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It is shown that long-wavelength elastic scattering data from an arbitrary localized

defect in a uniform isotropic medium has a maximum information content of 22
parameters which are characteristic of the defect. These parameters are shown to
consist of the mass excess 8 M and the 21 independent components of a fourth-rank
tensor D, that depends on the elastic moduli variation 6c;, and static response
properties of the defect region. This tensor and the contracted forms D, ( = Dy, /3) and
D (= D, /3) allow partial “inversion” of scattering data to determine properties of the
defect. In particular, it is shown how to estimate the orientation and maximum stress
intensity factor for defects in the form of planar cracks, to obtain lower bounds to
maximum defect dimensions, and to represent defects in the form of inclusions or voids
as approximately equivalent ellipsoids. The results are pertinent to the quantification of
nondestructive examination of materials for defects in their interiors.

PACS numbers: 62.30. + d, 03.40.Kf, 81.70. +r

I. INTRODUCTION cations of these general expressions to the long-wavelength
limit, including the scattering from a homogeneous ellipsoid

The scattering of elastic waves by defects obviously pro- .
and a circular (penny-shaped) crack. Here we shall start

vides some information about the latter and therefore has
been extensively used for nondestructive evaluation (NDE)

of structural members. Ideally, measurements of the scat-
OUTGOING
tered waves would lead to a complete knowledge of the ge- X 3
ometry, density distribution, and elastic properties of de- e
fects, be they cracks, voids, inclusions, regions of stress, etc. K
This would constitute a complete solution of the so-called
inverse problem—the complete reconstruction of the defect /K(

from the scattering data.

At this time it has not been established whether such a
complete inversion is even possible in principle. If so, it
would certainly require measurements at all frequencies.
The present paper has amuch more limited scope. It restricts
itself to the interpretation of scattering results with extreme- Xp
ly long wavelengths in the sense of kL €1, where k is the wave
number and L is a characteristic dimension of the defect. We X,
shall show first that even this limit yields surprisingly rich
information, namely,? 22 independent parameters charac-
teristic of the defect, one of which is the excess mass of the
defect. We then show, by means of some representative ex- i
amples, that the remaining 21 parameters yield some limited K°
but still very useful information about the dimensions and
elastic properties of the defect. We therefore believe that the

22 long-wavelength parameters, or at least some of them, e°

can and should be incorporated in comprehensive NDE -~ K®
programs.

Il. REVIEW OF SCATTERING THEORY INCIDENT

FIG. 1. The scattering geometry. k° is the incident wave vector, K is the unit

rnatis et al.! hav iv i r T BBV e
Gubernatis et ave derived formal expressions fo vector (k°/k %), e’ is the incident polarization vector (shown for the case of a

the amplitudes of CI?Stic waves scatted by a localized defe‘ft transverse wave), and k, K, and e have analogous meanings for the scattered
in a solid. Gubernatis et al.? have also presented some appli- wave.
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from their general expressions and then develop the theory
of the long-wavelength limit in somewhat different
directions.

We consider an experimental situation such as that
shown in Fig. 1. We assume that the matrix is isotropic and
specified by the density p and the Lamé stiffness constants A
and u, in terms of which we can write the bulk modulus and
Poisson’s ratio as

K=A+2u, v=34/G+p). '6))
Following Ref. 1, we write the incident wave in the form
u’(r) = ae’exp(ik°r), 2)

where u’(r) is the displacement vector, a its amplitude, €° the
unit polarization vector, k° the wave vector of incidence, and
the common time dependence exp( — iwt ) is suppressed
throughout. For a given w, the magnitude of k° will depend
on whether the incident wave is longitudinal (L ) or trans-
verse (T):

L wave

a=w/v,
ko= ko] = [ 3

ﬁ=a)/l)7-,

where v; and v, are, respectively, the longitudinal and
transverse sound velocities.

T wave,

The scattered waves in the far field at distance » from
the defect, in the direction of the unit vector K, are given by

u(r) = A(K)exp(iar)/r + B(K)exp(ifr)/r, €]

where A and B are, respectively, the vector amplitudes of the
scattered L and T waves (A||K;B1K). These amplitudes have
the form'

4, K)=K,K; f; (o),
B, (K) — (5, — KK)f(B), Q)

where a and B are, respectively, the wave vectors of the scat-
ted L and T waves:

a=caK, B=pK, (6

and the vector quantity f; (k) (for k either « or B) is given by
the expression

f) =
&= 4mpw?

