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Introduction 

Typically, cracks do not abruptly begin to propagate in ductile solids. 

Instead it is usual that the initiation of crack ertension is followed by stable 

growth under a continuous increase of the applied load, or at least of the load

point displacement. Ultimately the required increase for continuing quasi-static 

crack advance falls to zero, and unstable propagation ensues. Sometimes the stable 

growth p~ase is so imperceptible that initiation and propagation are essentially 

coincident. This is often the case for 'plane strain • fractures under small seale 

yielding conditions. Nevertheless, it is evident that a realistic theoretical 

framework for fracture must include not only models for the initiation of crack 

extension, but also models for subsequent stable crack growth and, especially, 

for its terminal loss of stabili t:y. 

An example cited by Drucker and Rice (19?0), illustrated in fig. 1, shows 

the manner in which some degree of stable growth is inherent to materials which 

do not fully recover their strain upon unloading. The idealized non-linear elastic 

(left) and rigid-plastic (right) materials behave in an essentially similar fashion 

when subjected to monotonic load, without crack growth. But if we imagine that 

the specimen boundaries are held fixed in their displaced positions while the 

cracks are saw-cut ahead in the two specimens, it is seen that very different 

bebavio~ results. The non-linear elastic material retains no memory of the 

initial crack size, and readjusts its deformation field so that a new site of 

strain concentration is formed at the cut-ahead tip. By contrast,. there is ~ 

strain concentration created at the cut-ahead tip in the rigid-plastic material 

and the deformation field accumulated during the initial loading remains. Indeed, 

a strain cc.:··. ~::.·;:::-~ ·:ion can be maintained in this case only if the specimen bound

aries are continuously displaced ·as the crack advances. 

The example illustrates by a limiting case the factor which would seem to 

be the primary cause of stable crack growth in elastic-plastic materials: The 

crack is advancing into plastically deformed material which has already accom

modated, in part 1 the deformations imposed by displacement of ~he specimen bound

aries or of the elastic su~oundings of an embedded plastic zone. Hence a lessened 

crack tip strain concentra~ion results, in comparison to that when all the deforma

tion is imposed at one crack length. Similar consideration of the relative im

portance of recoverable or elastic, versus permanent or plastic, deformation effects 

are often impor~ant to the interpretation of stable growth. The former effects 
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are de-stabilizing, the latter stabilizing. 

There are, of course, other contributory factors to stable growth. For 

example, a crack tip stress concentration of sign opposite to that caused by 

tensile loadings is created by the residual stress field due to the wake of 

plastically strained material trailing behind an advancing tip. In addition, 

the near tip stress distribution in lightly hardening materials is to a certain 

extent determined solely by equilibrium considerations and the yield criterion. 

As· this stress distribution moves through the material, along with the tip~ 

some incompatible elastic strain increments result and these have the effect of 

inducing further plastic straining at the tip (e.g., McClintock and Irwin, 1965; 

Rice, l96Sa). Indeed, this latter effect of the material's recoverable deforma

tions results in the greatest contribution to the crack tip strain concentration 

under steady state conditions; without it, stable growth would be much more 

extensiv.a. 

Some Unresolved Questions on Stable Crack Growth 

Most experiments on stable crack growth are dominated by three dimensional 

effects. For example, in thin plate specimens the crack ultimately extends as 

a single or double slant fracture and, in addition, there are more complicated 

3-D features in the growth from an initially flat starting crack to the final 

slant geometry. In moderately thick plate specimens the stable growth is most 

often seen to occur by a tunnelling ahead of the crack front in the center of 

the fracture surface, which leaves trailing uncracked ligaments that presumably 

experience little triaxiality and fail in ductile shear. The net result is a 

flat central portion of the fracture with bordering slanted shear lips, and it 

is likely that most of the observed resistance to growth is contributed by the 

shear lip sections (Bluhm, 1962). 

Remarkably little study seems to have been done on the thickness dependence 

of stable growth and, in particular, on determining material behavior in the 

limiting ease of idealized plane strain, for which the crack front remains 

straight as it extends and results in a (macroscopically) flat fracture surface. 

Some central questions are: (i) How much plane-strain stable crack growth 

occurs, (ii) how does it vary over the range of near tip yield states from 

well contained plasticity to fully plastic yielding of the uncracked ligament, 

and (iii) how do the stress triaxiality and flow field variations among dif-
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ferent fully plastic specimen geometries influence growth in the la~ter case? 

I place this emphasis on plane strain because many applications are of this 

type. If, for ex~~le, a large flaw in a thick-walled pressure vessel is con

sidered, it i s possible that crack advance could occur under plane-strain-like 

conditions with a contained plas~ic zone at the tip, ~nd it is important to 

know i f the stable growth observed in a small, fully plastic laboratory specimen 

will be duplicated to nearly the same extent in the application. Also, the speci

men stable growth behavior is likely to be comple~ely irrelevant, even if the 

application involves, say, fully plastic conditions over the uncracked ligament 

ahead of a long part-through surface flaw in a plate or shell, if the specimen 

behavior is dominated by shear ligamen~s trailing behind a tunnelling crack front. 

The theory of initiation of ductile plan•~-strain crack extension (Rice and 

Johnson, 1970) is based on the fact that large strains, much in excess of elastic 

values, result ahead of an initially sharp crack tip only over a highly localized 

region of linear extent comparable in size to the crack tip opening displacement, 

o~ . Fig. 2, for example, shows the variation of logarithmic or 'true' strain 

with distance from a stationary crack tip, for small scale yielding conditions 

(in which case ~t ~ K2/2Ea
0 

, where a
0 

is the ~ensile yield stress). Distance 

is given in terms of X , as measured off before deformation, and the analys~~ 

is based on a full account of finite changes in geometryj in fact, an analysis 

based on ~he conventional 'small geometry change' assumptions ·results in a pre

diction of no intense straining whatsoever directly ahead of a sharp plane-strain 

crack tip. 

Since ot sets the size scale of the region of intense straining, i~ is to 

be expected that extensive void coalescence at the crack tip (i.e., the initiation 

of crac~ exte~sion) will begin whan _ot attains a size which is comparable to 

the spacing of voids that have been nucleated by the decohesion or cracking of 

second phase particles, in the triaxially e~evated stress field experienced by 

material points before their envelopment by the large strain region. 

