The Part-Through Surface Crack
in an Elastic Plate

An elastic analysis is presented for the tensile siretching and bending of a plate contain-
ing a surface crack penetrating part-through the thickness, Fig. 1. The treatment is
approximate, tn that the two-dimensional generalized plane stress and Kirchhoff-
Poisson plate bending theories are employed, with the part-through cracked section
represented as o continuous line spring. The spring has both stretching and bending
resistance, its compliance coefficients being chosen to match those of an edge cracked strip
in plane strain.  The mathematical formulation reduces finally to two-coupled integral
equations for the thickness averaged force and moment per unit length along the cracked
section. These are solved numerically for the case of ¢ semi-elliptical part-through
crack, with results compared to a simple but approximate closed-form solution. Exten-
stve results are given for the stress intensity factor at the midpoint of the part-through
crack for both remote tensile and bending louds on the plate. These results indicate
that the stress-tnlensity factor is substantially lower, in general, than for a similarly
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loaded strip in plane strain with a crack of the same depth.

introduction

FIG. 1 shows the configuration studied here. An
elastic plate of thickness A, and of infinite planar extent, contains
a swrface crack penetrating part through the thickness. At re-
mote distances from the crack site, the plate is subjected to loads
equipollent to a uniform simple tension in the @s-direction and to
pure bending about. the «i-direction.  This configuration, and its
variants for curved shells rather than plates, is of considerable in-
terest in the fracture resistant design of pipelines, reactor vessels,
pressurized fuel tanks, and other plate and shell structures.

An exact analysis for the elastic stress-intensity factor along
the crack front is precluded by the decidedly three-dimensional
nature of the problem. Thus an approximate analysis is de-
veloped here, which appears more nearly exact when the surface
length of the crack (distance 2« in Fig. 1) is large compared to the
plate thickness. The approximation relies heavily on the known
solution for an edge cracked strip in plane strain as in Fig. 2,
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subjected to an axial force N and moment A/ per unit length in
the direction of planc-strain constraint. In particular we shall
employ the exact expressions for the stress-intensity factor and
for the increase in compliance due to introduction of the crack,
from the solution for the edge cracked strip in plane strain, as a
basis for approximate analysis of the part-through surface crack.
Note that the plane-strain configuration in Fig. 2 corresponds to
the configuration in Fig. 1 in the special case for which the surface
fength 2a of the crack is infinite and the crack depth I(z,) is
constant,

The following procedure is adopted:

Let 7,;(x1, 22, x3) be the stress state in the three-dimensional
body in Fig. 1. Define

+h/2
Nop(ay, 0) = f Taa(21, 0, 23)dxs,
—h/2

and (1)

+h/2
1"22(3;1, 0) = f .”637'12(931, 0, z3)dxs
—~h/2

as the net force and moment, per unit length in the z,-direction,
which act on the plane 22 = 0 containing the crack. For the
approximation, we shall assume that the stress-intensity factor
at a point along the crack front with coordinate z, is identical to
the stress-intensity factor for an edge cracked strip in plane strain,
Fig. 2, subjected to an axial force and moment equal, respectively,
to Naa(z, 0) and My, 0), and having a crack depth equal to
{(z1). This method of approximating the stress-intensity factor
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Fig. 1 A surface crack penetrating part-through the thickness of a plate
loaded in tension and bending

appears most appropriate along the central section of the crack
shown in Fig. 1, but much less appropriate near the ends where
the cracks intersects the free surface. Fortunately, the stress-
intensity factor along the central section, where breaking through
to the far plate surface is imminent, is of considerable practical
interest. Later, we shall discuss a more elegant method for
approximating the stress-intensity factor, based on its relation to
the variation of potential energy with crack position, and show
(via the Appendix) that the latter method leads to the same
approximation as just outlined.

Thus, to determine the stress-intensity factor at points along
the crack tip, we must compute the force and moment trans-
mitted across the cracked section. We obtain these through the
simple approximate theories of generalized plane stress and
Kirchhoff-Poisson plate bending, employed in conjunction with a
representation of the part-through surface crack as a continuously
distributed line spring with compliance coefficients chosen to
match the compliance of an edge cracked strip in plane strain.