(a)2 dV’' Sp(rurexp(iker’)

+ ikK]de ! 6Cijk1 (l")é'k, (l")exp( —_ lk-l")); (7)

here 8p(r’) is the local density difference between the defect
and matrix, 8¢, (') are the differences (between defect and
matrix) of the components of the stiffness tensor, €,,(r’) is
the total local strain induced by the incident wave, and the
integrations are carried out over a region containing the de-
fect. Equation (7) is exact for arbitrary frequencies.

In the long-wavelength limit, one may set?
ur')—u(0) = aef. ®

We also introduce the unperturbed normalized incident
strain tensor near the origin, € ), as

€ =5K?+ K ?) ©

exp(ik-r )—1,

€ 21 = aik og 21,
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with K° = k°/k ° and, similarly, the renormalized strain ten-
sor in the presence of the defect, €,

€1(r) = aik °€;(r). (10

The purpose is to extract the dependence on @ and on k&, as
well as the factor /.”

Substituting Eqgs. (8)—(10) in Eq. (7) results in

fk) = #(k BMe® — %@fdlf’&,.jk, (r’)e'k,(r')).
1

lll. INFORMATION CONTENT OF LONG-
WAVELENGTH SCATTERING DATA

A. The 22 independent parameters

We shall now show that for long-wavelength experi-
ments the scattered displacement field of an arbitrary, local-
ized defect can be completely characterized by 22 indepen-
dent parameters and shall exhibit their definitions. These
parameters constitute the maximum information about the
defect which can be obtained from long-wavelength scatter-
ing experiments.

The strain tensor é,,(r) is linearly related to the normal-
ized uniform strain tensor é?(j, which would be the strain at
the positin of the defect if the defect were absent. Thus we
can write

gkl(r) = rklmn(r)é (r)nn’ (12)
where I, is a fourth-rank tensor, symmetric under inter-
change of k and / and of m and n, which characterizes the
static strain field induced within the defect when the solid is
subjected to a remotely uniform strain state é g Hence the
second integral appearing in Eq. (11) can be written

[av c,@% 0 = D, 5, (13)
where the tensor D;,,, is defined by
Dy = [V 8,4 O 1) (14

and is characteristic of the defect. In Appendix A it is shown
that D, is also symmetric under simultaneous interchange
of ij and mn. It can therefore be represented as a real sym-
metric 6 X 6 matrix with 21 independent components. The
fact that there cannot be, in general, additional relationships
between these 21 components follows from the special case
of a small uniform &c . In this case, to lowest-order D,
— V8¢ 1nn» and for a general anisotropic defect, 8¢, is
known to have 21 independent components. An effectively
anisotropic &c;,,, can also be obtained in a defect consisting
of a composite of isotropic elements. We can now write

0r-3
£,(k) = —“_(k 2 SMe° — i‘—k-Kj D& ?,,,,). 15)
4mp @?
In view of Egs. (4) and (5), we therefore see that in the long-
wavelength limit the factor f; (k) and hence all scattering
results are characterized completely by the 21 independent
components of D;;,,,, and the mass excess M, for all incident

waves (w, k° €% €,,,) and all L and T scattered waves.
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B. Sufficiency of longitudinal-wave experiments

We shall now show that a/l these 22 parameters can be
determined by measurements of the scattering of L waves
into L waves only. Measurements involving either incident
or scattered T waves do not contain additional information.
However, such measurements may be appropriate for practi-
cal reasons.

We substitute the Eq. (15) for f; (k) into Eq. (5) for the
L-to-L scattering amplitude (k° = k = w/v, ):

AK) = X k(smek)y— L kKD, &0\ (16)
- 477'p FEr U2 ity ijmnf mn |*

L

The parameters M and D,,,, can now be obtained by using
waves incident from different directions and measuring the
amplitude (positive or negative) of the scattered waves as a
function of angle.

Let us take a given direction of incidence described by
K° ( = €"). Clearly the term proportional to M in Eq. (16)
has an angle dependence

'K, = cosb, a7

where 6 is the angle between the direction of incidence and
direction of scattering. This is, of course, a spherical har-
monic with / = 1.

As for the second term of Eq. (16), let us write

- -~ 1 -
Dy é%= % 8D, 1 w+ Dy — 585 Dppi1)E o (18)

Hence, the second term has the form

KKDyyi €= 2D,pis € %+ KKDyy — 5 8,D,,)E 2. (19)

The first term on the right-hand side is independent of the
angle of scattering, and thus corresponds to spherical har-
monic / = 0; the second term corresponds to / = 2. Both of
these are even under inversion of K.