Of course the exact ratio of ot to this spacing must depend on par~icle 

volume fraction, on the ease of nucleating additional voids from, say, smaller 

precipitate particles, on the materialts s~rain hardening. etc., and the precise 

influence of these factors is not clear. Indeed, a precise characterization of 

when crack extension should be said to 'initiate' does not seem to be possible. 

Nevertheless. the general concept that initiation corresponds to ~t ~ spacing 
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of void sites seems well attested to experimentally in data cited, e.g., by Rice 

and Johnson, Smith and Knott (1971) 1 and Rice (1973), 

A part of this data refers to measured Kic values. If these are taken to 

denote the onset of propagation, as is certainly valid in some cases, it would 

seem correct to infer that initiation and propagation were then essentially co

incident, and that any stable crack growth was in those cases limited to an amount 

of order 6t involved in the progressive blunting of the tip . On the other hand, 

the fully-plastic plane-strain bend specimens of Smith and Knott, while verifying 

the above initiation concept, definitely showed measurable stable crack growth. 

These results are in general accord with our previous consideration of growth 

effects as corelating with the relative dominance of recoverable vs. permanent 

deforma~ion effects. For example klc specinens have only minute plastic zones 

and are generally prepared for the higher strength materials which undergo pro

portionally larger elastic strains at yield. The Smith and Knott specimens were 

fully plastic and were of a low strength material. Still, the amount of data on 

any one material in plane strain crack advance seems too limited to generalize on 

the above results. Also, there are certainly cases, e.g. maraging steels (J. Sraw

ley, private communication), in which stable ~h occurs under ~c-like test 

conditions. 

Plasticity Analysis for Growing Cracks 

There are few available continuum plasticity solutions for growing cracks. 

Those which are available are due mainly to McClintock and coworkers. All treat 

the material as perfectly plastic, without alteration of the yield surface by 

hardening or by Bauschinger effects, local vertices, etc. These omissions should 

be kept in mind because the mathematical predictions rely on a certainly over

simplified representation of material response to the strongly 'non-radial' 

stressing experienced near the tip. 

Host of the progress has been on the anti-plane strain elastic-plastic model 

(McClintock, 1958; McClintock and Irwin, 1965; Rice, 1968a; Chitaley and McClintock, 

1971). McClintock (1968) has also obtained solutions for plane strain crack ad

vance in rigid-plastic materials by methods of slip line theory, but the only work 

on the elastic-plasti c case is Rice's (1968a) analysis of the nature of the crack 

tip strain singularity under conditions of steady state crack advance. 

Nevertheless, there seems to be enough background for the following general 
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discussion of elastic-plastic deformation near a growing crack. The accompanying 

analysis is certainly not precise, but is suggestive instead, and it does seem 

to embody the essential features of the problem as revealed by the limited pro

gress just noted toward precise solutions in particular cases. Further, the con

text is wide enough to include any case for which the deformation field can be 

modelled as two-dimenaional: plane strain, either exactly or locally near the 

tip of a three-dimensional crack; anti-plane strain, possibly in combination with 

plane strain for an approximate model of slant fract~ing; or plane stress, within 

the usual approximations of the 2-D theory and assuming that the plastic zone is 

diffuse rather than localized in the Dugdale sense. Later some of these separate 

cases are discussed more precisely on their ~~. Also, the present considera

tions do not include cases for which c~ack advance is accompanied by an extended 

zone of partially degraded material at the tip. This would be the case, for 

example, in the 2-D. plane stress analysis of a moderately thick plate, when the 

crack has tunnelled far ahead in the center so as to leave extensive ligaments 

which are not yet completely sheared (Bluhm, 1962). It would also be the case 

if McClintock's (1969) postulated unstable, decohering zone extended over a size 

scale comparable to an overall dimension of the plastic region. 

Let r,e be polar coordinates cent~red at the possibly moving crack t~p, 

fig. 3. Now, solutions for stationa.~ c~acks in elastic-plastic or rigid-plastic 

non-hardening materials, subjected to monotonic loading, result in asymptotic, 

singular near-tip strain states which may be expressed in the form 

5 
E

1
.j = _! f j<e> r i i,j = x,y,z (l) 

Here 6t is the crack tip opening displacement (or sliding displacement, in 

anti-plane strain); the set of functions f • • are dimensionless functions of 
1J 

e , which are non-zero in fan-like regions of characteristics near the tip and 

~ typicaily of order unity, although sometimes in fully plastic solutions they 

can be singular at some value of e , so as to correspond to a slipping dis

continuity emanating from the crack tip at that angle. This equation and the 

sUbsequent discussion, except where qualified, neglects the large local geometry 

changes illustrated in fig. 2, treating the strains as if they were infinitesimal. 

Indeed, an i mportant unsolved problem is the generalization of fig. 2 to t he ad

vancing crack case. For rigid-plastic materials, 6t is linearly related to 
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the imposed displacements of loaded boundaries; for well-contained plastic yield

ing, it is related to the s~uare of the elastic stress intensity factor. 

In fact, (l) comes from solutions of incremental type, and it is more proper 
to write 

d£ •• 
l.) 

d6t = -f .. (e) 
r l.J 

(2) 

Now consider the following sequence of operations, first in a ri5id-plastic 

material: Boundary displacements are imposed at a crack length 1 , resulting 
0 

in strains given by integrating (2) • Then the crack is cut ahead by (bt) , and 

further boundary displacements are imposed, with the strains again given by in

tegrating (2), but with r,e now referring t·o polar coordinates emanating from 

the new crack tip. The same procedure is adopted after a further cut (bt)2 , 

followed by additional boundary displacements, and so on. The net result is a 

crack surface of staircase appearance, with the step heights marking the 6t 's 

due to the further boundary displacements imposed after each cutting operation. 