Specifically, the problem in Fig. 1 is formulated as the two-
dimensional problem of simultaneous plane stress and plate bend-
ing for an infinite sheet in the 4, 2. plane, subjected to remotely
uniform stretching and bending loads, and containing a line dis-
continuity on the zi-axis from —a to 4a, as shown in Fig. 3. The
line discontinuity represents a spring having both stretching and
bending resists nce. Let

(1) = ust (@, 0) — w2 (21, 0) (2)

be the opening displacement along the line of discontinuity (4
and — signs referring as in Fig. 3 to top and bottom limits along
the discontinuity), and let

Ous~ (a4, 0) _ ous (w1, 0)

bla ==, o7

3)
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Fig. 2 Plane strain of an edge cracked sirip subjected to thickness
average tensile stress of= N/h) and nominal bending siress
m(= 6M/h?)

l

Fig. 3 Two-dimensional plane stress-plate bending model with line

spring representing part-through crack in Fig. 1. Compliance coefficients
at points along the line spring are matched to those of the edge cracked
strip in plane strain, Fig. 2.
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be the angle of rotation of one side of the discontinuity relative to
the other. (Here we use the two-dimeusional notation of plate
theory, wi (2, 22) and w2, 22) being thickness averaged in-plane
displacements, and w(zy, 22) being the transverse displacement.)
Both 8 and 8 are taken to be linear functions of the net foree
Naa(r, 0) and moment 3 ae(2;, 0) transmitted across the line of
discontinuity. We choose these functional relations by returning
to the two dimensional plane-strain problem in Fig. 2. For a
given net force and moment on the strip, the presence of the
crack will cause the displacement and rotation of one end relative
to the other to increase over the values which would result in an
uncracked strip. ‘These increases are identified as § and 6, and
the exact functional relation to the net force and moment for the
edge cracked strip is adopted for the line of discontinuity in Fig. 3.
Thus we are lumping the increased compliance due to the crack
into the continuously distributed spring. The spring constants
will, of course, depend on a since the crack depth [(a) is variable.
This relation of § and 0 to the force and moment provides the
boundary condition along the discontinuity, and solution of the
problem leads to expressions for the force and moment from which
the stress-intensity factor is caleulated.

The details of ealeulation, outlined in the following sections,
lead finally to two coupled integral equations for the net force
and moment transmitted across the line of discontinuity. By
virtue of a convenient approximation for the variation of spring
constants with @, a solution of the integral equations is obtained
which involves constant net foree and moment. This solution
compares rather favorably with exact solutions of the integral
equations obtained by digital computation. Resulting values for
the stress-intensity factor in the central section of the crack are
presented graphically for a range of parameters.

For notation, it turns out to be more convenient to use the
thickness average stresses gug and nominal bending stresses mag,
defined by

1\"(,5 1 f+h/2
Oaff = = Tapds
h hJ_, s

6M 4 6 1-h/2
Mag = - = - . N
af " e ) s 23Tagrlas

o, =12 4)

Thus, for example, Fig. 2 shows the remote loads on the edge
eracked strip in terms of o and m, and the remotely applied loads
on the configurations in Figs. 1 and 3 are denoted by 0. and m,.
Note that two approximations are involved in the procedure
just outlined. The stress-intensity factor is calculated from
Nao(ar, 0) and Moy, 0), according to the exact expression for the
edge cracked strip in plane strain.  The force and moment are
calculated from two-dimensional plane stress-plate bending
theory, with the eracked section represented as a continuous line
spring having compliance matched to that of the edge cracked
strip in plane strain. One could equally well adopt only the
second approximation, and compute from it the total potential
energy of the system (i.c., strain energy of stretching and bending
stress fields in the plate, plus energy of the line spring, plus po-
tential energy of the load system) as a funetional of erack depth.
Then Irwin’s [1]! relation between the variation in potential
energy, nccompanying a variation in crack depth, and the stress-
intensity factor could be employed as a basis for caleulating the
stress-intensity factor. It is shown in the Appendix that this
method leads to the same expression for the stress-intensity factor
as does the first approximation indicated previously. (The Ap-
pendix relies on notation introduced in the next two sections.)

Edge Cracked Strip in Tension and Bending (Fig. 2)

For the plane-strain problem in Fig. 2, it is well known [1, 2]
that the near crack-tip stress state in an isotropic linear elastic
material has the singular form

Lt Numbers in brackets designate References at end of paper.
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Ty — Kr"/zf,.j(w), as r — 0, %)

where K is Irwin’s stress-intensity factor and fi;(w) is & set of
functions of the orientation angle, which are identical for all sym-
metrically londed crack configurations. The functions are nor-
malized so that 750 — K (277r)~"/2as » — 0 on the ray w = 0.