Thus by making a spherical harmonic analysis of the
scattered amplitudes up to/ = 2 and by picking out the / = 1
component, one can immediately determine the important
parameter SM. Later we discuss the significance of the/ =0
component. To determine these harmonics, at most seven
measurements are needed (rather thanthe 1 +345=9
which might be expected), since the / = 1 part is known from
Eq. (17) to have m = O when the z axis is taken along K°.
Indeed, in cases for which it is possible to make measure-
ments for some direction K and its inverse — K, the two
measurements suffice to determine the / = 1 component.
Once the / = 1 component is determined, measurements for
vectors K in any three mutually perpendicular directions de-
termine the / = 0 component.

More generally, once M is determined the full set of
remaining parameters, D;;,,, , can be determined by making
measurements of A [Eq. (16)] for six independent directions
of incidence, yielding by linear combination six independent
components €,,, , and for six independent directions of ob-
servation yielding six independent values for K K. Infact,in
view of the symmetries of D,,,,, all but 21 of these 36 mea-
surements are redundant.
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For example, the component D,,,, can be obtained by
using a wave incident in the x, direction, for which

1 0 0O
é ii,n:[o 0 0}, (20

0 0 O
and making measurements in the three directions
K=(0,10), K =(0,01, K'=2"0,1,1). (21)

From Eq. (16) we see that D,,,, is proportional to the
combination

AK") — 5[4 (K) + 4 (K)). (22)
All other components of D,,,, can be similarly obtained.

IV. THE INVERSE PROBLEM

In the present section we examine what can be learned
about the geometry and elastic properties of the defect from
the measured values of M and D;,,,, . Of course, M itself is
a very important physical characteristic. What additional
insights can be obtained from D,, ?

imn
A. Inseparability of defect volume and change
of stiffness

First of all we note that, in general, we cannot from
long-wavelength scattering data alone obtain independent
information about the volume of the defect ¥ and about the
change of the stiffness constants &c;,,. This is mot directly
seen from Eq. (14) in the limit in which the §¢’s are infinites-
imal. In that case we may replace the tensor I',,,,, (r) by
81,01 BIVINE

Dy = JdVécijmn(r) +0(5¢Y). (23)

Thus an increase in the 6¢’s can be compensated for by a
corresponding decrease in ¥V, and we can write, in this limit,

Dijmn = V<5Cijmn>Av + o (8(:2)' (24)

This inseparability of ¥ from the &¢’s persists also for finite
values of the 6¢’s. To obtain information about ¥ and the §¢’s
separately, indpendent information not available from long-
wavelength scattering must be introduced. This could be in-
dependent knowledge of 8p (e.g., if the chemical composi-
tion of an inclusion is known) which, together with 8, de-
termines the volume ¥, or an independent estimate of ¥ by
high-frequency acoustic shadow or diffraction effects. If the
defect is known to be a void, then V= — §M /p. Finally, if
OM = 0, the defect is in all likelihood a crack with F~O0.

In spite of the fundamental inseparability of V" and the
6¢’s, we shall show that a knowledge of D;;,,,, may permit
setting a lower bound for the “diameter” d of the defect.

At the present time the only defects for which the tensor
D,,,, canbe theoretically calculated are homogeneous ellip-
soids; see Appendix B. To fully exploit the information con-
tained in Dy,,,, it would be useful to have available theoretical
calculations for a broader class of physically interesting de-
fects which could then be matched against the measured val-
ues of D, , subject to the inherent inseparability of defect
volume and change of stiffness.
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B. Contracted D tensors: D,,,, and D

As we shall show in Sec. V, useful information concern-
ing defects is contained in the following contractions of the
tensor D, :

m’l: Dumn = T

f dV'acuklrklmm (25)

3 mnu

and

D =D (26)

According to Eq. (19), they are experimentally obtainable by
determining the / = 0 spherical-harmonic component of the
outgoing longitudinal wave for six independent incident
waves. For example, D,, is determined by the response to an
L wave incident in the 1 direction, and D,, by a T wave
incident in the same direction and polarized in the 2
direction.

By a suitable rotation, D,,,, can be brought into diag-
onal form:
D 0 0
D,.=| 0 D, of @7
0 0 D

The axes of the rotated system can be defined as the principal
axes of the defect, and the three numbers D,, D,, and D, can
be defined as its three-diagonal D values. We suggest that
these quantities are useful and simple partial characteriza-
tions of a defect.