Hence, in the limit of a continuous increase of crac~ length with boundary dis

placement, the strains are still given by integration of (2), with the r,e values 

for a particular material point changing continuously with crack length. It is 

no longer correct to think of a crack tip opening displacement; d6t is the 

opening which would ~resulted had the crack not advanced. But instead, since 

it has advanced by, say, dt while d6t is imposed, there is a crack ti~ opening 

angle instead, and if ~ t denotes the total angle of opening, then 

l d6t 
= 2dr • tan +t 

Specific expressions for dot have the form, for ~g~-plastic specimens, 

d6 = B dq t 

(3) 

(If) 

where q is the load-point displacement and where in general B may depend on, 

say, the ratio of crack length to some specimen dimension such as the uncracked 

ligament size. This ratio S of d6t to dq is determined, for example, from 

the flow fields of rigid-plastic slip-line solutions for plane strain specimens. 
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ihe same analysis is approximately applicable to growing cracks in elastic

plastic materials, with~ imcortant omission having to do with the induced 

incompatible elastic straining that will be discussed subsequently (and which 

contributes essentially additive strain increments to eq. 2), and with an inter

pretation of d~t that is guided by the following considerations, which are 

given separately for fully plastic specimens and for nominally elastic specimens 

with well-contained yielding {it is not yet clear as to how intermediate cases 

may be treated). 

Consider, then, an elastic-plastic specimen deformed such that the uncracked 

ligament is fully olastic. Let Q be the applied load per unit thickness into 

the plane of the paper in fig. ~ • The load point displacement may be decomposed 

into elastic and plastic parts as 

(S) 

where the elastic displacement is defined as that which would be recovered on 

unloading if the material were somehow frozen against reverse plastic flow. 

It is given by 

qe = C(t) Q 

where C(t) is the elastic compliance. The part of the compliance due t o ~~a 

presence of the crack can be expressed in terms of Irwin's relation between co~ 

pliance and elastic stress intensity factors. Thus if thP stress intensity 

factor is written as 

X = k(t) Q t (7) 

then for plane strain conditions (e.g., Rice, 1968a) 

1 dC(t) 2 

= ~ (k(t)J2 
or 2 dt E t 

2 J' C(t) C(O) + 
2(1-v ) [k(1 1 )]

2dt' = ' E 
0 

(8) 

where C(O) is the elastic compliance of the specimen (or, with another inter

pretation of Q and q , of the specimen plus loading apparatus) when no cra:k 

is present. Now, suppose that the crack advances by dt while some increment 

dq of the load point displacement is imposed. We can accomplish this in two 

steps: First, advance the crack by d1 , but diminish q however appropriate 
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to ensure that no further plastic deformation occurs during the advance. This 

can never be accomplished precisely, especially in view of the effects of the 

induced incompatible elastic straining, but we shall suppose that the first step 

corresponds to dqp = 0 • so that only qe has been diminished. Then after the 

crack advance, the load point is displaced by dq plus an amount which annuls 

the diminishing of q8 Hence the effective increment of load point displace-

ment in the second step is 

t (9) 

where the essentially negative dqe is 

dq8 = d[C(t) Q(t)J , (10) 

it being noted that for the non-hardening idealization Q is some definite 

function of t , decreasing with increasing t , that gives the plastic limit 

load for a crack of length 1 • Thus, applying (~), the increment d6t to be 

employed in (2) is 

d6t = 8 dqp = B {dq + d(-C(t) Q(t)J} , (11) 

where the (positive) differential d[-CQ) gives the additional contribution to 

d~t which occurs because of the material's elasticity. 

For th_e opposite extreme of ~-coOntained plastic yielding, the following 

viewpoint seems to be in approximate accord with experience gained by rigorous 

analyses of the anti-plane strain case. Let ~ be the distance by which the 

elastic-plastic boundary leads the crack, in the direction of its growth. This 

is defined in fig. ~ a and b for plastic regions typical respectively of plane 

strain and of anti-plane ·strain or 2-D plane stress with diffuse yielding. For 

a stationary crack loaded monotonically in the small scale yielding range, in 
2 2 a previously undeformed material, ~ is a pure number times K /a

0 
and 

eSt = (12) 

where a is a pure number equal to about 3 for plane stress or anti-plane strain 

and, depending on the precise interpretation of w as discussed subsequently, 

between 5 and 10 for plane strain. In the case of the growing crack we will 
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assume that w bears approximately the same relation to K2Jo2 as for the 
0 

stationary crack, and that when the material is further loaded to make w 

increase without change of crack length, 

= (13) 

is the incremental increase in opening displacement. 

Now consider an advance dt in crack length which takes place under an 

increment of applied load which, together with the crack advance, has the net 

effect of increasing w by dw • As before, we accomplish this in two steps. 

First we let the crack extend but simultaneo~sly decrease the applied load by 

a~ amount which is just suffi(:ient to ensure that the plastically active region 

remains fixed relative to the material (i.e.~ ~ diminishes by d1 ) • Again, 

it is not possible to precisely satisfy this and, additionally, the increment 

of crack advance induces the incompatible elastic deformation which is deferred 

for subsequent consideration. After this first step the prescribed load in

crement plus an increment of load to correct for the load decrease in the first 

step are applied, so that the net increase of plastic region relative to the 

material is d~ + dt • Hence from (13) the increment d~t which is to be 

employed in (2) is 

= 
oo 

a E (dw + d1) = (14) 

Here the use of ~t in the second version of the eq~ation is purely 

notational. The term is defined by (12) and represents the opening displacement 

that would be present if all the load ~ere applied at the current crack length; 

i~ is r.ot ir.~an,ad to imply that a nc~-zero c;e~ing displacement can be defined 

for a growing crack, based on the present 'small geometry change' analysis, or, if 

one is defined from a more exact analysis, . that it will be related to 1St as 

given by (12). In this connection, Chitaley and McClintock (1971) have given a 

formula for a non-zero opening displacement accompanying a growing anti-plane 

strain crack. Their result is in error, however, and comes about because of 

some approximations, made for the sake of numerical simplicity, in their evalua

tion of the displacement. The correct value which follows from their analysis 

is zero, and this can be seen by direct determination of the displacement field 
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by integration of their formulae for the near tip strain field, and by examining 

the (vanishing) limit of the resulting integral as the crack tip is approached. 