By dimensional considerations, it is clear that for the tension
and bending loading in Fig. 2,

K = 1oy, + mgy), (6)

where ¢, and g, are dimensionless functions of the crack depth to
thickness ratio {/h.  From Koiter’s [3] solution for an edge erack

in a half plane, it is clear that
g, = g, = 1L12(wl/W)* for 1<K h. (7

More generally, one may use the well-known boundary colloca-
tion solution by Gross and Srawley (4] to write

g = E7[1.99 — 0.41F + 187082 — 38.488% + 53.858]
£'7011.99 — 247E + 12,9782 — 23.178 4+ 24.808)

Il

9y

where & = I/h = erack depth to thickness ratio. These equa-
tions were originally presented as being for the range 0 < £ < 0.7,
In the sequel, numerieal results for the stress-intensity factor at
the center point of the configuration in Fig. 1 will be presented in
the form of a ratio of K to the stress-intensity factor for an in-
finitely long crack (@ — o), of depth equal to that at the center
point, and subjected to the same remote loading for ratios of
maximum part-through crack depth to plate thickness &/h in the
range 0.1 < L/h £ 0.7,

Now, as in the last section, let § and 8 be the additional displace-
ment and rotation of one end of the strip relative to the other, due
to introduction of the crack. Since hd is the generalized dis-
placement associated with ¢, and 220/6 the generalized displace-
ment associated with m, we may write

26
kS = Ao + Agm, — = A0 4+ Aym, )

where A, = A,, by elastic reciprocity. The compliance coef-
ficients Ax, depend only on [ and vanish when [ = 0. Tt is
straightforward to generalized Trwin’s {1] relation between the
potential energy-release rate,

1 — p?

1
G = K* = h

— pe
= — (grot + 2gg0m + gm?), (10)

K

and the rate of change of compliance with erack length to cases
for which there is more than one generalized force. Tor ex-
ample, if only ¢ acted in Fig. 2, and m was zero, we would have
hé = A0 and, following Irwin,

1

1 ddy,
2

97 an

G=—-0 s[ (hd) = when m = 0.

The proper generalization for combined tension and bending is

1 0 o [h0
5 [O'a—] (h6) + m Dl <'6 )]

1 dA, dA ddy, dAy,
= [a( dl o+ il my 4+ m dl o+ dl m

Now, if we equate common coefficients in the quadratic forms of
equations (10) and (12), recalling that the compliance coefficients
are symmetric, we can solve for dAy,/dl.  After integrating, the
equations for 8 and # may be put in the forms

¢

1

(12)

1 — v}
6= g( '7,’ g )L (oo + agm)
(13)
91 — 2
0 = 1_2(1F i ) (a0 + aym),
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Fig. 4(a) Stress-intensity factor coefficients g; (for tensile load) and gp
(for bending load), for edge cracked strip in Fig. 2, as a function of crack
depth to thickness ratio I/h; see equation {6)
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Fig. 4(b) Dimensionless compliance coefficients w),, equation (13), for

additional extension § and rotation @ of strip due to introduction of crack.
These are employed as compliance coefficients for the line spring in Fig. 3.

where the o’s are dimensionless compliance coefficients, depending
on the crack depth to thickness ratio I/k, and defined by

1t .
Oy = ‘—f g)\g,udly }\: B= by i (145)

rJ,

If we insert the series from equations (8), each compliance co-
efficient may be represented in the form

8
au =8 X OB Nu=bb E= Uk (15)
n=

where the coefficients C, ™ are listed in Table 1.  Fig. 4(a) shows
a plot of the stress-intensity coefficients (g, g,) introduced in
equations (6), (8), and Fig. 4(b) shows the dimensionless com-
pliance coeflicients (o, oy, o), all as functions of the crack
depth to thickness ratio I/h.

As noted earlier, we will employ equations (13) relating (8, 8)

188 / marcH 1972

Downloaded 21 May 2012 to 128.103.149.52. Redistribution subject to ASME license or copyright; see http://www.asme.org/terms/Terms_Use.cfm

Table 1  Coefficients in the power series of equation (15) for the
dimensionless compliances oy, s, cp
n Cutm Cp™ Crp™
0 1.98 1.98 1.98
1 —0.54 —1.91 —3.28
2 18.65 16.01 14.43
3 —33.70 —34.84 —31.26
4 99.26 83.93 63.56
5 —211.90 ~153.65 —103.36
6 436.84 256.72 147 .52
7 —460.48 —244 .67 —127.69
8 289.98 133.55 61.50

to (g, m) as a boundary condition along the line of discontinuity
in Fig. 3, which represents the part-through crack in Fig. 1.

Okamura, et al. [5] have presented a similar calculation of the
compliance increase due to a crack, in their treatment of the
notched column under compression. They consider the notched
column as equivalent to two unnotched columns joined together
by a torsional spring, with the spring constant chosen to simulate
the eompliance increase due to the notch. This is, of course,
similar to the use of the compliance caleulation in the present
analysis. However, they considered a compliance analogous to
oy, only, and have neglected the rotation induced by the axial
load (i.e., the effect of oy, in equations (13)). Thus their results
can apply only in cases for which the nominal bending stress
overwhelms the average compressive stress.

