equations are 

(•q + A i/Vi) •r i --- -- E kij (Vj - Vplate) d- Vis i/L 
J 

('r I + Ai/Vi)• i = -[Ai/V i - d,r•S(Vi)dVi] 

' E kij(Vj- Vp late) -IT/ d- dq'•s(vi)/dVi]Visi/L 
J 

Xlength "- 240 km, Vplat e "- 35 mm/yr, tx = 300 kbar (30 GPa), 
•, = 0.25 and c = 3 km/s are used. Thus the variables whose 

effects are illustrated here are L, the "constant" in p = max 
(hydrostatic, o' n -- const), and the radiation damping ,/, as 
well as variables defining the computational grid. In princi- 
ple, the latter should not be regarded as variables, in that one 
assumes that cell size h is taken small enough to be irrele- 
vant to the results shown. However, as mentioned in the 
introduction, possible insights on the origin of spatio- 
temporal complexity of slip are obtained by examining how 
solutions depend on h. 

The grid involves a number Ndept h of identical cells in any 
single column through the 24 km depth range and Slength 
columns of such cells along the 240-km periodic repeat 
distance along strike. The height of a single cell is thus h = 
24 km/Ndept h. In the 3-D results to be presented, the cells 
have q - 0.8 which assures similar contributions (within 
7%) to k diag as expressed above from terms representing 
screw and edge dislocation segments along a cell border. 

Since h/q = 240 km/Nlength this means that Nlength is always 
taken as 8 Ndept h in the 3-D examples. For the 2-D version of 
the model, approximately comparable to that of Tse and 
Rice [1986], Xlength is unbounded and Nlength '-- 1, corre- 
sponding to q - 0. The (dominant part of the) single cell 
stiffness is then kaiag = 1.45 (2/x/•rh) for the 3-D cases, 
where kaiag = 21x/•rh is the stiffness for an infinitely long cell 
in the x direction corresponding to the 2-D version of the 
model. 

To estimate a critical cell size h*, above which cells are 
capable of failing independently of one another, note that a 
critical spring stiffness for a single-degree-of-freedom system 
following the friction law adopted is kcrit = (B - A)/L; here 
k is the reduction in shear stress for unit slip on the sliding 
surface due to elastic interactions with the surroundings. 
This was shown by Ruina [1983] and Rice and Ruina [1983] 
to be the critical stiffness according to linear stability theory 
for a simple spring-slider system, in that perturbations from 
steady state slip in a system with steady state velocity 
weakening (B - A > 0) will grow in time only at lesser 
spring stiffness. Nonlinear stability studies based on that law 
[Gu et al., 1984] show that for k above kcrit instability can 
result only if the system is finitely disturbed (e.g., by a 
sudden change in stress or loading rate), with the amplitude 
of the disturbance in loading rate that is required for insta- 
bility growing exponentially with k/kcrit. Thus, to assure that 
the mesh is not so coarse that individual cells can act 

independently of one another, we need to make the self- 
stiffness of a single cell, which can be written approximately 
as kdiag = 2 ix/•rh, large compared to k crit. Defining h* as the 
grid size that makes kdiag "- kcrit for the most critical (highest 
B - A) cell in the grid, this gives 2lx/•rh* = (B - A)m/L, 
and thus 

h* = 21xL/rc(B - A)m 

where the overdots denote a time rate. We note that ,/is 
always much less than Ai/V i and Id•?S(V•)/dV•l (- I A• - 
Bil/V i) when Vi is of the order of Vplat e but that ,/dominates 
those terms for the large Vi which result during an earth- 
quake instability. Because of the "stiffness" of this set of 
differential equations, an implicit integration procedure has 
been devised and is explained in the appendix. 

In all cases discussed here the parameters Zdept h "- 24 km, 

as earlier. Hence the requirement kdiag >> kcrit for a suitable 
grid translates into the requirement h << h*. The size h* 
may be called the nucleation size, in that it measures 
approximately the minimum diameter of a patch of fault area 
which must be able to slip simultaneously in order for an 
instability to develop. When discussing computational re- 
sults next, the ratio h/h* for the grid on which they are based 
is given in each case. 
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Fig. 5. Slip in millimeters on horizontal axis versus depth in kilometers on vertical axis, drawn through the full 
depth range every 5 years and drawn through partial depth range to mark special features: A, onset of instability 
(maximum velocity among cells increases through 10 3 Vplate); B, one week after instability; and C, one year after 
instability. For 2-D version of model in Figure t, slip constrained to be the same at every position along strike [ $ = $(z, 
t)], L = 30 mm, p = max (hydrostatic, an - t000 bars [tOO MPa]), r/= t02 tx/2c. For96 cells over 24 km depth (h/h* 
- 0.17). 

SOME RESULTS 

Two-Dimensional Cases t5 = tS( z, t) 

As in the work by Tse and Rice [1986], in every model 
studied so far with adequate reduction of cell size, a simple 
limit cycle solution of periodic large earthquakes occurs. 

