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ABSTRACT It is shown that the J-integral can be directly evaluated from
single load-displacement records for a series of crack toughness specimens
having the common feature that their only significant length dimension is that
of the uncracked ligament. For the special case of bending loads.on ‘the
ligament of a deeply cracked bar, J is shown to be twice the work of
deformation divided by the ligament area. This and like results are employed
to discuss Charpy and “‘equivalent energy” toughness measures and also to
evolve yet simpler estimating procedures for the J-integral. ' C

KEY WORDS: fracture properties, mechanical propemes cracks crack propa- h
gation, plastic deformation, plasticity theory, toughness ’

In recent work the J-integral[/,2]* has been adopted as a failure cri-
. terion[3-5] and analytical estimation procedures[5,6]. have been developed for
its use. This discussion will show that for certain geometric coriﬁguratjons of
interest in crack toughness testing and structural applications, the J-integral can
be evaluated from a single load-displacement. record. These configurations have
the feature that there is only one geometric dimension of interest, namely the
‘uncracked ligament dimension. Some -additional, related simplifications in
analysis procedures and estimates for J are. discussed as well. o

In review, within the framework of a total strain formulatlon of elastlc-plastlc
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deformation, a path independent integral may be defined for two-dimensional
problems:

J= f(Wd - T —ds) 1)

Here, x and y are rectangular coordinates normal to the crack front, y being
perpendicular to the crack surface; ds is an increment of arc length along any
contour, I', beginning along the bottom surface of the crack and ending along
the top surface; T'is the stress vector exerted on the material within the contour;
il is the displacement; and W is the integral of stress working density (or strain
energy density). An alternate and equivalent definition of J is given by

J/<_9£)d6 Jf()dp O ©

These relate J to the rate of change with respect to crack size, a, of the area
under the load- versus load-point-displacement, P versus &, curves. Here P is the
force per unit length of crack front, for example, the force per unit thickness in
the two-dirhénsional case, and the curves are considered to be generated for
different c_tack sizes, a, in Virgir_l specimens subjected to monotonic loading.

The latter definition was used by Begley and Landes[3,4] in their experi-
mental -evaluation  of the J versus & relation. Indeed, this same definition is
readily extended to three dimensions to define J at each point along the crack
front, even though the line integral definition could then be applied only in the
limit-of “atvanishingly small circuit I" surrounding the crack tip at that point. For
example, in the case of a'symmetrically loaded, cracked axi-symmetric bar, Eq 2
would apply if P was interpreted as the force per unit of circumference around
the crack front. More generally, if a planar crack has a front denoted by the
-contour, L, and if we consider an infinitessimal advance, Aq, where Az is an
-arbitrary function of position along L, then local values of J along L are defined
by writing

- s .
—/L‘} (J Ag)dL = /o (— A force)s dd (3

to first .order in Ag. Here (A force)s is the change in load point force,
corresponding to a given 8, between the crack configuration advanced by Aa and
the initial configuration.

- It is of interest also simply to note that for bodies loaded in the linear-elastic
range,

_ , K*
- Jetastic == E C))
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or Jepastic is the well known Griffith energy release rate, but only for this special
case.

The Double Edge Notched Plate in Tension

Consider a wide plate of width, W, subjected to a tension force, P, per unit
thickness which is transmitted through a narrow neck of width, b, between
coplanar cracks from each edge. The displacement between the load points,
8iotal, Mmay be regarded as the sum of the displacement without cracks, &,,
crack, plus the displacement due to introducing the cracks, 6 ;;5ck, OF,

6total = Ono crack T Ocrack (%)

or alternately as the elastic displacement, 8¢j55tic, plus the displacement due to
plaStiCity) 5plasti0a Or: .

8total = Oelastic T 8plastic (6)

These forms for displacement will also be useful in conjunction with other crack
configurations.