Tension and Bending Stress Fields

It is well known that solutions to two-dimensional problems in
the approximate theories of generalized plane-stress and Kirch-
hoff-Poisson plate bending may be represented in terms of ana-
lyticfunctions of 2 = 2, + 22, [6, 7]:

Plane Stress

o L4 yi3—v A T
Uy -ty = 7 ["—1 T P (2) — 2¢,'(2) 1//,(,2)}
2o e+ 60 (16)
93_;‘_01_1 + to1s = 2¢,7(2) + ¥,/ (2)
Plate Bending
Ous  , Ous &/ @) + Yale)
om T L om = &y(2) + 20’ (2) + Yu(2)
M+ Mae Eh , TR
T = —m [/ (2) + &, (2)]
Eh un
Mge — M . i P 1
. + dmpp = m 2" (2) + ¥/ ()]
Vi iV =~ )
P T - P

Here ¢,(2), ¥,(2) and ¢,(z), ¥,(2) are analytic functions of 2, and
the bar over a quantity denotes the complex conjugate. Also,
the transverse shears V, are defined as the integral of 73, across
the thickness.

In our problem (Fig. 3), the tension and bending fields are
coupled by the boundary conditions along the line of discon-

- tinuity, which relate § and 0 to the values of o2y and my, trans-

mitted across the discontinuity. We shall impose these condi-
tions shortly, after separately constructing tension and bending
solutions in terms of the as yet unknown stresses

o(z) = ol 0), m(21) = mas(21, 0) (18)

acting on the discontinuity.
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For the tension problem, the vanishing of oy, along the z:-axis
(by symmetry) and loading conditions at « require

') = 5 — 29,/ (2). (19)

Following Muskelishvili [6], we may then show that conditions
along the line of discontinuity are

6/ @)+ @/ @)~ = o) = 77, —a<m<-ta (20)

The solution, resulting in the proper stress state at « and in
single-valued displacements, is

9/) = =0 + T el — @)

oty Var — 2 dt

i — 2

1 +a
+ o= @ a7 f
2 —a
(Here the inverse square-root function has its branch cut on the
discontinuity, and behaves as 271 for large 2.)
Similarly, for the bending problem, vanishing of the Kirchhoff
shear

(21)

h? dmaz
V. —
' om

along the x-axis (by symmetry) and loading conditions at <« re-

quire

11—
Eh

4
W) = = e = 2y () = b (22)

Along the line of discontinuity,

(@ (@) + 4 [y ()]~
201 — »?)

—y
= —~——(3 B |:m('61) + o 1 ) ] (23)

The solution, consistent with conditions at = and single-valued
plate deflection, is
(3 -+ V)Eh Qa

T oo — ¢”'( )= 4(1 + »)
+ oo (&

! - a2)’l/2f ’
2 —a

To impose boundary conditions in the form of equations (13)
along the discontinuity, we must first solve for § and 0 as defined
by equations (2) and (3). If ¢, and ¢, are both chosen to vanish
at 2 = —g, then one may show from equations (16) and (17) and
those above that

e ey

m(t) Vo —eda

i —z

(24)

de) = 2 Im (8@ 0) = — —— Tm [y *(au).

1
(25)

To obtain ¢, and ¢, from equations (21) and (24), one needs a
result of the form

2 dz
_p (& — at)ot — 2)

7 a?
= ———lo,
Vit — 12 & I:

Let us introduce the dimensionless variables

— o — izt — a?)/+Var — ﬁ} 26)
alt — z)

X = a1/aq, T = t/a, 27)

and write 6(X) for 8(z1), m(T) for m(t), ete. Then, employing
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equations (25) with equation (26), the opening 6 and rotation 8
along the line of discontinuity are

sy +1
BX) _ 0o V1 — X2 — f G(X, T)o(T)dT,

4q -1 29)
@ + »EX) — o
81+ e Vi X - f |, G Tm(Tr

Here, the weight function is

1 _ oy T T
L o [1 TX + V1 - X* V1 Til’ 29)
™ |7 — X|

X, T =

and apart from multiplicative factors, this is the opening dis-
placement (rotation) at X due to a point in-plane force (moment)
at 7. Note that G is symmetricin X and 7'.