Note that in integrating (2), the r,e values associated with a given 

material point change as the crack advances. In fact, writing 

X : 1 + r cos e • y = r sin a 

(fig. 3) one may show that the change in e at a fixed material point (i.e., 

fixed x,y coordinates) is 

de = ~sin a 
r 

(lS) 

The missing ingredient is the induced incompatible elastic straining. The 

origin of the effect is this: The yield condition of a non-hardening mate~ial 

and the stress equilibrium equations are alone sufficient to determine much of 

the form of the near tip stress field, in particular the variation of oij with 

a as r + 0 , apart from a limited non-uniqueness related to the angular extents 

of the regions which are at yield very near the tip, which are unknown, in general, 

~priori. Rice and Tracey (1973) have given a rigorous analysis of the plane 

strain case as r + 0 , and show, for e:cample, that the near tip field bas a 

centered fan structure in any angular sector at the tip sustaining singular strain 

rates. Earlier analyses have been given by Rice (1968 a,b), by Hutchinson (1968) 

for 2-D plane stress, and by McClintock (1958) for anti-plane strain. 

Hence we can assume that there is a near tip stress distribution 

oij = oij(e) which moves through the material with the advancing crack tip. Let 

t~j = t~j(e) be the associated elastic strains, related to this stress field by 

the appropriate linear Hookian formulae. Then the elastic strain increment in

duced at a given material point, having polar coordinates r,e , by an increment 

di of crack advance is 

= = e• sin a da 
t •• (e) r ... 

l.J ' 
(16) 

where the prime means derivative with respect to e and (15) is employed. In 

general, this elastic strain increment field is not derivable from a set of dis

placement increments; i.e,, it is incompatible. Thus a plastic strain increment 

is induced as well and, for a Mises material, this satisfies 
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= dA s •• (6) 
l.J 

(17) 

where sij is the deviatoric part of the stress state, where dA is a non

negative scalar, and where it is the total strain increment dtij which is 

derivable from a field of displacement increments. 

By eliminating dA in (17), one arrives at a set of linear combinations of 

the dt .. 's which are set equal to corresponding linear combinations of the 
~1 

de:~. 's • Since the latter have a 1/r term by (16), this set of equations for 
~J 

the dt .. 's has solutions for displacement increments in the form 
~J 

du. = 
l. 

1 
[a.(6) log-~ B.(e))d1 

.1. r ~ 
I (18) 

where the set of functions a.(e) are determined in terms of E~.(e) and arise 
~ l) 

because of the incompatibilit)'· Further, since the elastic strains are of order 

a IE , the a. 's are of form a /E times terms of order unity. 'I'he strain 
0 l. 0 

increment field resulting from (18) thus takes the form 

= 
0
E

0 ! (g .• (6) log ! ~ h.j(e)Jdt + dteiJ. 
r l.J r l. • (19) 

where the first set of terms, containing the bracket, is the plastic portion of 

the strain increment. The set of funct.ions g. • , which result from the a. 'r 
1] ~ 

are of order unity within fan-like sect·:>rs at the crack tip and these, as well 

as the hij's , share the same directions of zero deformation rates as do the 

f.j's in (1,2), since all are distributed in proportion to s.j • 
l. . l 

Now, earlier in this section, crack advance in elastic-plastic materials 

was s~d~~:~e~ into two staps, tne first of whic~ was then assumed to induce 

no overall plastic deformation dqp or no increase of extent of the yield zone. 

We shall now take the point of view that eq. (2), with (11) or (1~) for dot , 

properly accounts for the strain increments induced in the second step, but that 

the first step also induces plastic straining due to the incompatibility effect. 

This induced plastic straining should, however, vanish at the boundaries of the 

plastically active zone. For this reason we make the approximate identification 

h •• < e ) ~ g •• (a) log R( e) 
l.J ~) 

in (19) so that the strain induced in the first step is now written 
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(20) 

Evidently, R(&) is the outer cut-off radius at angle e for this effect. In 
problems of contained plasticity, we can approximately identify R(&) as the 

distance to the elastic-plastic boundary or, in accord with the use of the same 

symbol by Rice and coworkers, as the distance from the crack tip at which the 

representation (l) for e .. would predict strains corresponding to initial 
l.) . 

yield. For fully plastic plane strain specimens with deep double edge cracks, 

in which Prandtl fans result, R might be chosen as the radius of the fan regions; 
however, it is no~ evident as to how it should be chosen for bend or single edge 

cracked tension specimens in which discrete slip surfaces emanate from the tip. 

Indeed, in the latter case d&~. vanishes anyway so that the g •• 's vanish. 
l.J l.J 

The final equation for an increment of strain therefore amounts to summing 

(20) for the first step and (2) for the second •. Hence the total plastic strain 
increment is 

CJO dt deS 
d&ij = 'E ;- gij<e> log R! e > + . r t f i j ( e > , (21) 

where: 

d6t 
0'0 

small scale yielding; = a E (dw + d.t) 
' 

(14') 

dcSt = e dq + e d[·C(t)Q(t)J . ' fully plastic • (11') 

Strain Accumulation at Growin~ Crack Tios 

The functions f.. and g.j 
l.J l. 

of (21) are non-zero only within ang~ar 

sectors at the crack tip sustaining centered fan singularities. For contained 

yielding under plane stress or anti-plane strain conditions, these sectors exist 

directly ahead of the tip (fig. 4b) so that the crack advances into its own strain 

singularity. By contrast, for contained plane strain yielding, the singular 

sectors are above and below the tip (fig. ~a), and begin only at an angle of 45°, 

so that at least on average the crack grows between its singularities. The 

regions are also directly above and below the tip for fully plastic plane strain 
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specimens, although in some eases the fans degenerate to concentrated slip bands 

(look ahead to figs. 5 a and b). 

Consider first the plane stress and anti-plane strain type of singular 

zone. If for contained yielding we identify R(O) as the frontal plastic zone 

extent ~ of fig. ~b, then along the line directly ahead of the growing fracture 

(i.e., e = O) eq. (21) reduces to 

(22) 

Obviously, a l/r strain field as in (1) is the result of integrating this ex

pression for a stationary crack. To see the opposite extreme, co~sider steady 

state conditions of crack advance for which d6t/dt and w are imagined to 

remain constant as the crack grows. Then, since d1 = -dr , (22) may be im

mediately integrated to give the strain distr.ibution 

= 

This is markedly different from (l), .and we see tha~ the 1/r strain singularity 

has now changed to a logarithmic singularity. The latter term of (23) contains 

the effect of craok growth into already deformed material; the former results from 

the induced incompatible elastic straining which accompanies growth. 