Figure 5 shows slip versus depth for a case with L = 30 
mm, p offset from rr n by 1000 bars (100 MPa) at depth 
(Figure 4), and r/= 102 tx/2c. Since (B - A)m = (0.004) x 
(1000 bars) = 4 bars (0.4 MPa), this case has h* = 1.5 km. 
The calculation was done with 96 cells over the 24 km depth 
range; hence h = 0.25 km and h/h* • 0.17, a ratio small 
enough to reasonably represent the continuum limit. The slip 
distribution every fifth year is shown by curves running from 
top to bottom in Figure 5; those that are truncated before 
reaching bottom show the slip distribution at the onset of 
instability (A), and then one week (B) and one year (C) later. 
There is rapid postseismic slip at depth. 

Figures 6 and 7 show results for a much smaller L value, 
L = 3 mm, and a more highly elevated pore pressure, offset 
from O' n by 500 bars (50 MPa) at depth, so that h* = 0.3 km, 
and for r/= 10 4 la,/2c. Each of the figures has two panels, top 

one showing results for an inadequately refined grid (32 cells, 
h/h* = 2.5), and bottom one for a refined grid (320 cells, 
h/h* • 0.25) that is in the range of approach to the 
continuum limit. Figure 6 shows slip versus depth every 
year. Figure 7 shows, as a function of time, the logarithm of 
the slip rate in whichever is the fastest slipping cell at the 
time of a sample taken every 0.01 year (the fastest slip rates 
tend not to show since they form spikes narrower than 0.01 
year). These results are typical for 2-D cases in showing how 
the spatio-temporally complex slip predicted for oversized 
cells gives way to simple limit cycles with reduction of cell 
size to ranges corresponding to approach to the continuum 
limit. The many spikes in the top panel of Figure 7, and the 
ragged accumulated slip profiles in the top panel of Figure 6, 
correspond to a complex failure mode with many small 
instabilities in a large earthquake cycle and aperiodic occur- 
rence of the large events. These features all disappear with 
grid reduction and thus are artifacts of an inadequate numer- 
ical scheme. Possibly, they may also hint at the way that 
geometric disorder controls the dynamics of fault zones. 

Comparing Figure 5 to the bottom panel of Figure 6, the 
results show how precursory slip effects that appear in 
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Fig. 6. Slip in millimeters on horizontal axis versus depth in kilometers on vertical axis, drawn every 1 year. For 
2-D version of model in Figure 1 with slip constrained to be the same at every position along strike [ • = •(z, t)], and 
for L = 3 mm, p = max (hydrostatic, •r, - 500 bars [50 MPa]), •/= 104 la/2c. (Top) For 32 cells over 24 km depth 
(h/h* = 2.5). (Bottom) For 320 cells over 24 km depth (h/h* = 0.25). 
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Fig. 7. Maximum value over all cells of log10 {[0/5(z, t)/Ot]/Vplate}, as sampled every 0.01 year, on vertical axis 
versus time in years on horizontal axis; parameters as in Figure 6. (Top) For 32 cells over 24 km depth (h/h* = 2.5). 
(Bottom) For 320 cells over 24 km depth (h/h* = 0.25). 
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simulations with large L diminish to essentially impercepti- 
ble size with small L; the comparison here is L = 30 mm and 
L = 3 mm, and the latter is still a factor of 100 or so larger 
than L for laboratory fault surfaces that have been machined 
to be smooth at large spatial wavelengths. Unfortunately, 
with present algorithms (the appendix), which are efficient 
between earthquakes but require much time to integrate 
through earthquake instabilities, the 320 cell 2-D case re- 
quired 5 days cpu time on a Sparcstation 2 to cover about 210 
years of imposed motion, or about 7.3 m total slip travel. 
During that time, eight earthquakes occurred; the first, 
influenced by starting conditions, after 42 years, and the rest 
with a cycle time of about 22 years. The limit cycle solution 
illustrated in the bottom panels of Figures 6 and 7 was 
essentially established by the time of the second earthquake. 

Three-Dimensional Cases /5 = /5(x, z, t) 

The 3-D cases are yet more restricted by computational 
limits. With present algorithms, a grid with 32 cells through 
the thickness, and thus 256 columns of cells along strike, is 
the most refined possible, and even then 13 days of Sparc- 
station 2 cpu time were required for a run of 300 years in one 
of the easiest cases with large L (40 mm) and large r/(106 
la/2c). Large L increases the time step size allowed; large r/ 
decreases the number of time steps required to integrate 
through instabilities, which more than pays for its subsidiary 
effect of reducing stress drop and recurrence intervals and 
hence increasing the number of large events over some long 
time span. Grids of that size, Nlength = 256 and Ndept h = 32, 
are possible at all, at least within the present algorithm, only 
because fast Fourier transform (FFT) techniques can be 
used to do the matrix multiplications involving [k] that are 
required in each time step; see the appendix. Because of the 
FFT involvement, in the simple form adopted based on 
powers of 2, the next smaller grid has 128 cell columns along 
strike and hence only 16 cells through the thickness (to 
maintain the cell aspect ratio). 