Integral Equations Along Discontinuity;
Variational Principle

We insist that the separation and relative rotation along the dis-
continuity be related to the tension and bending there by equa-
tions (13). When inserted into the foregoing equations, the re-
sulting integral equations for ¢ and m, to be solved in the range
lX | <1, are

1 -2 h
; z T landX)o(X) + ay(Xm(X)]
+1 -
+f G(X, TYo(T)T = o, V1 — X2
o (30)
33 + )1 — V)ﬁ

2 [o (X))o (X) + (X )Im(X)]

+1 -
+ f (X, TYm(TYdT = me V1 — X2
-1

Note that the compliance coefficients ey, as defined by equations
(14) and (15) are functions of the crack depth to thickness ratio
I/h. Since lis some prescribed function of 2, we adopt the nota-
tion o, (X), although it should be remembered that these func-
tions will also have a quantity such as [(0)/h as a parameter.
Once ¢ and m are determined from the integral equations, the
stress-intensity factor at points along the crack tip is given by
equation (6).

It may be readily shown that the integral equations are
equivalent to the following variational principle: The func-
tional Q[¢(X), m(X)] is minimized by the functions ¢(X) and
m(X) constituting a solution of the problem, or AQ{c(X), m(X)]
= 0 to first order for arbitrary variations A¢(X) and Am(X)
from the correct solution, where

1+t
-1 f [0 (X)a*(X) + 204(X)o (X )m(X)
-1

+1 p+1
(_m{ ST

X G(X, TYo(X)o(T)dXdT — o

+ o, (X )mAX)]dX +

\/1 — X o(X)dA}
1

2a +1 1
+ m {Ef_l f~1 G(X, Tym(X)m(T)dXdT

1
Vi< xe m(X)dX}. (31)

— M

Indeed,  may be shown to be the complementary energy of the
plate and continuously distributed spring, apart from a multipli-
cative constant and a divergent additive term which does not
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depend on o or m. Thus the variational principle is just the
complementary energy principle, but employed in such a way
that we have used full solutions of the plane stress and plate
bending equations to reckon the energy stored at material points
away from the discontinuity in terms of the values of ¢ and m
along the discontinuity. Of course, the first integral represents
the energy of the continuously distributed spring.

Solution for a Special Gase and Simple Approximation
It may be shown that

+1 o
f GX, TYdT = V1 — X2

(32)

Thus, if each of the dimensionless compliance coefficients varied
in the form

o (X) = a)\“"\/l — X2, where a0 = constant, (33)

then the solution of the integral equations is clearly that o and m
are constants given by

1—v2h
T 4 [a,fe + ap’m] + 0 = 0o
(34)
33 1 - h
LCETUEEI) W ——
The solution is
3@+ v —w) R
Qo = \:1 + ﬁ"’T‘—) gabb"] 0w
11— h
- 3 — QpMe
(35)
3B+ v)A —w) h .
Qm = — Y [
1 —»h
+ [1 + 2 ‘a— att°j| Moo
where

2
_ 3B+ »d —»nd - <g>2 (@) (36)

Q=[1 L=k ““"] [1 L 38N =0 b abb"}
a 2 a

4

In general, no shape of a crack exists which is consistent with
the assumed functional form of equation (33) for the compliance
coefficients. (An exception is the case of a very shallow crack,
I/h < 1, having depth ! proportional to (1 — X»)¥4) How-
ever, the approximation so much reduces the complexity of the
problem that it is well worth examination. Two methods for the
choice of ay,? suggest themselves. The simplest is to identify
on,® with the value of i, (X)at X = 0,

and = an(0) (37)

A slightly more complicated method is to choose aa,® so that both
sides of equation (33) agree in an integrated average along the
length of the disecontinuity, and this gives

2 pT!
a>\,‘° = ‘;f aM(X)dX (38)
-1

In fact, this latter method of choosing ay,® is suggested by
quite different considerations: Let us make no assumptions
about the variation of ay, with X. Rather, consider the varia-
tional formulation of the problem, as in the last section, and let
us minimize 2 on the class of functions ¢ = constant and m =

190 / mARCH 1972

Downloaded 21 May 2012 to 128.103.149.52. Redistribution subject to ASME license or copyright; see http://www.asme.org/terms/Terms_Use.cfm

constant along the discontinuity. It may be seen that o and m
then satisfy equations (34), so that the solution is as in equations
(35), provided that the symbols oy, are defined just as in equa-
tion (38). We shall compare this simple approximation with
numerical solutions of the integral equations, as discussed later.