For the current configuration of double edge notched tension it is useful to
consider Eq 6. The plastic part of the displacement must have the form,®

’ P
6plastic = bh (7) _ N

where the cracks are deep enough that plasticity is confined to the neck bétWeen
~ the cracks. o S o T
Making use of Eq 2 as the definition of J along with Eq 6, it becomes

J= fP . aStOtal dP\)
0 ob

or

J = Jetastic + /o P <_ fﬁ_?gfz_sﬁ_c_> dP (8)

5 This form may be developed from a variety of special plastic or elastic-plastic analyses,
but it is sufficient to argue that it results from dimensional analysis when it is noted that the
material parameters E, oyp, and n or equivalents are the only other parameters involved in

) - (P
the function A T)



234 PROGRESS IN FLAW GROWTH AND FRACTURE TOUGHNESS TESTING

but from the form of Eq 7, it is noted that

36 lasti P ,/P P | 00 i
e D) n(G) 2 (o), e ©

Substituting Eqs 4 and 9 into Eq 8 and integrating by parts leads to:

8plastic
./ PdaplaStiC - P6plastic (10)

(]

>, 1

J=4G+ A [2
Note that the bracket in Eq 10 is directly interpretable as a particular part of the
area under load versus displacement curve. This is of importance since J can be
evaluated at any point by having a single load displacement record up to that
point (recall that the Begley-Landes procedures required at least two load
displacement records for differing crack sizes[3,4,6]).

Note also that for no plastic deformation, 8 51a5tic = 0, Eq 10 reduces to:

I=G (11)

or on the other hand, if the material is rigid-perfectly-plastic (or typically for
very large plastic versus elastic deformations) Eq 10 reduces to:

Piimis 6
J= —hl',mt = Olimit & ' (12)

All of these forms, Eq 10, 11, and 12 are useful in evaluating J for various load
displacement records of double edge notched plates.

The Internally Notched Plate in Tension

Consider a rectangular plate with an internal crack of length 24, which is
centrally located so that narrow uncracked ligaments of width b exist between
the crack ends and the specimen edges. If we write 6 for the load point
displacement and 2P for the applied force per unit thickness, supposing this to
be centrally applied so that P acts through each ligament, then Eq 2 again gives
J. The analysis is identical in form to that of the last section: An equation of the
type 7 applies, and the final result for J is just as in Eq 10 except that now, of
course, the internally notched load-deflection curve is intended.

Likewise, the special versions Eqs 11 and 12 apply. The plane strain limit
stress Ojimit iS known to be higher by a factor 1 + 7/2 = 2.6 for the double edge
cracked specimen as compared to the internally cracked specimen. Hence, within
the rigid-plastic approximation, identical & values correspond to J values
differing by 2.6 for specimens with the same ligament size b.
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The Notched Round Bar in Tension

For a deeply externally notched round bar, leaving a circular neck of radius
r, subject to a centered tension force P, the displacement between the load
points due to introducing the crack (or notch) is of the form (see footnote S):

P
Scrack =78 (;.7) (13)
Introducing Eq 5 into Eq 2, it is noted that J is always “due to the crack,” or

J-——/< a5°““=‘<)Pau'> (14)

27r

but from the form of Eq 13, it is noted that

a5crack) 2P ,<P> (P) ! [ (aacrack)
. —tiath = — —_— - — | == | 2P| —traex
(~ or /p 1r? AV r*) r oP

Substituting Eq 15 into Eq 14 and integrating by parts leads to:

~beraar] (19)

r

1 8 crack
J"?{;‘ [3 /ocrac Pdacrack—P5crack:| (16)

Again J can be evaluated on a single record of load versus load-point-
displacement where provision is made to eliminate the displacement component
present with the crack absent. Also for the rigid- plastlc case, it is again noted
that

J=£‘-i-‘5‘2i-‘-‘ 8 = Otimit - an
mr

The Remaining Uncracked Ligament Subject to Bending®

Consider a plate which is deeply cracked from one edge, where the crack is

- approaching the other edge, leaving a narrow neck of width b subject to
remotely applied in-plane bending of moment M per unit thickness.

For such a case, Eq 2 can simply be modified by substituting moment M for

force P, and the angle change between point of moment application 8, for

displacement 8, or
J= f (aetm,) aM o (18)
M

6 Dr.'J. Srawley of NASA-Lewis Research Center has independently developed an
analysis leading to a result similar to Eq 22 of this section.
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where, as with Eq 5,

0total = Ono crack T Ocrack (19)

The form (see footnote 5) of the displacement due to introduction of the
crack in this case is:

Ocrack = () 20)

From Eq 20, it is found that

(_aototal) = (__aacrack> =%f'(_]_‘_’{)=%<aecrack). (21)
ob /y b /y b7 \b*¥ b M/,

Substituting Eq 21 into Eq 18 and integrating:

6
J=% /o crack Md@crack (22)

This result, Eq 22, leads to an even simpler interpretation than for previous
results, Eqs 10 and 16, since the integral is simply the area under the M versus
O crack curve. This is simply the work done in loading, with the deformations
with no crack present eliminated from the calculations. Again, it is implied that
a single test is sufficient to evaluate J.