In order to rapidly bring to evidence any tendencies for 
instability in the 3-D modeling, the constitutive properties a 
and a - b were perturbed as follows. Starting with these 
variables as a function of depth as in Figure 3 at the right, the 
value at each depth was reduced by 10% in the first 60 km 
along strike, left unaltered over the next 120 km, and 
reduced by 5% over the final 60 km of a 240-km period. 

Figure 8 shows results for a case with L = 40 mm and 
hydrostatic pore pressure, so that h* • 0.79 km, and with r/ 
= 10 6 la,/2c. Again, two panels are shown, the top one for a 
coarse grid of 2048 cells (Nlength = 128, Ndept h = 16) with 
h/h* = 1.9, and the bottom one for a more refined grid of 
8192 cells (Nlength -- 256, Ndept h = 32) with h/h* = 0.95. In 
this case the slip averaged over 24 km depth, 

/5(x t)= •i(x, z, t) dz, 
' Zdepth Zdepth 

is shown, at 5-year intervals, as a function of distance x 
along strike over one 240-km period. Results are shown from 
the last 300 years of an 800-year calculation. The coarse grid 
results show a complex history with strongly locked zones 
forming and rupturing a few times over but then transitioning 
to failure in events with less slip while strong locking regions 
form elsewhere. While for a grid that is still far from a ratio 

h/h* that is convincingly at the continuum limit, the refined 
grid results, have essentially lost all of this complexity. 

Figures 9 and 10 compare slip versus depth, printed at 
5-year intervals, for these two cases. Figure 9 shows the slip 
profiles at x = 0.25 Xlength = 60 km and Figure 10 for x = 
0.75 Xlength -- 180 km; in each case the top panel is for the 
coarse grid and the bottom is for the more refined grid. 
Comparing the top panels in Figures 9 and 10, one sees a 
chaotic slip history with qualitative changes in the fault 
locking between large slips, as anticipated by examining the 
upper panel of Figure 8 at x = 60 and 180 km. The bottom 
panels of Figures 9 and 10, for the more refined grid, show 
that this complexity has largely disappeared in favor of 
essentially periodic earthquakes with similar characteristics 
at both locations along strike. (The refined grid solution was 
done by beginning with a solution for the first 500 years on 
the less refined grid. Each cell of the less refined grid was 
then divided into four and given the same stress and velocity 
as the parent cell (these are the variables of the governing 
equations). This leads to a rapid readjustment of the velocity 
field within each cell group which makes •i, defined as the 
time integral of V, develop some kinks in its profiles, as 
seen. These persist as an artifact of the grid change but have 
no effect on the subsequent velocity profiles, which are 
smooth and without kinks.) 

Figures 11-13 show further 3-D results from three different 
grids for a case with L = 40 mm and p = max (hydrostatic, 
cr n - 1000 bars [100 MPa]), so that h* = 2.0 km. These are 
based on radiation damping • = 102 tx/2c, lower by 104 than 
the previous case, and take a large amount of computer time; 
thus results are shown only over limited times for the more 

refined grids. Figure 11 is for Nlength = 64 and Ndept h = 8, SO 
that h/h* = 1.5; Figure 12 is for Nlength = 128 and Ndept h -- 
16, so that h/h* = 0.75; Figure 13 is for Nlength = 256 and 
Ndept h = 32, so that h/h* = 0.38. The top panel of each 
figure shows the depth-averaged slip •i(x, t) versus distance 
x along strike at 5-year intervals, and the bottom panel 
shows the logarithm of the maximum velocity in any cell 
within the model as a function of time, as sampled at time 
intervals of 0.01 year. (Because of time requirements, the 
intermediate grid was run for only a little more than 300 
years, and the most refined grid was done by using the 
results from the intermediate grid at 300 years, dividing cells 
into four as discussed above, and continuing the calculation 
on the most refined grid for another 200 years. 

Comparing successively (in Figures 11, 12, and 13) both 
the profiles of thickness-averaged slip and the maximum slip 
velocity records, it is seen clearly that spatio-temporal 
complexity disappears with grid refinement. Further, its 
disappearance is again comprehensible in terms of the dif- 
ferent cell sizes h involved when compared to h*. 