Numerical Solution of Integral Equations

A numerical formulation is developed here for the case in which
the part-through crack is semielliptical in shape,

[M]z + <ﬁ)2 =1, or ) = L(l - X2)l/2 (39)

Zo a

The compliance coefficients are therefore, from equations (15),
e = () 1 —x 3 e (B) @ - xope oy
h h o i h

From symmetry, ¢(X) and m(X) need only be determined in the
interval 0 £ X € 1. Thisisdoneasfollows: Referring to Fig. 5,
we divide the interval into a number of subdivisions (14 in the
figure), and represent o(X) and m(X) as piecewise linear func-
tions. The unknowns are then the values of ¢ and m at the nodes
(ie,at X = 0,1/8,1/4,...,30/82,31/32,1). We chose these
values so that the integral equations (30) are satisfied exactly at
each node. Thus, if there are n subdivisions so that the nodes
areat Xo = 0, X1, Xo, ..., Xn =1, with gy, ..., o and my, ..., m,
being the corresponding values of ¢ and m, then the discretized
form of the first of the integral equations (30) is

1 —»h
5 ; @ (X))o + an(X)myl
n X
+ 2 [G(X,, X) + G(X,, —X)]
7=1 Xja
X [oja + (05 — 0;-00(X — X;0/(X; — X;0)1dX
=0,V1— X2, fork=012..,n (1)
and a similar form applies for the second integral equation. The

integrations were done by standard numerical routines, except for
those intervals where G(X,, X) is singular. In these intervals
the singular part of the kernel, log ]X s — X [, was separated out
and integrated in closed form, whereas the remainder of the kernel
was integrated numerically. A special interpretation must be
made of equation (41) for £ = = (i.e., at the end of the interval,
X, = 1). This is because ay,(1) and G(1, X) are zero, as is also
the right side of the equation. We are left with 0 = 0. The
proper form of equations (30) at X = 1 results by dividing both
sides by (1 — X2)"2and letting X — 1. Thus, since

Jim —2u) Jim G T)
x—1 (1 — X2)/2 x—1 (1 — X0)s

_ (LT

1 +1 /1 4 T\ (e(T) Oo

— a7 = .

T J_1 \l— T m{T") Meo
Thus the discretized equation which replaces equation (41) when
k=mnis

=0, and

we have

(43)

9 n X5 .
- (1 — X0~ [g;y + (0; — 050X — Xja)/
i=1J Xja

(X; = X;0)ldX = 0o (44)

The condition expressed by equation (43) has a simple inter-
pretation: Looking back to equations (21) and (24) for the com-
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A o(X) or m(X)

X =x,/0a

o g Va 3l/3p 1

Fig. 5 For numerical solution of the integral equations, the nominal ten-
sile and bending stresses on the part-through cracked section are repre-
sented as piecewise linear functions determined by the unknown values
of ¢ and m at the "nodes”
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ol L L 1 l. L L 1| L L
0 J\/O.S | 2 4 8 16 32 64 128

Fig. 6 Stress-intensity factor at midpoint of the part-through crack, for
pure tensile load oo, on plate in Fig. 1 (i.e., mew = 0). The crack is as-
sumed to be semielliptical in shape, with depth I; at its midpoint and
surface length 2a. The siress-intensity factor is made dimensionless
through division by its value for a — « (corresponding to edge crack of
depth y in a strip under plane strain),

plex potentials, ¢,(z) and ¢,(2), we see that equation (43) is the
condition for those potentials to remain bounded at the ends of
the line of discontinuity. Hence the thickness average stresses
oap and moments mqeg will be bounded at the ends of the line of
discontinuity. In fact, this same conclusion may be shown to
follow if the depth of the part-through crack approaches zero at
the ends as

I(z1) = (1 — X?2)7 times term of order unity at X = £1,

where ¢ is any positive number exceeding 1/4.

Results

Results presented in Figs. 6-10, from numerical solution of the
integral equations, are based on the 14 spacings (and thus 30
unknown nodal values) shown in Fig. 5. The finer subdivisions
were employed near the ends since preliminary solutions revealed
large gradients in ¢ and m there. Doubling the number of sub-
divisions makes for less than 1 percent difference in results for
g and myp (from which we compute the stress-intensity factor at
the crack midpoint @; = 0), although values of ¢, and m, change
by as much as 7-15 percent. Calculations were performed on the
IBM 360/67 at Brown University. Two solutions were run for
each geometric configuration studied, one for the case of a pure
tensile load (0w = 1, me = 0) and one for a pure bending load
(06 =0,me = 1),

According to equation (6), the stress-intensity factor at the
crack midpoint is given in terms of o and my by

K = 1"low, + mgy),
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Fig. 7 Same as Fig. 6, but for pure bending load m. on plate in Fig. 1
(i.e., 0o = 0)
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Fig. 8 Comparison of stress-intensity factor at midpoint of crack, for
pure tensile load, as computed from numerical solution of integral equa-
tions (solid lines, from Fig. 6) and from simple approximation based on
equations (35) and (38) (dashed lines). Similar but slightly smaller dis-
crepancies resuli for pure bending load.

g, and g, being evaluated for the midpoint depth ratio, ly/h. In
presenting numerical results we make K dimensionless through
division by K., the stress-intensity factor of the edge crack in
plane strain for the same l,/h ratio and remote tensile or bending
load. This is, of course, the limiting value of K for the part-
through crack as the surface length becomes infinite.