One anticipates that in most practical cases the diag-
onal matrix elements D,, will be either positive (stiffer de-
fect) or negative (softer defect). Now one expects from the
exact solutions of Eshelby** for homogeneous isotropic ellip-
soidal defects that any set of negative diagonal D values D,,
D,, and D; can be reproduced by a unique vanishing stiff (or
soft) ellipsoidal inclusion (such as a void) of principal axis
lengths a, b, and ¢, while any set of positive diagonal D values
can be reproduced by a unique infinitely stiff ellipsoidal in-
clusion. Thus every defect whose diagonal D values are all
negative (positive) is associated with a unique ellipsoidal soft
(hard) inclusion.

Similarly, if the defect is a priori known to be homogen-
eous and isotropic with Lame stiffness coefficients A ' and u’
(e.g., A ' = p’ = 0 for voids and cracks), one may again seek
the equivalent Eshelby ellipsoid with the given 4 ',u'.

Such geometric representations of the D; tensor in
terms of equivalent Eshelby ellipsoids should be useful for
NDE purposes.

Finally, we may be satisfied with a characterization of
the defect by the full trace D [Eq. (26)]. Any given D <0 can
be reproduced by a unique vanishingly stiff sphere, and any
D> 0 by a unique infinitely stiff sphere. Again, if D and K
(the bulk-modulus excess) are known (the latter from some g
priori source), and assuming that D and 8K have the same
sign, D can be associated with a unique sphere of the given
6K (see Appendix B).
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V. APPLICATIONS TO DEFECT
CHARACTERIZATION

A. Detection of planar cracks

We examine the intepretation of scattering results due
to cracks, assuming that the experiments have been carried
out with enough superposed static load to keep the crack
surfaces open. Thus the crack is to be modeled as a thin void
(i.e., traction-free crack surfaces). A consistency check that
the observed scattering does indeed result from a crack can
be made by observing M, which vanishes for a crack.

We assume that the crack is planar and that its orienta-
tion and shape are unknown. For planar cracks it is elemen-
tary to see that principal axes of the contracted tensor D,
based on the scattering observations, have the property that
one axis (say, x) is normal to the crack plane while the other
two (x, and x;) lie in the plane of the crack. It remains to
determine which of the three directions is normal to the
crack.

To do so we first observe that a uniform stress
o}, or 0% acting parallel to the crack does not tend to open
it. Thus D,( = D,,)) and D, ( = D,,) satisfy the relations

- 'V(Dz + DJ) - O,

—v(D, +D;)=0, (28)
which follow because the strains € associated with o, have
the relation €9, = €3, = — ve?,. From these expressions it is
seen that

Dy =D, =vD,/(1 —v)=3wD /(1 +), (29)

where D = %(Dl + D, + D,) is the fully contracted D ten-
sor. Thus another consistency check that the defect is indeed
a planar crack is provided by the observation of two equal
principal values of D;; ; the corresponding principal axes de-
fine the plane of the crack. Note that information about the
in-plane shape of the crack is lost by use of the contracted
tensor D;.

However, the available data suffices to estimate the ra-
dius @ of an “equivalent” penny-shaped crack since

D____1_6_ 11—

9 1-—2

in this case. (The result emerges as a limting case of that for
the general ellipsoidal void; see Appendix B.)

Ka’ (30)

In addition, by following procedures analagous to those
of Budiansky and Rice,’ it is possible to estimate closely the
maximum normalized stress-intensity factor k, around the
crack border without knowing the detailed shape of the
crack (k; = K/, where K| is the actual stress intensity
factor under quasistatic normal-stress loading of amount
a,). For a void,
D= — Ckkrs av’

I, (x)= _gxde'rkkpp(x'),

@3y

where I, is the “dilation” of the void interior due to a
quasistatic far-field strain in the form €3 = 6, This strain
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corresponds to a far-field stress 02 = 3K4,. Further, in the
limit in which the void degenerates to a planar crack the
integral of dilation over volume becomes an integral of open-
ing displacement across the crack faces. Thus, if AU “isthe
normal opening across the crack faces when the remote load-
ing is a tensile stress S,, normal to the crack plane,

2

K (J dx,dx, AU (")(xl,xz)). (32)
S, \Ja

But Budiansky and Rice define a parameter P [see Ref. 6,

Eqgs. (8) and (11)] by

_9(1 —2v),, 5 A%, dx, AU™

D= —

21 —v) S,
- -2 D (33)
21 —v) K

and observe that Pis a certain weighted integral of k; around
the crack border. Further, for elliptical cracks with aspect
ratios betweeen 0.06 and 15, they show that one can write
with an error not greater than approximately 10% that

(KD max =8P /7). (34

The same formula would, presumably, be applicable for any
convex crack shape; it is exact for a penny-shaped crack.
Note also that if only an estimate of the maximum k; is

required, it suffices to know only D ( = %Dk »- The full tensor

D;; and the procedure of locating its principal axes is neces-
sary only if, in addition, the orientation of the crack plane is
to be determined.