In order to document the transition from complexity to 
limit cycle behavior with feasible problem sizes, the previ- 
ous 3-D examples involved only slightly oversized cells, with 
h/h* = 1.9 or 1.5. Figure 14 shows the complex slip which 
results for a case with more strongly oversized cells, having 
h/h* = 6.0. This case is for the 2048 cell grid (Nlength = 128 
and Ndept h = 16) and is based on parameters L = 2.5 mm 
and p = max (hydrostatic, or, - 500 bars [50 MPa]), so that 
h* = 0.25 km, and • = 106 tx/2c. The depth-averaged slip 
/5(x, t) is shown as a function of distance x along strike in the 
top panel, and slip •i(x, z, t) at x = 0.25 Xlength -- 60 km is 
shown as a function of depth z in the bottom panel. The 
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Fig. 8. Slip •(x, z, t) averaged in z over 24 km depth (i.e., 3(x, t)) shown in millimeters on vertical axis versus 
distance x in kilometers on horizontal axis over one 240-km period along strike, drawn every 5 years. For model of 
Figure I with L = 40 mm, p = hydrostatic, •/= 106 iz/2c. (Top) For 2048 cells' 16 cells over 24 km depth, 128 columns 
of cells (h/h* = 1.9). (Bottom) For 8192 cells; 32 cells over 24 km depth, 256 columns of cells (h/h* = 0.95). 
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Fig. 10. Slip/5(x, z, t), at x = 180 km, in millimeters on the horizontal axis versus depth z in kilometers on the 
vertical axis, drawn every 5 years; for L = 40 mm, p = hydrostatic, •/= 106 la,/2c. (Top) For 2048 cells; 16 cells over 
24 km depth, 128 columns of cells (h/h* = 1.9). (Bottom) For 8192 cells' 32 cells over 24 km depth, 256 columns of 
cells (h/h* = 0.95). 
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Fig. 11. Results for 512 cell grid (Nlength = 64, Ndept h = 8), h/h* - 1.5' L - 40 mm, p - max (hydrostatic, cr n 
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x along strike in kilometers on horizontal axis, drawn every 5 years. (Bottom) Maximum value over all cells of log•0 
{[O•J(x, Z, t)/Ot]/Vplate•, as sampled every 0.01 year, on vertical axis versus time in years on horizontal axis. 
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Fig. 12. Results for 2048 cell grid (Nlength = 128, Ndept h = 16), h/h* = 0.75; L = 40 mm, p = max (hydrostatic, 
•r n - 1000 bars [100 MPa]), •/= 102 pJ2c. (Top) Depth-averaged slip 3(x, t) in millimeters on vertical axis versus 
distance x along strike in kilometers on horizontal axis, drawn every 5 years. (Bottom) Maximum value over all cells 
of 1og10 {[a&(x, z, t)/cgt]/Vplate}, as sampled every 0.01 year, on vertical axis versus time in years on horizontal axis. 
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Fig. 13. Results for 8192 cell grid (Nlength -- 256, Ndept h = 32), h/h* = 0.38; L = 40 mm, p = max (hydrostatic, 
cr n - 1000 bars [100 MPa]), •/= 102 iz/2c. (Top) Depthsaveraged slip g(x, t) in millimeters on vertical axis versus 
distance x along strike in kilometers on horizontal axis, drawn every 5 years. (Bottom) Maximum value over all cells 
of logl0 {[aS(x, z, t)/c•t]/Vplate}, as sampled every 0.0! year, on vertical axis versus time in years on horizontal axis. 
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Fig. 14. Complex slip based on a grid of strongly oversized cells, h/h* = 6.0' 2048 cell grid (Nlength -' 128, Ndept h 
= 16), L = 2.5 mm, p = max (hydrostatic, •r n - 500 bars [50 MPa]), •/= 10 6 tx/2c. Slip drawn every 1 year from results 
over the time period t = 100 years to t = 191 years. (Top) Depth-averaged slip &(x, t) in millimeters on vertical axis 
versus distance x along strike in kilometers on horizontal axis. (Bottom) Slip •i(x, z, t), at x = 60 km, in millimeters 
on the horizontal axis versus depth z in kilometers on the vertical axis. 
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functions are printed out every year for the 91-year period 
from t = 100 years to t = 191 years. Such complexity seems 
to be typical of results with strongly oversized cells. Note 
that despite the complexity, the rupture process is still 
coordinated along strike, with all portions of the fault zone 
undergoing large slip over time intervals of the order of 5 
years (about 25% of the average recurrence time in this 
case). Thus an increase in slip rate through cell instabilities 
in one part of the fault zone is, in this case, a good but 
imperfect predictor that cells in other parts of the fault zone 
will soon be active. The style of the instabilities at any 
particular section along strike involves an alteration between 
motion of the brittle part of the fault zone in single large 
events and in sequences of smaller events, as shown for the 
section at x = 60 km. 

Because of the small L value, the calculation for Figure 14 
ran slowly. It was originally tried with ,/ = 104 Ix/2c and 
required approximately 14 days of Sparcstation 2 cpu time to 
run through 105 years, taking 7.2 x 105 time increments. The 
version with ,/= 106 Ix/2c gave qualitatively similar results 
but covered about 2.5 times as many years per unit of cpu 
time; 5 days cpu and 2.6 x 105 time increments were 
required to cover the 91 years of history shown. It is likely 
that improvements in programming could be implemented 
which would significantly reduce these cpu times. 