Fig. 6 shows K /K., for a pure tensile load, as a function of the
dimensionless crack depth (L,/h) and surface length (2a/h);
Fig. 7 presents the same for a pure bending load. One notable
feature of the results is that a very large surface length is neces-
sary (for moderate to deep crack depths) for the part-through
crack stress-intensity factor to approach that of the plane-strain
edge crack in a strip. Evidently, the part-through crack causes
substantial load shedding to uncracked regions of the plate, as a
consequence of the localized increase in elastic compliance at the
cracked section.

Fig. 8 shows the comparison between K as obtained from the
numerical solution of the integral equations (solid lines) and from
the simple approximation for ¢ and m of equations (35) and (38)
(dashed lines). This figure is for the pure tensile load case.
Similar but slightly smaller discrepancies result between the two
in the pure bending case. Thus, while the errors of the approxi-
mation are not small, its use may be recommended both for its
simplicity and for its giving a conservative overestimate to the in-
tensity factor.

Fig. 9 shows the variation of ¢ and m with distance from the
crack midpoint for the case of a pure tensile load. These results
are for ly/h = 1/2, and for several values of 2a/h. Fig. 10 shows
the same for a pure bending load. It is interesting to note that
the purebe nding load induces little nominal tensile stress on the
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Fig. 9(b)

Nominal bending stress m/cw

Fig. 9 Nominal stresses acting on part-through cracked section, as a
function of distance from midpoint, for pure tensile load on plate in
Fig. 1. Calculations for midpoint crack depth of half the plate thickness,
and for various values of 2a/h. Solid lines represent results of the nu-
merical calculations, whereas the dashed lines are from the simple ap-
proximation of equation (35) and (38).

cracked section, while the pure tensile load induces a significant
nominal bending stress. Values of ¢ and m at X = 1 indicate
(in a thickness averaged sense) the severity of the stress concen-
tration at the ends of the part-through cracked section.

Our use of the two-dimensional plane-stress and plate-bending
theories is based on the assumption that the surface length of the
crack exceeds, say, two or more plate thicknesses. Smith, et al.
[8] have treated the part-through crack problem making use of
approximate solutions of the three-dimensional elastic field equa~
tions, and gave results for cracks with 2a¢/k < 1. Their analysis
modeled the semielliptical surface crack as a crack in the form of
an arc of a circle, and was phrased in terms of correction factors,
first suggested by Irwin [9], on the embedded elliptical crack solu-
tion [10] to account for (a) the presence of the free surface
through the crack plane and (b) the finite thickness of the plate.
Table 2 compares numerical results for K at the erack midpoint,
as taken from Smith, et al., with results from our calculations
although, strictly speaking, all the 2a/h range shown is outside
the range of validity of our model. Nevertheless, the close
agreement with the presumably more accurate calculations is
striking. (Smith, et al., discuss three methods of matching the
arc of a circle to a semiellipse. Results in the table are based
on matching eurvature and depth at the crack midpoint, and
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Fig. 10(b}
Fig. 10 Same as Fig. 9, but for pure bending load

Nominal bending stress m/me

Table 2 Stress-intensity factors at midpoint of semielliptic crack under
pure tensile loading: comparison with reference [8]

K/(h'/105) K/(h/:0w)
lo/h 2a/h present paper Smith et al. [8]
0.1 0.25 0.41 0.42
0.2 0.4 0.48 0.51
0.2 0.5 0.52 0.60
0.3 0.6 0.57 0.63
0.3 0.75 0.63 0.73
0.4 0.8 0.68 0.70
0.4 1.0 0.76 0.84
0.5 1.0 0.82 0.82
0.5 1.25 0.90 0.94
0.6 1.2 0.96 0.91
0.6 1.5 1.06 1.15

fall between the other two methods of matching surface length
or crack area in addition to midpoint depth.)