~ Also, if a remaining ligament is subject principally to bending but the load is
applied by a force(s) P, then Eq 22 reverts to:

2 8
J=g[o KD I8 crack (23)

This result, Eq 23, is, for example, applicable to the deeply notched 3-point
bend specimen or compact tension specimen. Notch depths must at least be
sufficient so that plasticity encountered is confined to the uncracked ligament
region ahead of the crack.

In the case of the 3-point bend specimen, elastic displacements with no crack, -
810 crack, May be appreciable (compared to displac +ents, elastic and plastic,
due to the crack) and would have to be eliminated in evaluating J from Eq 23.

.However, the displacements of the load points in a deeply notched compact
tension specimen with no crack present would be negligible compared to
displacements due to the crack. Therefore, the raw load versus load-point-
diéplacement record could be analysed using Eq 23 with good results.
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Moreover for cases where the plastic displacement becomes very large
compared to elastic contributions, Eq 23 can be used on the raw load-displace-
ment record with little error.

Charpy and “Equivalent Energy”” Toughness Measures

In the case of Charpy tests on the upper shelf (above the transition
temperature) for constructional steels, large plastic displacements normally
precede crack extension. In this case J should be approximately proportional to
- the work [ Pdbé done up to any point. Hence, in the spirit of the Begley-
Landes[3,4] use of J as a failure criterion,

2
KIc

2 ]
JIC:E_— =Z£crpd80rack (24)

The Charpy energy (CVN) includes mainly the energy dissipated up to extension
of the crack _

6"’ Pdacrack

0

including the elastic energy stored, which for constant modulus and proportions
would be proportional to ayp From Eq 24 and these consxderatlons a suggested
form would be:

= A(CVN) — Bo2,, (25)

where A and B are constants with appropriate dimensions. The similiarity
between Eq 25 and the Rolfe-Novak- Barsom[7] correlation, that is, for their
choice of units,

0.2
K3 =50y, (CVN) — e (26)

is thus indeed of interest here. Or consider the Sailors-Corten [7] suggestion,
Kie = 15.5 (CVN)% (27)

The results herein may at least be a partial explanation of why large
brittle-behaving tests for Ky, (such as by ASTM Test for Plane-Strain Fracture
Toughness of Metallic Materials (E 399-72)) can be correlated with small
ductile-behaving upper shelf Charpy energies (CVN). However, it is not the
purpose here to go into such matters in any detail and many discrepancies, such
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as Charpy energy dissipated after the beginning of crack extension and also the
initial crack tip sharpness, would have to be considered.

Witt[8] has proposed an “equivalent energy” fracture criterion, whereby, for
plane strain response as a special case, the energy per unit volume absorbed up to
the fracture for a family of geometrically similar specimens would be considered
to be inversely proportional to a linear dimension of the specimen. We see from
Eq 22 that this result is to be expected on the basis of a critical J-criterion for
compact tension or deeply cracked bend specimens. On the other hand, we see
from Eqgs 10 and 16 that the same result is not expected for the other specimens
under tensile rather than bending loadings. However, within the rigid-plastic
approximation, all these formulae reduce to a pure number times the absorbed
energy divided by the uncracked ligament area. Hence, the J-criterion (and also
one based on crack tip opening displacement, for that matter) is approximately
consistent with the equivalent energy concept in the limited context of
correlating a series of geometrically similar specimens which fail well into the
plastic range. The pure number is different for bending and for tensile loads (2
and 1, respectively) so that a critical J-criterion applying among specimens of
such different type would require that the absorbed energy for a given ligament
area differ by about a factor of 2 between different fully plastic specimens.

Estimates of J From Single Points on Load Displacement Records

In the preceding discussion, it was shown that in some crack configurations -
analysis of a single load displacement record is sufficient to evaluate J at points
on that record. This is considerably simpler than the Begley-Landes pro-
cedure[3,4], but, of course, their method is not restricted to a few specific
configurations. Nevertheless, the restrictions do allow using compact tension and
bend test configurations which are convenient and normally used for fracture
toughness testing (for example, ASTM E 399-72). However, the single load-
displacement record analyses suggested herein require measurements of areas on
those records. It is therefore appropriate to inquire whether an estimate of J can
be made from a single point on a load displacement record, such as the critical
point of crack extension, as is possible for linear elastic fracture toughness tests
(ASTM E 399-72). This possibility would make J-type testing and analysis even
more practical for toughness evaluation.