DISCUSSION AND CONCLUSIONS 

A model for determining slip histories along a planar 
vertical fault embedded in an elastic half-space (Figure 1) has 
been analyzed. Fault zone constitutive relations are of the 
laboratory-based rate- and state-dependent friction type and 
have the feature of a characteristic slip distance L for slip 
weakening or frictional state evolution (Figure 2). They are 
implemented in the context of depth-variable temperature, 
normal stress, and pore pressure (Figures 3 and 4). The 
analysis is based on quasi-static elasticity, rather than on a 
proper elastodynamic formulation, and what would other- 
wise be unbounded slip rates during instabilities are limited 
to values scaling with stress drop by the inclusion of a 
viscous term that approximately represents energy outflow 
as seismic radiation during rapid unstable slip. 

The problem described by the model is posed numerically 
on a grid of cells and a criterion is derived for the cell size h 
to be small enough for the discrete numerical model to give 
a valid solution of the underlying continuous equations. This 
is that h be small compared to h*, where h* = 2IXL/sr(B - 
A)m, Ix is the elastic shear modulus, (B - A)m is the 
maximum value of [- V drss(v)/dV] over the fault plane, V 
is local slip rate, and •-ss(v) is the steady state fictional 
strength at that rate (Figure 2). In the various numerical 
examples shown here, h* ranges from 2 x 104 L [hydrostatic 
pore pressure; (B - A) m = 10 bars (1.0 MPa)] to 105 L 
(elevated pore pressure, offset by 500 bars (50 MPa) from 
normal stress; (B - A)m = 2 bar (0.2 MPa)). Cells of size 
larger than h* can fail independently of one another, 
whereas those with h << h* are too elastically stiff to fail 
unstably alone and can do so only as part of a cooperatively 
slipping array of cells. 

Computational limits based on present algorithms and 
machines prohibit solutions to the model with suitably 
refined grids unless L is larger than about 10 mm in 3-D 
simulations and about 2 mm in 2-D simulations. Neverthe- 

less, in every case for which it has been computationally 
feasible to explore the issue, the following is found: While 
the results of the computations with oversized cells (h > h*) 
show richly complex slip, with a spectrum of event sizes, 
that complexity disappears in favor of simple limit cycles of 
repeated large earthquakes as the cell size is diminished, 
relative to h*, so as to properly solve the underlying 
continuous equations. This is documented by the compari- 
sons made in Figures 5-14, where the effect of reduction in 
cell size is to cause a transition from spatio-temporally 
complex slip to simple limit cycles; the response can always 
be understood in terms of the ratio h/h*, as given with each 
figure. Large h/h* compared to unity leads to disordered 
slip, small h/h* leads to ordered slip. 

These results are at conflict with the emergent view that 
spatio-temporally complex slip behavior, with features 
sometimes described as self-organized criticality, is a ge- 
neric outcome of mechanical fault models. Just the opposite 
occurs here; the generic result of actual solutions of the 
governing equations, rather than of an oversized cell approx- 
imation to them, is simple limit cycles of repeated large 
earthquakes. The stress concentration at the front of a 
spreading zone of slip, when not masked by the use of 
oversized cells, seems to be too compelling for an earth- 
quake rupture to stop until it has spread entirely over the 
fault plane. 

The results here raise concerns about conclusions on 

spatio-temporal complexity drawn on the basis of fault 
models with ad hoc discretizations, whether into an array of 
spring-connected rigid blocks or as a cellular automata. Such 
models as discussed earlier may be said to be inherently 
discrete, in that they do not have a well-defined continuum 
limit. That is because the models have adopted friction laws 
equivalent to setting L = 0, i.e., to pure velocity weakening 
or its simplified form as distinct static and kinetic friction but 
without attributes such as slip weakening, displacement- 
dependent state transition, or fracture energy. Thus the 
critical cell size h* = 0 for those models, and by having 
discarded the short-wavelength constitutive behavior, they 
fail to predict the transition of slip response documented 
here when discrete element size is reduced below h*. 

Spatio-temporally complex slip, with self-similar distribu- 
tions of small (compared to overall system size) events, does 
seem to be a generic feature of those inherently discrete 
models which do not have a continuum limit. 