The present procedure for estimating k; from scatter-
ing data differs from that of Ref. 6 in that Ref. 6 employs the
additional approximation that the compliance of the crack
in shear is proportional, by the factor 2/(2 — v), to the com-
pliance under normal loading. On the other hand, the proce-
dure of Ref. 6 requires three observed parameters, whereas
the six components of D;; are required in the present
approach.

We have not made use of the full tensor D, in this
discussion. However, its components of the kind D33, D53,
and D,;, contain information on the response of the crack to
shear loadings, and hence on the orientation, e.g., of “long”
and “short” diameters of the crack in the crack plane.

B. Lower bound for defect diameter

Consider a defect giving rise to certain value of D, posi-
tive or negative. Does this give us any information about the
dimensions of the defect, in the absence of any knowledge of
the 8¢’s? We note that any given D < 0 can be reproduced by
a unique vanishing stiff sphere and any D > 0 by a unique
infinitely stiff sphere.

Consider first D > 0. This value of D can be reproduced
by an infinitely stiff sphere of diameter d *. The relation be-
tween D and d * is obtained by using the results of Eq. (A30)
with K’ = «, and is given by

()2
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where K is the bulk modulus of the matrix and « is given in
terms of its Poisson’s ratio v as

a=(1+v)/3(1 — ). (36)

R . . 1 5
For a typical Poisson’s ratio of v = —, @ = =, and
4 9’

(6a/7)"* = 1.020. Similarly, if D <0, it can be reproduced
by a vanishing stiff sphere of diameter d ~. From Eq. (A30),
with K’ = 0, we have

6(1 — 13 — D\1/3

d'=( ( “)) ( ) , D<0. (37)
T K

Forv =1,[6(1 — a)/7]"* = 0.947.

By comparison of the relation between D and d for a
spherical defect of finite compressibility K ' (as given in the
Appendix) with the above expression, one may verify that

d > d *, D > 0:

d>d-, D<0. (38)

Next let us consider a defect of arbitrary shape and de-
fine its diameter d as the maximum distance between any

two points in the defect. In Sec. IV we showed that for a thin
penny-shaped void (crack)

—_ 1/3 —_ 1/3
=32 (=) 69
2\1 -2 K
so that, by comparison with Eq. (37) for O <v <4,
d>d-. (40)

If the penny-shaped region has finite stiffness coefficients,
one can show that for a given D its diameter exceeds the
value in Eq. (38).

From these examples we propose the following conjec-
ture. For a given positive (negative) D the defect of smallest
diameter is an infinitely (vanishingly) stiff sphere. This
would imply that for a given D, the diameter d of any defect
satisfies the inequalities of Eq. (38), where d T are given in
Egs. (35) and (37).

C. Representation of scatterer by ellipsoidal
inclusion or void

In Appendix B it is shown in Eq. (A24) that the fourth-
rank tensor D, for an arbitrarily anisotropic but homo-
geneous ellipsoidal inclusion, is

D = V5C(I + S:C:8C)", (41

where S is a certain tensor appearing in Eshelby’s** solution
to the “transformation problem” for an ellipsoidal region.
The interpretation of S and of the dyadic notation employed
is explained in Appendix B. It is seen that D depends nonlin-
early on 8C, although the Born approximation D = V5C is
verified in the limit of vanishingly small 6C.

Evidently, the number of parameters necessary to de-
scribe the most general homogeneous ellipsoidal inclusion is
28: V, 8p, the five geometric parameters in S (two ratios of
principal axes, three for orientation of the ellipsoid relative
to the coordinate system), and the 21 independent compo-
nents of the most general §C. Since the long-wavelength
scattered field contains 22 parameters, a unique representa-
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tion of an arbitrary scatterer by an inclusion of this class is
not possible. On the other hand, if we assume either that (i)
the material of the inclusion is known or that (ii) the inclu-
sion is of unknown but isotropic material, the number of
parameters reduces below the maximum of 22 observable,
and the inverse problem is overdetermined. In this case ap-
peal may be made to “least-squares”-fitting procedures to
determine an “‘equivalent” ellipsoid.