In fact, under steady ~tate conditions dl5t/dL is of the order a
0
/E from 

(14) and, unless f •. (O) is much greater than g.~(O) , the term arising from 
l.J . 1J 

elastic incompatibility is the dominant term very near the tip. This is the case 

for anti-plane strain (Rice, 1968a). On the ether hand, if during the early 

phases of stable gro~~~ the plasti~ zone size must be greatly increased to main~ 

tain continuing crack ·extension, as seems to be the case, the term ·in (22) con

taining dot is dominant instead. Indeed, this is the only term which contributes 

during the initial loading, before growth begins. 

If the material point under consideration does not lie in the plane of the 

crack, (21) must be integrated by considering e as well as r to be variable 
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as the crack grows. It is simplest to replace r with y/sin a , since the y 

coordinate remains fixed, and to write dt = r d8/sin e from (15). Then, under 

steady state conditions the strain is given by 

= f
a . do Ja ao •• (e) 10 (R(e) sJ.n e] ~e + 2 

E 
8 

gl.J g y s1n e dt a 
• * 

(24) 

where e* is the angle of the material point when it first enters the region 

near the tip for which (21) applies. For e* ~ 0 , this reduces to (23) upon 

proper computation of the limit. 

Eq. (24) is also applicable to contained plane strain yielding. Now, 

however, for material points which approach the plane of fracture, the angle 

e. will not approach zero but instead will equal 45° , corresponding to the 

centered fan boundary, fig. 4a. Hence, even for points very near the crack tip, 

the term in (24) containing dot/d1 will contribute non-singular strain only, 

whereas the first term, reflecting the induced elastic incompatibility, contri

butes a part of the strain which is logarithmically singular. This contrasts 

with the plane stress and anti-plane strain cases, for which stronger singulari

ties are induced with crack growth. 

Nevertheless, it is difficult to •:onclude much about the plane strain case 

from (24), because at least on average, the crack does not advance into the fan 

region. Further, it is known that def·lrmations near a stationary crack can be 

correctly interpreted only when the a~tual finite geometry changes accompanying 

crack tip blunting are included (Rice 3nd Johnson, 1970, and discussion in con

nection with fig. 2), and these are presumably as important for a ~owing crack. 

w~ile rigid plastic considerations suggest that the crack advances with no 

opening displacement at its tip and with a finite opening angle, given by (3), 

inclusion of the elastic incompatibility effect results in (18) for displacement 

increments, and these suggest that du . /d1 ~ -au./ax is logarithmically in-
1. l. 

finite at the tip. Hence, while the opening displacement at the tip is zero, 

the displacement profile is predicted to exhibit a vertical tangent there (again, 

within an ~~alysis neglecting large geomet~ changes), and this argues for the 

presence of a somewhat opened tip as the crack grows. This is an important area 

for future clarification. 
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It should finally be emphasized that the features of actual combined stress 

plastic behavior which are ignored in the perfectly plastic model (in particular, 

the development or 've~ices' or sharply rounded 'noses' on combined stress yield 

surfaces, Bauschinger effects, etc.) would largely tend to make the material 

behave a little more like the non-linear elastic material in fig. 1, and a little 

less like the rigid-plastic material of the figure or the elastic-non-hardening

plastic material of the precedi~g calculations • 

. Plane Strain Crack Gro~h 

The general analysis can :be car::-ied thrc:>ugh in further detail for plane 

strain crack growth, at least for contained yielding. In that case the func

tions g .. can be in=e~ed n•cm Rice's (l960a) analysis of the steady state, and 
~) 

R (e) and the f •. 's ca."l he taken app:;:-o:x:imat.~ly from the same source or from the 
l.J 

Rice and Tracey (1973) numerical solution. But this is not likely to be pro-

ductive because, as was remarked upon for the stationary crack case (fig. 2 and 

Rice and Johnson, 1970), a realistic description of plane strain fracturing must 

necessarily involve an analysis of the large local geometry changes near the 

blunted tip. Indeed, the material points which enter this region come from the 

angular sector directly ahead of the cr.ack, where the small geometry change 

solution predicts that there is no inte·lse prior straining at all. It is likely 

that this is why there is typically so little stable growth in plane strain c:..> 

compared to plane stres~ or to anti-pla~e strain predictions (e.g., McClintock 

and Irwin, 1965). There is as yet no suitable analysis of the large local geo

metry changes for growing cracks and the problem is likely to be further com

plicated by a %ig-zag mechanism of growth on a microstructural scale (McClintock, 

l969b}. 

It may, however, be fruitful to discuss plane strain crack growth and in

stability on a comparative basis, for different fully plastic specimens and for 

well-contained yielding, utilizing concepts from the gen~ral formulation. 

Fig. 5 shows three fully yielded perfectly-plastic specimens. Slip line 

patterns are as illustrated and limit loads are given in terms of the shear yield 

stress t , here taken equal to cr !13 . Also, below each specimen the cor-o 0 

responding formula for dot is given in the form of (11), relating it to the 

plastic increment of overall deformation. Here e is the net rotation of one 
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end of the bend specimen relative to the other and q is the net extension for 

the tensile specimens. Specimen widths are W and uncracked ligament dimen

sions are b • Approximating the elastic stress intensity factor for the ten

sile specimens (b) and (c) by the value for an infinite periodic array of coli

near cracks (Paris and Sib, 1965) 1 one derives through the theory of eqs. (6-8) 

that 

e 
q :: 

where 

(25) 

A = wb/2W • 

Here L is the overall length of the tensile specimens, and appears because of 

t he C(O) term in (8). In fact, if we wish. to think of dis?lacement as being 

controlled not at the specimen load point, but rather at some point of the 

loading system, then we shall understand that L is the 'effective' length 

and thus contains an additive term accounting for the compliance of the loading 
. -3/2 

system. Similarly, from Wilson's (1970) formula K ~ 4 M b for a deeply 

cracked bend specimen, 

= C M ~ (12 L + 16 .) (l-v
2

)M 
wa b2 E • (26) 

where again L is the effective specimen length. 