An unresolved issue in the present study is that of whether 
a more precise treatment of elastodynamics during instabil- 
ities would qualitatively change the results. Such must be 
considered because the wave-mediated arrest of a dynamic 
slip event may leave a heterogeneous distribution of residual 
static stress on the ruptured surface. It is possible that such 
heterogeneity, if strong enough, could affect the nucleation 
and arrest locations of subsequent ruptures and could be a 
mechanism for sustaining permanently complex seismic be- 
havior, showing a spectrum of event sizes. Recent numerical 
simulations of spontaneous faulting in an elastic continuum 
by Madariaga and Cochard [1992] have addressed the 
problem of stress heterogeneity resulting from wave- 
mediated rupture arrest. They assume pure velocity weak- 
ening, equivalent to L = 0. Their results for friction models 
with no, or little, continuing velocity weakening at seismic 
slip rates show generally smooth final stress on the rupture 
that is locally depressed where arrest waves, propagating 
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back from blocked tips of the rupture, meet one another. 
However, their results based on velocity weakening that 
remains significant at speeds near seismic rates show mark- 
edly heterogeneous, rapidly fluctuating final stress; the scale 
of its fluctuation seems comparable to the numerical grid 
spacing, and the results must therefore be regarded as 
tentative until it is understood if and how they are modified 
by use of a regularized velocity weakening law, with a 
nonzero slip weakening or state transition length dimension 
L. 

Stress heterogeneity resulting from the dynamics of rup- 
ture propagation and arrest seems to be important to the 
sustained complexity of response of Burridge-Knopoff mod- 
els, as recognized by Carlson and Langer [ 1989] and Carlson 
et al. [1991], although it is difficult to know how important 
results from the B-K model are for reasons noted earlier. 

The dynamic interrelation between the stress and slip histo- 
ries are fundamentally different for systems with concen- 
trated mass along the fault than for faults embedded in a 
continuum, dynamic overshoot effects are greatly overem- 
phasized by the lack of energy radiation into an adjoining 
continuum, and the simple stress interactions of the B-K 
model do not concentrate stress ahead of a rupture in a 
manner that scales the stress concentration with rupture 
size, like for cracks embedded in a surrounding elastic 
continuum, so that larger ruptures do not properly become 
increasingly difficult to stop. It also remains unknown as to 
how much the dynamics of the B-K class of models would be 
influenced by use of friction laws with a nonzero L, with the 
block spacing sufficiently reduced in size relative to a 
distance analogous to h* for the B-K model, so as to 
simulate a continuum limit. The inclusion of even an arbi- 

trarily small but nonzero fracture energy, as would be 
associated with nonzero L, in the continuum version of the 
B-K model is known to rule out supersonic rupture propa- 
gation that is sometimes otherwise allowed by the model. 

It seems that the models with arrays of identical spring- 
connected blocks or cells were proposed with the intention 
of modeling a uniform fault and that it was tacitly assumed 
that no essential feature of the physics was lost either in the 
discretization of an a priori conceptual model into cells or 
spring-connected blocks or in the neglect of slip-weakening 
response features involving a finite L. The present results 
raise the possibility that if those models were reformulated 
with a nonzero L and if the cell size or block spacing were 
continuously reduced in size, with element-to-element stress 
interactions chosen to be faithful to the response of a fault in 
an elastic continuum (and if continuum rather than concen- 
trated mass Newtonian dynamics were simulated in the 
dynamical models), then qualitatively different results might 
emerge, lacking the spatio-temporal complexity that has 
been reported. 

Thus a tentative conclusion suggested, but not proven, by 
the present results is that spatio-temporally complex slip. 
resembling earthquake processes, will not emerge from 
physically justifiable modeling of the nonlinear dynamics of 
frictional slip on a geometrically smooth fault surface. It is 
suggested that consideration of the geometric disorder of 
fault zones, including distinct fault segments which join at 
bends or offsets and can arrest ruptures [Bakun, 1980; Lindh 
and Boore, 1981; Schwartz and Coppersmith, 1984; King 
and Nabelek, 1985; King, 1986; Sibson, 1986], and perhaps 
also the fractal-like surface roughness of faults [Power et al., 

1988; Power and Tullis, 1991], will be necessary to provide a 
physically viable description of seismic complexity. 

Results shown here that are based on oversized cells, 
relative to h*, seem to be a better mirror of observed slip 
complexity than are those corresponding to a grid that is 
sufficiently refined to be approaching the continuum limit, 
that is, to a grid which allows one to actually solve the 
mathematical problem posed. The critical feature may be 
that such oversized cells can fail independently of one 
another. In this respect, adjacent oversized cells may pro- 
vide a crude model of adjacent fault segments which can fail 
independently of one another due to difficulties of transmit- 
ting unstable slip rupture across geometric complexities 
where such segments join. The proper understanding of 
spatio-temporally complex slip may then lie in clarifying the 
interaction of slip-weakening sensitive features of fault zone 
response, having a characteristic scale length proportional to 
Lix/(B - A) (i.e., to h*), with geometric disorder. Based on 
the various results for oversized cells presented here, it 
seems likely that geometric disorder of a fault zone at scales 
larger than h* will cause its dynamics at those scales to 
mimic the dynamics of an inherently discrete system and 
hence to show the spatio-temporally complex slip that seems 
to be genetic to such systems. 