For example, in case (i) 5p and §C are known, the latter
only for a special choice of axes relative to the material if the
inclusion is anisotropic. Thus the number of unknown pa-
rameters is 9: ¥, the five geometric parameters in S, and
three parameters to describe the rotation of principal axes of
anisotropy relative to those of the ellipsoid. The last three do
not enter if the ellipsoid is isotropic and the number reduces
to six in that case. On the other hand, for case (ii) there are
also nine unknown parameters: V, 8p, 6K, 8, and the five
geometric parameters in S.

As a specific case, assume that the purpose of the scat-
tering investigation is to characterize geometrical inclusions
of a known isotropic material. Hence 8p, 6K, and 8u (and
thus 8C) are known and the problem is to determine the
volume, shape, and orientation of the inclusion given that
the inclusion is to be represented as an ellipsoid. In this case
Vis determined directly from M as V = M /8p. The other
geometric information is contained in S, which may be
solved as,

S=¥VD:C-6C:C (42)
assuming that D' exists.

Obviously, unless the scattering actually arose from an
ellipsoidal inclusion, the S so deduced will not be compatible
with Eshelby’s formulas (recall that for ellipsoids, S contains
only five independent parameters: three for orientation and
two for ratios of principal axes). One alternative, which we
have not developed in detail, is to fit the S as deduced from
observations in some least-squares sense to the five param-
eters, and in this way determine the most nearly equivalent
ellipsoid.

Another approach, which seems simpler to implement,
is to determine from observations the contracted tensor D,
and to find its principal axes. If the scatterer was actually an
ellipsoid, these directions would correspond to its principal
axes (note that some information is lost in this approach for
elliptical cracks since two principal values of D;; coincide for
planar cracks so the principal axes of the defect are indeter-
minate in this limit). Hence, if we define the equivalent ellip-
soid as one whose principal axes coincide with those of D,
we can determine the axes ratios for the ellipsoid by using
Eq. (42) to calculate specific components of S. For example,
by calculating S|, S»::,, and Sy, (i.e., components in princi-
pal directions) it would be possible to determine a, b, and ¢
for the ellipsoid from Eq. (42). This would imply an indepen-
dent estimate of ¥, which could be checked for consistency
against that inferred from M. A related approach would be
to determine a, b, and ¢ by using Eq. (42) to calculate S,
8123, and S,y5,. Finally, consistency checks that the scatterer
can be represented adequately as an ellipsoid could be made
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by evaluating the components of S relating shear to exten-
sion, extension to shear, and one kind of shear to another. If
the scatterer does indeed correspond closely to an ellipsoid,
all of these should vanish for axes aligned with principal
directions.

V1. SUMMARIZING REMARKS
In this paper we have obtained the following results.

(1) For the purposes of all long-wave elastic scattering
experiments from a localized defect in a given isotropic ma-
trix, the defect is completely characterized by 22 parameters:
its excess mass M and the 21 independent elements of a
tensor D, , symmetric under certain interchanges of indi-
ces and determined by distribution of the stiffness coeffi-
cients ¢, (r) of the defect region.

(2) All 22 parameters can be determined from measure-
ments of the scattering of longitudinal incident waves into
longitudinal outgoing waves.

(3) The 21 parameters of D,,,, are, of course, insuffi-
cient to determine uniquely the stiffness field ¢, (r) of the
defect region. In particular, without independent additional
information, a knowledge of D, does not allow a separate
determination of the volume of the defect and of the magni-
tude of the stiffness-coefficient differences.

(4) The contracted tensor Dm,,(E—;—D,-,-m,,) represents a

useful partial characterization of the defect. D,,,, defines
what may be called the principal axes and diagonal D values
of the defect. It allows determination of the orientation of
defects in the form of planar cracks and leads to an estimate
of the maximum normalized stress intensity factor around
the crack periphery. Also, it allows in a large class of cases
the representation of inclusions as (partially) equivalent
ellipsoids.

(5) The further-contracted tensor (scalar) D (E%Dmm)
gives the crudest average measure of the stiffness field of the
defect region. It can be reproduced by a unique spherical

defect of either infinite stiffness (for D > 0) or vanishing stiff-
ness (for D < 0). We also make a plausible conjecture which
gives a lower bound for the *“diameter” of an arbitrary defect

in terms of D.