In a previous paper[6], estimating procedures using plastic-zone-corrected
linear-elastic analysis in combination with limit analysis provided some simplifi-
cations. The same approach will be used here. Basically, the procedure involves
predicting the shape of the load-displacement record by deriving expressions for
displacement based on linear-elastic “‘compliance” analysis and inserting an
effective crack size, aq¢r, €qual to the actual crack size plus the usual plastic
zone, ry, correction, or,

defr = a + 1y (28)
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wherein

K2
ry = 8—2 (29)
Oyp

and where {8 varies between 1/27 and 1/67 depending on whether plane stress or
plane strain conditions, respectively, tend to dominate.

In the preceding paper[6], numerical calculations were made but herein
analytical expressions are desired for displacements. In order to derive elastic
displacements, a method can be developed [9] relating energy principles to usual
methods of linear-elastic fracture mechanics analysis. Start by considering the
strain-energy, U, of a cracked configuration as that with no crack present,
Uao crack, plus that due to introducing the crack, Ugpack. Then:

Utotal = Uno crack t Ucrack (30)

By Castigliano’s theorem the displacement of the load point is

_ aUtotal _ 0U 4o crack + aUcrack

6total - oP oP P (31)
or

- 8:\0 crack + 6crack

Therefore, it is seen that

OU¢rack
Scrack = % (32)
But, by definition
N aUcrack K2
A= da E (33)
Combining Eqs 32 and 33 gives
0 a (U rack
Scrack = _37) /(; < (é;ac_) da
or
1 2 3(K?)
=7 /0 ap (34)
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Therefore, if an analytical expression for the crack tip stress intensity parameter,
K, is known, via Eq 34 an expression for elastic displacement of the load point
may be derived.

For example, for the deeply notched plate subject to bendmg, as discussed
earlier, Wilson[10] gives

K = p32 (35)

(actually, the coefficient is about 3.98). Substituting Eq 35 into 34 W1th
appropriate modification leads to

16M
Bcrack = Eb2 (36)

Also, for the deeply notched round bar subject to tension

_P
K = 2/ar’? . (37)
which with Eq 34 gives

P
Scrack =_E—v; (3%)

For the double edge cracked strip subject to tension with a strip width, W, a
crack depth on each side, ¢, and remaining neck of width, b, (namely,
W —2¢ =b), an explicit form for K is not known. However, the following
inequalities (from other solutions of similar problems) apply.

_P_ [ ac /2P

Again utilizing Eq 34 gives

2L 1n (2W) < Beraer < D2 ( b) (40)

nE 7b
Note that the result is not bounded as W — oo; therefore, the “deeply notched”
strip cannot be treated herein in a direct fashion. Nevertheless, the inequality of

Eq 40 itself is interesting with extremes differing by the V2 and In —% .

However, it will not be pursued further here.
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For the notch round bar in tension Egs 28, 29, and 38 may be combined to
give 8.rack Which is a plastic-zone corrected nonlinear approximation for the
displacement for use up to limit load [6] . The result is

r [P 1
bcrack =E<—r'2"> 3 P2 (41)
1 - 2 |2
4dmoy, Lrl - S
It is noticed that the form conforms with Eq 13 as might be expected.
Modifying Eq 16 by using integration over the complementary energy area of
the P versus 8,4k diagram (or integrating by parts), it can be written

1 P )
J = 2P 6 -3 ) dpP 42
27".2 ( crack l crack ( )

and substituting Eq 41 into 42 and integrating gives

J ) ' 3mo3, r T P2 ,
J=-—°%‘—°5[1+——¥”—1n (1— 62[—7])] (43)
nr EBPS ¢rack 4moy, Lr

Noting that the limit load must have the form

Piimit = Doy, (44)

and noting that the integral term in the bracket of Eq 42 applies only up to limit
load and is to be dropped beyond, then Eq 43 may be rewritten:

up to limit load

PSeryer ( 1 3aD: [P 2)
7= r? PEY: [Plimit] “45)

beyond limit load

Ps 3 (8 - nBD3
crack (1—_ (crack)llmlt [1 _ B 1]) (46)

- r 2 4 6(:rack 4
Equations 45 and 46 are estimating formulas for J for the notch round tension
bar which require only the point on the P versus &.;,cx curve at which the
estimate is to be made. Of course, Pyjait and 8ymi¢ appear in the equations, but
they can be approximated from Eqs 44 and 41, and it is noted that small



242 PROGRESS IN FLAW GROWTH AND FRACTURE TOUGHNESS TESTING

changes in their values have little effect on'J as estimated by Eqs 45 and 46. This
is true also of the values chosen for § and D, , so these equations do seem to be a
practical method of estimating J. The only impracticality is that § .., is to be
evaluated, eliminating the stretch of the bar without a crack present. However,
since plasticity is confined to the neck, in other words to d¢rack, the 8,46 crack
to be subtracted from the total displacement (measured) can be computed from
the simple formula for elastic elongation of a prismatic tensile bar.