If we now compute d6t from (11) for the three specimens, using the above 

compliance formulae and the limit load and dot formulae as given in the figure, 

then: 

For a deeply cracked ~ specimen, since db = -dt , 

2 L b dt] .37 b [de + 
24 (.63)(1-\1 )o

0 
de\ :: 

13 E w3 

oo 2 
~ .37 b de + ~dt 2.1 'E 

w3 

(27) 

The second term containing dt is of interest because it includes the effect 

of the material's elasticity on further deforming the crack tip region, even if 

the crack advances under conditions for which de = 0 • 
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For the single edge crack tensile specimen (fig. Sb), under a force acting 

centrally on the ligament so as to cause extension without rotation of the speci

men ends, since db = -d1 , 

2 

= 
2 (1-v )a0 [ 

dq + !! + .!±. {log ( . 1 
) -l3 E W 'II' s~n ). 

). c;:os ).}] d1 
s~n ). 

(28) 

where the dots, depending on ). , are negligible if L is several times W 

and ). is not too small. 

For the deeply double ed.ge cracked sneeimen (fig. Sc), since db = -2d1 , 

:: 

2 

{ 
(2+'11')(1-v )a0 [L ~ 

2 dq + - + - {log 
13 E W 'II' 

:;:::: 2 dq + 10.3 ;o [~ + ••• J d1 • 

l 
sin ). ~ ~s "l] (2dt)} s1.n ). 

(29) 

These formulae all have the form tpat the first term accounts for further 

imposed displacement of the load point, whereas the latter term containing at 

incorporates the effect of the specimen's elasticity. It is a destablizing 

term in that it tends to promote a running fracture, although the specimens 

cannot be unambiguously compared on the basis of it because of the elastic 

incompatibility effect in (21), which is likely to be different among the dif

ferent specimen designs, being least prominent in fig. S:b. The fracture cri

terion may also be affected by differences in overall flow pattern and stress 

tria~iali~y. Nevertheless, if we ccmpa~e the terms when L/W is chosen as ~ , 

to account for specimen and loading system compliance, and if we take l/2 as 

a representative value of the terms represented by the dots in (28,29), then 

when load point·displacements are held fixed, 

d6t ~ 2. 7 (a0 /E)d1 

~ 0. 7 (a0 /E)d1 

:::::: 4.5 (a0 /E)d1. 

~46.3 (a0 /E)d1. 

' 
, 

, 

bend specimen, b = W/2 

bend specimen, b = W/4 
(30) 

single edge crack 

double edge cracks 
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Thus as judged from these terms alone, the deeply c~acked bend specimen would 

seem most conducive to stable extension of the crack. It is also likely to 

ove~estimate the amount of stable crack growth that will be observed in other 

specimens. For example; the ratio dot/d1 is so large for the deeply double 

edge cracked specimen that a running fracture might commence immediately upon 

initiation of crack extension, for materials which show substantial stable 

growth in other specimen geometries. Of course, an increase by, say, two in 

the chosen value for L would increase the numbers in (30) accordingly to 

s.~. 1.~. e.s. and 87.5 as we go down the list. 

A comparison with the well-contained yielding case can be made by assigning 

a numerical value to ~ in eqs. (12-1~). This rests on the certainly arbitrary 

choice of the frontal plastic zone extent ~ as the basis for assessing the con

tribution of growth to d6t in (1~). From the numerical solution of Rice and 

Tracey (1973) for monotonic loading of a stationary crack, if w is taken to 

be the actual frontal extent of yielded material, then 

l 2 2 
w ~ IO (1< /a0 ) , and a ~ S • (31) 

On the other hand, if we define an effective plastic zone boundary as the contou

r = R(e) , where R(e) is the distance from the tip at which the singular strain 

expression (1), if assumed to hold at distances from the tip comparable to overall 

plastic zone size, would predict strains corresponding to first yield, then from 

the Rice and Tracey plot of R(&) , 

and a ~ 10 • (32) 

It may, in fact, be more correct to base the estimate on the singularity ampli

tude R(e) , but the arbitrariness of the entire procedure should be kept in 

mind. Wi th this latter estimate we obtain, from (1~) that 

(33) 

for crack advance under a constant value of K , and hence of w • The latter 

version of (1~) makes it evident that essentially the same result would be ob

tained for conditions of constant load or of load-point displacement during 

advance, since the plastic zone dimensions are here assumed to be small in com-
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parison to crack length and ligament size. If this factor of 10 in (33) is 

accurate, then by comparison with (30), different fully plastic specimens may 

either strongly underestimate or overestimate the destabilizing tendency pre

sent for well-contained plasticity. Again, these remarks ·exclude ·consideration 

of the uncertain elastic incompatibility effect in the different cases, and the 

crucial factor of large local geometry changes is not in the model. 

Of course, in the above estimat~s of growth induced d~t's , as well as 

in the elastic incompatibility term of (2l), .what finally matters in comparing 

growth effects among different materials, when overall plastic zone dimensions 

are similar among the cases examined, is th-e ratio a0 /E • When this ratio is 

high, the destabilizing terms are important and less stable growth, if any at 

all, is to be expected in comparison to cas~s for which the ratio is low. Gener

ally speaking, it has been possible to determine the nominally elastic plane 

strain fracture toughness, Kic , in specimens of reasonably small size only 

for the higher strength materials, with a0 /E greater than about .006 or so 

(i.e., a0 ? 60 ksi in aluminum alloys, and ~ 180 ksi in steels). Hence, 

while it is often assumed that such fractures are accompanied by, at most, very 

small amounts of stable growth (at least during the plarie strain portion, prior 

to fo~~tion of a thumbnail crack in a plate specimen, after which substantial 

stable growth of a 3-D kind may occur), this may not hold true in general. In 

particular, it is plausible that if lowe~ strength materials were tested in 

specimens of sufficient overall size to maintain Klc - like conditions of ~ell 

contained yielding, that quite substantial amounts of stable crack growth would 

be observed. 

In such an event, a plane strain 'resistance curve', of the type employed 

by Krafft et al. (1961) would presumably be applicable. Amounts of stable 

crac~ growth and, in particular, instability points would then be determdned by 

the well known condition of tangential contact between the 'R curve' · and that 

of G vs . 1 for different values of applied load or .load-point displacement. 