(6) We give general results for Dy, for homogeneous
ellipsoidal inclusions, and specific results for the contracted
forms D; and D for planar cracks and spherical defects.

We believe that these results can be put to practical
characterization of localized defects by scattering of long-
wavelength elastic waves.
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APPENDIX A: SYMMETRIES OF THE TENSOR
D,

imn
In this Appendix we show that the tensor D, defined
by Egs. (14) and (12), in addition to the obvious symmetries

Dyjpn = Djipnws (A1)

Dijn—m = Dijnm’ (A2)
also has the symmetry

Dijmn = Dmm'j' (A3)

The symmetry Eq. (A1) follows at once from Eq. (14)
and the symmetry of ¢, under the interchange of / and j.
The symmetry Eq. (A2) follows from the fact that since € ©,
issymmetric in m and n, sois I'y,,,, [Eq. (12)] without loss of
generality, and hence by Eq. (14), D;,,,, is also.

To demonstrate Eq. (A3) we begin by defining the
tensor

K; =D €)= f dV 8¢, €4, (A4)

where the second equality follows from Eq. (13). {In Eq.
(A4) we omit for notational simplicity the tilde on both ¢€°
and €, which is legitimate since there is a common factor
aik°.]

We now denote the displacements corresponding to the
strains €7, and €,(r) respectively by #3(r) and

u, (D=u}(r) + Su, (r). (AS5)
Then evidently
€= €+ (6uk 1+ Sugy), (A6)

and since the system is in equilibrium in the absence of body
forces, 6u, satisfies the equation

[(cins + B )€r + Sy )1, =0, (A7)
Eq. (A7) can also be rewritten as

[(cyns + Ociu)Ouy ]+ 8 =0, (A8)
where

8=(6c;s )i (A9)

Thus Su, may also be regarded as the displacement of the
system with defect unstrained at infinity but subject to the
localized distribution of body force g;.

Now consider two asymptotic strain fields €37 and €37,
which have associated with them the quantities g/', duf, K ¢,
and g7, Su’, and K §, respectively. We recall that, by the
Betti-Rayleigh reciprocal theorem, which follows from the
existence of an elastic-strain energy function,

f Vgt buP = f av g"su.

Observing that

(A10)
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f davgt (Suf = f av (b )i 5“15
- f AV S, €3 8u”
= — J dV beyy, €21(e] — € (A1)
interchanging 4 and B and substituting into Eq. (A 10) gives
[avse etes = [ avse e,

Here we have used the symmetry of 8¢ to cancel the terms
proportional to E,J €32, Again, from the symmetry of 8¢
and from the definition of K; [Eq. (A4)], it follows that

(A12)

jdV(Scuk, evel =Kz e, (A13)
so that Eq. (A12) can be rewritten

K e 0" =K 23, (Al14)
or, by Eq. (A4),

Dy €€ = Dy exiel”. (A15)
Since this equality holds for arbitrary strains e ! and €2 i

the symmetry Eq. (A3) follows.

APPENDIX B: ELLIPSOIDAL INCLUSIONS,
VOIDS, AND CRACKS

In the “transformation problem” discussed by
Eshelby’* an ellipsoidal region undergoes a change e,jr in its
“stress-free” strain with no change in its modulus tensor.
That is,

0= Cypa(€rs — €x1) (A16)

is the stress-strain relation within the transformed region,
with the same ¢’s (presumed isotropic) as outside the ellip-
soid. Eshelby finds that the final “constrained” strain within
the ellipsoid, due to its misfit with the surroundings, is spa-
tially uniform and can be expressed in the form

(A17)

where S,;; = Sji = S;;,; depends on the Poisson ratio v of
the material, and for coordinates aligned with principal di-
rections of the ellipsoid, on the ratios of principal axes to one
another.

_ T
€;= Sijk[ €ipr

The form of this solution allowed Eshelby to solve the
problem of an ellipsoidal inclusion of arbitrary anisotropy in
an isotropic solid under remotely uniform stress. Let a and
e be the remote stress and strain field, and let 0;; and €;; be
the fields within the inclusion. Further, assume that there is
no misfit of the inclusion when ag- = 0. A consequence of the
transformation solution just discussed is that the inclusion
undergoes a homogeneous deformation. Further, the mis-
match between its strain and that of the remote field is relat-
ed linearly to the corresponding mismatch in stress, in a
manner independent of the properties of the inclusion mate-
rial, viz.,