An open question is that of whether continued geometric 
disorder at yet larger scales is necessary for complex slip at 
those larger scales. That seems not to be necessary in the 
simple cellular automata models, including quasi-static im- 
plementations of the B-K model on a 2-D fault surface, in 
that one cell size suffices to give complex failure over all 
sizes. Such might occur only because the simple models are 
unphysical in failing to scale the stress concentration at the 
edge of a slipping zone with the size of that zone, as required 
by elasticity theory. 

Additional evidence that slip complexity and geometric 
disorder are related comes from Wesnousky [1988, 1990]. He 
shows that seismic productivity of fault zones (in generating 
many small earthquakes) and geometric disorder as mea- 
sured by stepovers along fault traces are strongly correlated 
with one another. By studying five distinct faults in southern 
California, including the San Andreas and Newport- 
Inglewood faults, as well as the Calaveras fault in central 
California and the North Anatolian fault in Turkey, he shows 
that geometric disorder of a fault zone diminishes with 
cumulative slip over its geological history. The Newport- 
Inglewood and San Andreas faults are at the extremes of his 
data set and differ by a factor of about 50 in disorder as 
measured by either the number of stepovers of the fault trace 
in excess of 1 km per unit length along strike or the 
cumulative sum of absolute stepover distances per unit 
length along strike. In a study involving only the southern 
California faults, Wesnousky [1990] also shows that the 
seismic productivity of a fault zone is a similar diminishing 
function of cumulative geological slip. The productivity is 
defined as the number of events with magnitude above 3.0 
per unit length of fault, divided by the long-term slip rate of 
the fault for normalization. For this quantity the Newport- 
Inglewood and San Andreas faults are again at the extremes 
of his data set; with its high geometric disorder as measured 
by stepovers, the less slipped Newport-Inglewood fault is 
about 100 times more productive seismically than is the 
highly slipped and geometrically less disordered San An- 
dreas fault. 
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APPENDIX: NOTES ON NUMERICAL FORMULATION 

The stiffness component k ij is defined as the negative of 
the stress r induced at the center of cell i by unit slip/i in the 
source cell j and in the periodic repeats of that cell along 
strike, spaced by Xlength. Chinnery [1963] gave the solution 
for the displacement field for uniform slip on a rectangular 
dislocation surface in an elastic half-space. The relevant 
stress component may be extracted from that solution by the 
expression r = ix(Oux/Oy + OUy/OX), and Chinnery has 
derived the result in equations communicated personally by 
him to Stuart [1986] in 1983 for the Poisson solid, v = 0.25. 
Stuart and T. E. Tullis, who have used the equations in a 
similar 3-D program with rate- and state-dependent friction 
have kindly provided the equations (W. D. Stuart and T. E. 
Tullis, personal communication, 1990), and, in the present 
notation, they are as follows: Coordinates of the vertices of 
the source cell, which has side lengths h/q in the x direction 
and h in the z direction and has its center at x = X cell j and 
Z -- Z cell j, are 

X 1 ---- Xcell j q- h/2q, X 2 = Xcell j q- h/2q, 

X 3 ---- Xcell / -- h/2q, X 4 ---- Xcell j -- h/2q 

Z 1 = Zcell j q- h/2, Z2 -- Zcell j -- h/2, 

Z3-- Zcellj q- h/2, Z4 = Zcellj- h/2. 

Then, introducing the parameters 

ta=xa--Xcell i, qa=za--Zcell i, Pa=Za+Zcell i 

rn = -•c 

k(Xcell i, Zcell i; Xcellj + mXlength, Zcellj). 

In programming this result, the sum on m is extended from 
-10 to 10. If multiplied by a cell area, [k] would have the 
same units of what is more commonly called a stiffness 
matrix, i.e., a matrix relating work conjugate sets of dis- 
placements and forces. Such a matrix relating work conju- 
gates is necessarily symmetric for an elastic system. Be- 
cause [k] has been based on stress at a point (cell center), it 
is not precisely symmetric although each k ij and kji are 
numerically close. Recognizing that a properly defined stiff- 
ness would be symmetric, [k] is redefined as its symmetric 
part, which also simplifies the equation-solving routine. 

The governing equations are extremely "stiff" and an 
implicit integration procedure was devised as follows. The 
basic idea is to integrate the constitutive law over each time 
step as if V were constant during that step and to do so in a 
manner that would be correct for arbitrarily large time steps 
if V in the present increment was unchanged from V in the 
last, or changed by a sufficiently small amount that the result 
can be linearized in the change of V from the present step to 
the last. Thus let Vi t+at denote the velocity of cell i over the 
time step from t to: + At, and let ri t+At be the stress of that 
cell at the end of the time step; Vi t is the velocity in the 
previous time step and rit is the stress at the end of that 
previous time step. The slip in the time step from t to t + At 
is 15[ +at - 15[ = V[ +at At. The constitutive relation is then 
integrated for constant velocity over the step and put in the 
form 

(a = 1, 2, 3, 4), 

where the center of cell i is at x = Xcell i and z = Zcell i, the 
following three functions are defined: 