It is apparent that our model may readily be extended to part-
through cracks in curved shell structures, resulting in analyses
within the framework of two-dimensional shell theory. This is &
great simplification, to be exploited in future work. Further, a
similar model will allow treatment of part-through cracksin duc-
tile plates or shells for which a segment of the part-cracked section
is completely yielded. The simplest treatment would employ an
elastic-perfectly plastic line spring, with results of plane-strain
plastic limit analyses for the strip in Fig. 2 employed to obtain
values of o and m corresponding to yield.
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APPENDIX

Use of Relation Between K and Variation of Potential
Energy With Crack Depth, and Its Equivalence to the Method
Adopted Earlier

The potential energy of a finite (later, replace finite by infinite)
plate, of the sort in Fig. 3 with a continuously distributed spring
representing a partially through the thickness crack, is

0%y
— dayd
6 Mo axaax(,] T

h o h
P = — l:o-aﬂ i" + v
2 area of axﬁ

plate
ho[te h
+ :‘Z—fka [05+ gme:l d&v;

2
_ f [Naua + M, lﬁ}ls, (45)
boundary 0%

where «, 8 range over 1, 2, where N, and M, are the boundary
force and moment per unit length of middle surface, and s is arc
length around the boundary. Clearly, the first integral gives
the strain energy of the stretching and bending fields, the second
integral gives the strain energy of the line spring, and the last
integral gives the potential energy of the boundary load system.
Let g4p, 13, 8, m, ete., represent the solution when the crack depth
is l(ay), and let 048 + Aoag, us + Aus, 6 + A5, m + Am, ete.,
represent the solution when the crack depth is I(a;) + Al(zi),
the boundary loads being the same in both cases. The asso-
ciated change in potential energy is, to first order in the A quan-

tities.
dAu,
Tap a.”ljﬁ

i Ol
s d [ (e s
2 area of amﬁ
o OZA
S “3>] dude,  (46)

plate
——+ Map
0x,028 i 02402,

h
+ s <Amag
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h
+-7

+a h
2 |:(A05 + cAS) + r (Amb + mAH):! da

DA
- f [N&Aua + M, “S} ds  (46)
boundary O%a (Cont.)

We know that the potential energy change may be related to Ir-
win'’s energy release rate, G, by

—AP = f GAnds
erack tip

where s is arc length along the crack tip, Ay is the advance of the
erack normal to itself, and where the formula is correct to first
orderin Ayn. But to first order, Ands = Aldz,, and

+a

Hence, if we compute AP from equation (46) for arbitrary
Al(z;), we will have an estimate of G (or K) at points along the
crack tip. In fact, we shall see that this method gives a resulf for
K which is identical to that of the method employed in the
paper, in which we related K to the force and moment along the
discontinuity through the plane strain result of equation (6).

We shall employ the principle of virtual work, adapted to the
plate with a line of discontinuity, to write

QA
f <NaAua + M, “3> ds
boundary OTe

AU, h oA
=h f |:cr,,g ﬂ + n Mag bt ] daydzs
area of axﬁ 6 bxaaxﬁ

47

(48)

plate
+a h
+ hf [JAB + s mAB:I da,.  (49)
—a
This modifies equation (46) to
h Qg DA
ar= 7[ [(A"aﬂ 2 ag ua)
2 area of oz oxg
plate
h d%us 02 Aus
s s oraus daidz
% <Am"" drdzg axaaxﬁﬂ ni
ho(te h
-+ 9 (A — cAd) + N (AmO — mAf) |dz;  (50)
—Q

The area integral vanishes by elastic reciprocity, and we are left
with
h [ Te

AP = =~

7 [(JA(S — Agd) + % (mAf — Am@):ldxl (51)

—a

At this point it will cause no difficulty if the plate is considered to
be infinite.
By relating & and 8 to ¢ and m by equation (9), we may write

MoAd — Agd) = cA(A, 0 + Aym) — Ac(4d 0 + Aym)
<dA” a4
Y i’

c+ —2m) Al + o(4,A0 + Ay Am)
dl dl

— Ac(d, o0+ Aym) (52)

and a similar formula for
h?
ry (mAf — Amb),

so that equation (51) for AP becomes
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+a (1 dA,,  dA,
_Apzf_a {5[”(71‘”“ a ™"

tm (dglbtd -+ %?Tbb m)i“ Aldzy.  (53)

Upon comparing this to equation (48), we can see that G must
be set equal to the quantity in {. ..}, in equation (53), if we are
to estimate G from the variation in potential energy. But look-
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ing back to equations (11) and (12), we see that the derivatives of
the compliance coefficients have been defined such that the quan-
tity in {. . .} is simply the value for @ which results when the
stress-intensity factor is written as in equation (6) for the plane~
strain problem. Thus we see that the method adopted in the
paper, for relating K to the force and moment acting on the line
of discontinuity, is entirely equivalent to a method based on the
relation between K and the potential energy variation with re~
spect to crack depth.
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