€;— ff-,)- = Qz‘jkl(a(l)cl — O)s (A18)
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where Q.. = Qun = Qjus- The Qs arerelated tothe S’s, and
the relation is obtained by substituting the results of the
transformation problem into the above expression. It is con-
venient to adopt a dyadic notation, such that the last equa-
tion is written

€ — € =Q:(c°— o).
Thus the result of the transformation problem is
S:e” — 0= Q:[0 — C:(S:e" — €7)],

(A19)

and since this is valid for arbitrary symmetric tensors €7,

S=QC(I-S) or Q=S(I-Sy:C', (A20)
where
Ty = (848 + 8:8,) (A21)

is the fourth-rank unit tensor and where the superscript — 1
denotes “inverse” on the space of symmetric tensors. For
example, if o = C:¢, then e = C:0.

The stress-strain relations for the inclusion and for the
remote material are ¢ = (C 4 §C):€ and ¢° = C:€’, respec-
tively. By substituting in Eq. (A19), we obtain

€ — €* = Q:[C:e® — (C + 6C):€] (A22)
for the relation between € and €°. The solution for € can be

written in the form of Eq. (12), namely, € = I':€°, where T is
the quasistatic response tensor, and we therefore find that

=1+ Q:C+ Q:6C)":(I1+ Q:C)

=+ S:.C:5C)y. (A23)
Of course, I' =1 for small §C, as expected. The tensor D of
the scattered field, defined by Eq. (14), is therefore given by

D= f dV 5C('):X(r") = VSC:T

= V6C(I + Q:C + Q:6C) (I + Q:0)
= V6C:(I + S:C1.8C)". (A24)
Here V is the volume of the ellipsoidal inclusion.
For the case of a void, 6C = — C, and
D= -¥V({C+CQC=—-VCad-S)" (A25)

Note that for a narrow void in the form of a crack, ¥ Q has a
finite limit as the least principal axis is shrunk to zero (so that
V-—0).

We note that S is not symmetric under interchange of
its first and last two indices. However, since D has this sym-
metry it can be shown that

S, iqucp;kll =S5 klpqcp;ijl and Q= Oy (A26)

Letting the 1, 2, and 3 axes coincide with the principal axesa,
b, and ¢ of the ellipsoid, Eshelby® remarks that coefficients

Sy coupling shear to extension (e.g., S\.11), or extension to
shear (S,,,,), or independent shears to one another (S',,;), are
zero. The remaining coefficients are given in terms of elliptic

integrals (Ref. 3, pp. 384-386, Egs. 3.7-3.17).
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The fully contracted scalar D = 91D@. is needed for

some applications. When the inclusion is isotropic, this cor-
responds to

D = V8Cyl iy = TVKT 1y (A27)

where I',; is the dilation in the inclusion due to the remote
quasistatic strain field ef.} = §,; (with corresponding stresses
o) = 3K$,). The calculation of this dilation is straightfor-
ward for a spherical inclusion, and one obtains

Ty =3/(1 4+ adK /K), (A28)
where @ = (1 4+ v)/3(1 — v). Thus for a spherical inclusion

D=V5K /(1 +abK /K) (A29)
or

D=rnd* K’ —K)X/[6(1 —a)K + 6aK’], (A30)

where d is the diameter of the sphereand K’ ( = K + 6K ) is
the bulk modulus of the inclusion. This leads to the expres-
sions given in the text for d * and d ~in terms of D when we set
K’ = o and 0, respectively.

For a void 6K = — K. Further, VT is the net vol-
ume change of the void, and in the special case for which the
void degenerates into a planar crack, it is the integral over
the crack area of the opening displacement AU ™ between
the crack surfaces under a normal stress of 3K. For a penny-
shaped crack of radius a the opening under this stress is®

AU(n) — i (l — Vz) (az . r2)1/2
7 (1—2v)

at distance » from the crack center. Thus, for a penny-shaped
crack,

(A31)

D= ~1Kf 20raU™ drd = — P gpl =¥
3 Jo 9 1—-2v

When the crack is elliptical with semiaxes 2 and & (with

a > b) the corresponding area integral of 4U ™ is given in

Refs. 5 and 6. There results

(A32)

_ 87 , 1 =2

"~ 9E(k) 1-2v

where E (k ) is the elliptic integral of second kind with modu-
lus k2 =1 — b%/a*. As shown in the text, for planar cracks
the contracted tensor D;; has principal axes in the plane of
and normal to the crack surface, and its principal values can
be expressed in terms of D. Thus the last two formulas imply
the full tensor D;; for penny-shaped and elliptical cracks.

(A33)
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