F. = 1/{[(t.) 2 + (qa)211/2[((t.)2 + (q.)2)1/2 + q.]) 

+ 1/{[(t a) 2 + (p a) 2] 1/2[((t a) 2 + (p a) 2) 1/2 + p,]}, 

G. = {(1/4)[(t.) 2 + (pa)2] 1/2 + q.)/{[(t.) 2 + (pa)2] 1/2 

ß [((t.) 2 q- (p a) 2) 1/2 q- p a]2) _ [(p a) 2 _ (q.) 2]{2[(t.) 2 

+ (P a) 2] 1/2 + p.)/{2[(t.) 2 

+ (pa)213/2[((ta)2 + (pa)2)1/2 + pa]2), 

t+At t= _ 'r i -- 'r i -el + D[[(V[ + At V[)/V[] 

where the C/t and D/t are chosen so that result is correct, up 
to the term of first order in (V[ +At - V[)/V[, for arbitrarily 
large At and are 

C[ = [r[- r/SS(v/)][1 - exp (-V•At/L)] 

D[ = g i - [g i - V[ driss(v[)/dV[][1 - exp (-V•At/L)] 

- [r[- riSS(v[)](V[At/L) exp (-V•At/L). 
The relations expressing equilibrium, with the radiation 

damping term, are then written at times t and t + At as 

Z t+At t + At _ kij[• j - Vplate(t q- At)] - r/V[ + At T i -- _ , 

J 

Ha = qal{[(t.)2 + (qa)211/2[((t.)2 + (q.)2)1/2 q- t.]} 

+ pa/{[(t,)2 + (pa)211/2[((t,)2 + (p,)2)1/2 + t,]}. 

The stiffness associated with a single source cell i (i.e., not 
yet considering the infinite number of periodic repeats of the 
source cell along strike) is then 

k(Xcell i, Zcell i; Xcellj, Zcellj) 

4 

= (/x/2rr) Z (-1)"{(2/3)t,(F, + G,) + (1/2)H,) 

and the stiffness for the periodically repeated source is 

•'[= -- Z kij(•- Vplate t) - 'r/V$. 
J 

Subtracting the second from the first and using the above 
representation of ri t+at _ r[, one finds 

(T] V[ q- O[) V[ + At/v[ q- At Z kijVj + At 
J 

= TIV • q- O[ q- C• q- At Z kij Vp late' 
J 

a set of simultaneous equations to be solved for the velocity 
in each time step. The job now is to choose the time step and 
to solve the equations. The maximum time step allowed is 
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that which makes vitAt/L = 1 for the cell which is fastest 
moving at the start of the increment. A shorter time step is 
chosen if, upon finding the first positive value, if any, of At 
for which either *IV[ + Di t or *IV[ + Di t + Ci t vanish for 
each cell, and then choosing At as half the smallest of those 
values, the resulting At is shorter than the shortest defined 
by vitAt/L - 1. The idea is to remain in a range for which 
the approximate integration of the constitutive relation over 
At will remain valid. 

The system of simultaneous equations is then solved by 
implementing the conjugate gradient iterative procedure, 
following an algorithm described by Golub and VanLoan 
[1983, p. 373], after preconditioning the system to the form 
[a]{x} = {b}, where 

X i -- (V[ + At_ V•)/yi, aij = 1 when i= j, 

aij- kijyiyj when i%j, 

bi = [C• + At • kij(Vplat e -- VJ)]yi/(At ) 1/2, 
J 

Yi -- (V[At) 1/2/(1/V[ -{- D[ + kiiV[At ) 1/2. 

In the 3-D cases, the multiplication [k]{V} that is required to 
form {b} is done with the aid of the fast Fourier transform. 
Because an element of [k] corresponding to a given pair of 
cells is invariant to the position of that cell pair along strike, 
the matrix multiplication can be rewritten as the sum of a 
number (proportional to (Ndepth) 2) of convolution summa- 
tions involving arrays of size Nlength. The FFT speeds the 
convolutions, so that the number of operations scales as 
(Ndepth) 2 Nlength 1og2(Nlength ) rather than as (Ndepth) 2 
(Nlength) 2 . Each iteration in the conjugate gradient procedure 
also involves a matrix multiplication of [k] with an iteration 
vector and is likewise hastened by use of the FFT. The 
iteration stops, and the solution for { x} is accepted, when the 
norm (square root of sum of squares of components) of {b} - 
[a]{x} diminishes below 10 -6 times the norm of {b}. This 
usually requires a small number of iterations, starting from 
an initial guess {x} = {0}, often as few as three and only 
rarely as many as 10. 

Finally, if the ratio Vi t+ at/V[ passes outside certain limits, 
taken as 1/2 < Vi t+at/V[ < 2 in the cases shown, the At that 
had been chosen is replaced by half its value and the 
conjugate gradient solution process starts anew for that 
reduced At. This situation seldom happens, and, indeed, the 
procedure to estimate an allowable time step was devised to 
avoid it. 
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