For the deeply notched plate subject to bending (such as the 3-point bend or
compact tension test specimens), Eqs 28 and 29 may be put into Eq 36 to
- obtain a plastic zone corrected nonlinear load-displacement relationship, again
applicable up to limit load[6]

6crack E b2 166 M12\2
(- 2B

2
Oyp

The agreement with the form of Eq 20 is noted. Equation 22 may be modified
by integrating over the complementary energy of the M versus 0..,.x diagram
(or integrating by parts) and becomes

2 M
J = -b— (Mecrack - / 9crack dM) (48)

0

Substituting Eq 47 into 48, the integration is performed and leads to

e ([ )
b 1= l’o;p b? (49)

The limit moment has the form
Mjimit = D;b%0y, (50)

Moreover, the induced moment, M, is often applied by a remote loading force, P,
in which case conversions may be made from

MO crack = Pdcrack
and (51)

M _ P
Miimit  Plimit




RICE ET AL ON JINTEGRAL ANALYSIS AND ESTIMATES 243

Making use of Eqs 50 and 51 in Eq 49 and noting that the integral term in the
bracket in Eq 48 applies only up to the limit load,

up to limit load

P8¢rack < [ P ]2)
J =—— |1 + 16pD? 52
b AD3 Piimit (52)
beyond limit load
Ps ) P
J = crack <2 . ( crack)llmlt [1 _ 16BD%]> (53)
b 5crack

Equations 52 and 53 are the single point J estimating formulas for deep notched
bending or compact tension tests or similar configurations imposing bending on
a narrow remaining rectangular ligament. For practical purposes the notches
need only be deep enough to confine plasticity to the uncracked ligament region
(and away from top or bottom of the compact tension).

From Green and Hundy’s analysis and other experiments[2,3,4], it is known
that D, is about 0.36. Therefore, in the case of plane stress where § is about
1/2m, the coefficients in Eqs 52 and 53 are

168D3 ~ 0.35

and, for a tendency toward plane strain, it might become up to 3 times smaller.
Noting this value it can be seen that Eqs 52 and 53 are insensitive to this change
in stress state and also insensitive to any inaccuracy in approximating Piimit or
S1imit- Thus, they are indeed estimating formulas for J which are practical in
form.

Again, for application of Eqs 52 and 53 to bend tests, the 8.,k Vvalues to be
used should eliminate the component of load point displacement which would
be present without a crack, 8,4 crack. However, in applying these equations to
compact tension tests, the (unnotched) 6, crack Would be negligible compared
to 8.rack SO that total load point displacement, as measured, may be used
without large errors. Moreover, the load point displacement could be sufficiently
measured by the usual clip-in gage measuring notch opening at the load-line of
the compact tension specimen (which is easy to arrange with a machined-in clip
gage seat at the load line). ' ’
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Summary

This discussion has attempted to point out analysis advantages in certain
configurations with a single dominating characteristic (crack plane) dimension.
These analyses result in methods of evaluating J from single load versus load
point displacement relationships or tests results, namely, Eqs 10, 16, and
22. This makes single test evaluation of fracture toughness, as evaluated by Jy,
feasible for several commonly used test configurations. _

Moreover, these special analytical results, for example, Eq 22, lead to better
possibilities for understanding upper shelf Charpy versus fracture toughness, K,
correlations and the like. Equation 22 also implies that the “equivalent-energy”
approach [8] is definitely applicable to bend and compact tension type tests.

Finally, some estimating formulas were developed for approximate calcula-
tions of J from single load-displacement points for notched round, bending, and
compact tension configurations. It was suggested that these estimating formulas
for J, which should be noted to be just as simple to use as procedures or
formulas for K (for example, ASTM E 399-72), are put forth as practical
quick-estimate possibilities.

And though J-integral methods may be as yet relatively unexplored compared
to linear-elastic fracture mechanics, it is hoped that the simplicities and
usefulness of these methods are illustrated heréin.
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