However, the difficulty is that the specimen size for such evaluations would be 

excessive. A more practical range of specimen sizes, and perhaps also of thick

walled structural sizes, would then typically involve large scale plastic yield

ing during plane strain crack advance. The proper generalization of the para

meters upon which the R-curve procedure is founded and, indeed, the validity of 

the concept itself remain uncertain under these conditions. 
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It is also worthy of note that an interpretation of crack growth behavior 

which is too strongly tied to non-hardening slip line fields, as in fig. 5, may 

be misleading. These fields are of value in obtaining overall flow fields and 

applied forces, but it is possible, at least for a stationary crack, that the 

material's strain hardening serves to create deformation fields very near the 

tip which are more unique than the variety pictured in fig. 5 would indicate. 

This was argued by Begley and Landes (1972) in their use of the J integral as 

a fracture initiation criterion; they proposed that one-parameter near tip 

singular strain fields of the Hutchinson-Rice-Rosengren type would exist at the 

tip and that J could be chosen as the parameter. Alternatively, to the extent 

that a crack tip opening displacement is well-defined outside the context of a 

non-hardening model, so also could the ~l ot be chosen. Indeed, the actual 

6t would then have to be uniquely related to J , in the same form for all 

specimen geometries and extent of plastic yielding. 

But the actual ~t or J value is ~ uniquely related to the ot as 

inferred from the non-hardening slip line solutions, and as given by the formulae 

in fig. s. Suppose, for example, that the specimens are loaded well into the 

plastic range so that contributions to J 

accumulated in the elastic-plastic regime. 

tion of Bucci et al. (1972)., 

from the plastic range overwhelm those 

Then from the method for J estima-

J = 1.26 T b9 
0 ' bend specimen 

= 2 T q 
' 

single edge cracked specimen (34) 
0 

= (2-t1f)T q 
' 0 

double edge cracked specimen , 

where now t 0 = a0 /13 is to be chosen by identifying a0 as, say, the ultimate 

tensile strength to closely match limit load predictions to actual fully-plastic 

load levels. Now, the 1St 1 s !!. predicted from ~ slip line solutions are 

.37 be, q, and 2q for the three specimens and thus one computes 

6t = • 51 J/a0 , bend specimen 

= .87 J/a0 t single edge crack specimen (35) 

= .67 J/a
0 ' 

double edge crack specimen 

Thus, if there is a unique one-parameter near tip field, which means that the 
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actual ot is uniquely related to J , then the inference is that slip-line 

field predictions eannot be relied upon very near the tip. The presence or 

absence of such a one-parameter field over a microstructurally significant size 

scale must depend both on the amount of strain hardening and on absolute speci

men size. as discussed by McClintock (1971) and by Begley and Landes (1972). 

For comparison with (35), the non-strain hardening, incremental, plane 

strain, small scale yielcing solution of Rice and Tracey (1973), which is pre

sumably the most accurate available solution, gives 

t (36) 

taking J = (l-~2)K2/E and setting v = .3 • However. Rice and Tracey note 

that. the value Jt. 
l.p 

of J on a contour immediately about the tip is approxi-

mately .a of this value, according to their incremental numerical results, 

which would then suggest a numerical factor of .69 when (36) is based on 

Jtip • For power law strain hardening materials, with. T a yN in the plastic 

range under pure shear, numerical results by Tracey (1973) closely substantiate 

a formula by Rice (1973), based on analogy with Mode III , that 
N 

0 = •49 K2 [2 (l+v)cr0 (l+N)] •· 
t Ecro 13 E N 

(37) 

where the opening is defined from the intersection of a 45° line drawn ba:k 

from the tip with the deformed crack surfaces as predicted from the small geo

metry change solution. This is equivalent to replacing a0 in (36) by the 

equivalent tensile flow stress corresponding to a strain y = N/(l+N) in 

pure shear. When re-expressed in terms of Jt. , (37) may well constitute 
l.p 

the unique relation of the actual ot to J as referred to above. By com-

parison, the Dugdale-BCS formula ot = J!o0 is not accurate, although the 

Well's procedure of using 2a0 to account for triaxial constraint agrees 

closely with the more exact estimates. 

While Begley and Landes achieve remarkable success in correlating the 

initiation of plane strain crack extension with a critical J criterion, 

there is as yet no way by which the approach can be generalized to growing 

cracks. Perhaps it will be possible to ident"ify an effective dJ in a manner 

parallel to the deduction of an effective dot in (11) and (1~), but this 

remains to be seen. 
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2-D MOdels for Crack Growth in Plate Specimens 

Here we consider crack growth in plate specimens under conditions which 

are nominally referred to as "plane stress11
• It has been noted that such cases 

are strongly influenced, and sometimes dominated, by 3-D features such as crack 

tunnelling and transition from flat to shear mode separation. However, we shall 

examine the problem from the standpoint of two-dimensional models here, assuming 

that the plastic zone is large compared to plate thickness and that any 3-D fea

tures can be imbedded within the 2-D model in some average sense. 

From observations, it is known that the plane stress plastic zone can be 

either diffuse as pictured in fig. 4b (e.g~, Gerberich, 1964) or localized in 

the Dugdale-BCS sense to a thin zone ahead of .the tip of height comparable to 

plate thickness (Hahn and Rosenfield, 1965). The exact reasons for occurrence 

of one type of %One instead of the other are unknown; it is likely that yield 

instability leads to the localized zone, but other possibilities exist (Orucker 

and Rice, 1970). Also, the plastic zone m~.y he diffuse far from the tip but 

localized nearby, due either to necking or to reduction of the thickn~ss aver

age yield strength by crack tunnelling. 

It is often remarked that the Dugdale-BCS line plastic zone leads to no 

p~dictions of stable growth, because the distribution of opening displacement 

o(x) within the plastic zone is independent cf the detailed history of prior 

load and crack length increments. However, a physically appealing re-inte~

pretation of the model by Wnuk (1972), in terms of a 'final stretch• fracture 

criterion, does lead to growth effects. He argues that only the crack opening 

accumulated while a material point is within some distance ~ from the tip 

should enter the criterion. Here ~ is supposed to be much smaller than the 

plastic zone extent w , and we may for example take it to correspond to the 

distance from the tip at which strongly localized deformation sets in because 

of tunnelling or necking. The Dugdale-BCS model leads to the opening displace

ment expression (e.g., Rice, l968a) 

8 ao 1/J ( r 1 + f,; J 
w E t - 2c; log 1 _ ~ . , r/ll.l (38) 

where r is distance from the tip and where the formula appropriate to small 

scale yielding is used, in which ease ~ = (w/8)K2/a~ • Thus, if the crack 
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has grown enough so ~hat w changes smoothly with crack length during sub

sequen~ growth, if 6fs is ~he critical final stretch, and if b < < w , then 

the criterion reads: 

6fs 
= { 8 o o ( w + ~ A)} - { 8 o o w [l - !_ (1 + log ~w >] } 

~ E d1 ~ E 2w A 
(39) 

This determines the required increase of plas~ic zone size (or K) with crack 

length to continually mee~ ~he fracture criterion. Rearranged, 

dw 
= dt 

w E l ( ~w 
8 a

0
A 6ts - 2 l + log ~) 

!he equation, when in~egrated, gives ~he analog of a 'resistance curve', 

now phrased in ~erms of requisite plastic zone size. Since (j) is also known 

.as a function o= loac and crack length, the load point instability ensues at 

the load and crack length for which there is tangential contact between this 

resistance curve and plots of w vs. L at fixed loads. This concept is 

illus~rated in fig. 6 for a failure criterion phrased in the terms 

h (Q,1) = "Ru - 1 > 
0 

, (~l) 

where 1
0 

is the initial crack leng~h. However, it should be noted that the 

resistance curve interpretation of instabili~y for Wnuk's model would not be 

rigorously valid beyond the small scale yielding assumptions. 

To see the e~t~nt of ~wth effects predicted by (~O), note that the 

plastic . zone size w~:c~ must be achieved to maintain steady-state crack growth, 

with dw/d1 = 0 , is 

w 
st-s~ 

: - exp · s - 1 ll · [ w E of J 
4 ~ a A 

0 

(42) 

On the other hand, if the same final stretch is identified as the ot at 

which crack ex~ension initiates, then the requird w to initiate crack ex

~ension is, from (38) 1 

(j)init (43) 



-2~-

Because of the exponential term in (42), a very much larger plastic zone is 

typically required for steady state conditions than for initiation. The for

mer corresponds to the horizontal plateau of the R-curve in fig. 6; the latter 

to the initial bending over of the R-curve from the vertical. Further, for 

all other parameters the same, the disparity between the two, and hence the 

amount of growth before instability, lessens the greater is a0 /E • 

The actual extents of stable growth in thin sheets can be substantial. 

·Broek (1968) shows examPles of approximately SO% increase of crack length, 

times the plate ~hiekness, in tensile tests of amounting to 20 to 30 

2024-T3 aluminum sheets. He also shows that even if parameters entering the 

resistance curve description are phrased in terms of elastic fracture mecha

nics, the final locus of stress levels and cracks lengths at instability need 

not correspond to a critical K value. 

When the plane stress plastic zone is viewed as being diffuse, as in 

fig. ~b, strain distributions result in front of the ~ack of a kind given 

in eqs. (22,23). Because all of the details of the general formulation have 

not yet been worked out for this case, and because of its qualitative similar

ity with McClintock's anti-plane shear case, we shall consider the latter here. 

Then the equation for increments of plastic shear strain Y~z on the line 

directly ahead of the crack is (e.g., Rice. 1968a) 

~o dt 
1 

~ to d~ + d1 = -- og-+-----G r r G r ' 
(44) 

where G is the shear modulus. This equation is seen to be a special form of 

(22), with dot in the form of (1~). Two special integrals for the crack tip 

strain distribution, corresponding to the extremes of a stationary crack and 

of a crack growing in steady state are 

:: To(~- l) 
G r ' 

:: 

2 

G
'o { 1 [ ] } 2 log ~ + log ; , (45) 

respectively, the latter being a special case of (23). 

McClintock and Irwin (1965) have illustrated the stable growth effects 

predicted from (~~,~S) according to the fracture criterion that a critical 

plastic strain r;z = yf be continually maintained at some small distance ~ 
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ahead of the tip for crack growth. In that event (45) can be solved for the 

plastic zone sizes required for the initiation of growth and for steady-state 

growth as 

(l)init = (~6) 

The ratio of the latter to the forme~ can he taken as the index of growth 

effects. One finds 

II) /OJ. • = 1.04 when 'Y f/(To/~) = 1 st-st J.nl.t 
tl = 3 n = 10 
tl = 18 II = 25 (~7) 

" = 169 .. = so 
tt = 5100 " = 100 • 

For a fixed value of Yc the ratio is seen to decrease very rapidly with ... 
increasing yield strength level, at least in the rang~ for which yf exceeds 

T0 /G by 25 or more. 

McClintock and Irwin (1965) have employed the above fracture c~iterion, 

together with a numerical integration of (~4) to predict growth and instability 

for an edge crack in a half-spa.ce. Rice (l968a) has further shown that tbis 

criterion leads to a universal resistance curve, depending only on 1 - 1 , 
0 

when phrased in terms of the required plastic zone extent w • This R-curve 

has wst-st for its horizontal plateau, and initially deviates from the ver

tical at (1) •• t • The reader is referred to these works for further details. l.Ol. 
For example, Rice shows by a generalization of the McClintock-Irwin work that 

the locus of loads and crack lengths at which load maximum instability occurs 

is given a~proximat:ely by· 

= { / 2yf [ 1 aw(Q,t) J 2 
_ 

P exp lo/G + + 3f. Cloi(Q,1) 

(48) 

where it is assumed that the frontal extent w of the plastic zone is given 

as a function of load Q and crack length 1 • 
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A separate approach to stable growth has been developed by Andersson (1973), 

with specific reference to a finite element model. His fracture criterion is 

the attainment of a critical angle of opening between the elements at the crack 

tip, and would seem to be self-consistent so long as it is understood that the 

critical angle cannot be considered to be independent of the size chosen for 

the near tip elements. Indeed. if only a critical angle entered the growth 

criterion, and not some inherent length scale, there would be no size effect 

to fracturing. His calculation of growth proceeds by advancing the crack 

length by one element when the criterion is met, and by then adding further 

load increments as necessary until it is met at the new crack tip. 

In summary, it would seem that the main features of stable growth under 

plane stress conditions are understood, at least qualitatively, but it is not 

yet clear as to how parameters of the models are to be chosen in correspondence 

to the 3-D features which dominate in the fracturing region. 
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