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Abstract: This chapter surveys mathematical methods and principal results in
the mechanics of fracture. Primary emphasis is placed on the analysis of crack
extension as treated through methods of continuum mechanics, Section II begins
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with relevant concepts and basic equations from the mechanics of solids, including
a survey of elasticity and plasticity, and of associated mathematical methods for
boundary value problems, such as analytic function theory. Energy comparison
methods and the related path-independent energy integral are introduced in this
section; these novel methods of analysis prove to be widely applicable for subse-
quently treated notch and crack problems. Section 11T deals with the application
of linear elasticity to fracture. Several two-dimensional crack problems are solved
and approximate methods are presented for determinatidn of stress-intensity
factors with more complicated geometries. Theories of elastic-brittle fracture are
reviewed and the equivalence of Griffith energy balance and cohesive forces ap-
proaches is demonstrated. In addition, dynamic running crack problems, energy
rate computations, and stress concentrations at smooth-ended notches are dis-
cussed. Section IV, the longest section, deals with the elastic-plastic and fully
plastic analysis of fracture. Here, the small-scale yielding approximation, for which
clastic stress-intensity factors govern near tip deformation fields, is presented.
Elastic-plastic crack problems in plane strain and plane stress are discussed; while
these results are necessarily approximate, further insight is provided by treatment
of the simpler antiplane strain case. The incremental and path-dependent nature
of plastic stress-strain relations is shown to lead to a view of fracture as an instability
point in a process of continuing crack advance under increasing load. Additional
topics in this section include plastic strain concentrations at smooth ended notches,
limit analysis of notched bodies, and a brief treatment of separation mechanisms
in ductile materials.

I. Introduction

Progress in the understanding of fracture has long been inhibited by
incomplete mathematical descriptions of conditions prevailing near a
crack tip, particularly in ductile materials. The subject has received
an increasing amount of attention from researchers in recent years,
and some important advances have been made. The writer’'s work has
centered largely on such mathematical analyses of fracture behavior,
and the request by Dr. H. Liebowitz for a survey of work in this area
to be included in the ‘“Treatise on Fracture” therefore came as a
particularly interesting invitation.

The plan was for a chapter describing methods of mathematical -

analysis and principal results in the mechanics of fracture. The presenta-
tion was to be sufficiently -detailed and self-contained so that the
interested reader could be introduced to the subject and learn of progress
to date without extensive recourse to prior work. These guidelines
have been followed in the preparation of this chapter, but it soon became
apparent that a booklike length would result without some further
restrictions. Thus, while mathematical methods employed are in all
cases carefully introduced and derived, the presentation is, of necessity,
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concise, and some familiarity with mathematical aspects of the mechanics
of solids will be of assistance to the reader. The selection of topics
has been influenced both by interests of the writer and by size limitations.
Thus, for example, specialized methods for elastic boundary value
problems, such as integral transform techniques, are not discussed,
with preference given to direct analytic function theory and singular
integral equation methods. The few significant results of three-dimen-
sional analysis are simply noted without development. Also, inelastic
behavior treated here is limited to time-independent plasticity, with no
discussion of viscoelastic and viscoplastic behavior. A further limitation
is that analyses of fracture at the dislocation and microstructural levels
are given very little attention, with primary emphasis on continuum
mechanics, ' o

The chapter is divided into three main parts, the first introducing
basic background material from the mechanics of solids and associated
mathematical methods, the second dealing with linear elasticity in
the analysis of deformation and fracture, and the third dealing with
elastic-plastic and fully plastic analysis. As with most surveys, a number
of results presented are original with this writing or recently obtained.
This is particularly so with results based on energy comparisons and.
the associated path-independent energy line integral. The basic theory
is outlined in Sect. IILE and applied to elastic and elastic-plastic problems
of cracks and smooth-ended notches in the subsequent parts. The
technique is ideally suited to problems of this type and has led to a
number of exact and approximate results in nonlinear problems beyond
the scope of conventional analytical methods. Another original feature
is the demonstration in Sect. I'V that two seemingly different approaches
to the problem of elastic-plastic fracture instability are, in fact, identical.

11, Preliminaries and Relevant Concepts from the Mechanics of Solids

We begin with a brief review of concepts and basic equations from
the mechanics of solids. Our concern throughout will be primarily
with infinitesimal deformation, with time-independent stress-strain
behavior, as in elasticity and plasticity, and with relevant mathematical
methods. No claim of completeness is made. Rather, the selection of
topics is dictated by needs of later sections on the analysis of models
and configurations of interest in the mechanics of fracture. The first
few subsections deal with relatively standard material in elasticity and
plasticity including general theorems, stress-strain relations, formulations
for two-dimensional problems, and. analytic function theory. The last
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subsection treats energy comparisons for bodies containing notches of
neighboring sizes. Here, much of the material is original, and resulting
methods are widely used for the treatment of strain-concentration
problems in Sects. III and IV. The Cartesian tensor notation and
occasionally, a vectorialdyadic notation, is employed

A. STRESS AND STRAIN FIELDS

Let o,; denote components of the stress tensor referred to a set of
Cartesian coordinate axes x;,%,, and x;. Then, the equations of
motion (or equilibrium) are - '

32ui .
ot

. Ooyy

0%

+F,=p

and Gii = On . (1)

where F; is the body force per unit volume, #; the displacement, and p
the mass density. The components T of force per unit area acting
on a plane with normal n; are

T; = oy (2)

Strain e;; and rotation w,; components are defined in terms of displace-
ment gradlents by

wealamtm) wmalmow) o

or by other appropriate measures in cases of finite deformation (Green
and Zerna, 1954). Compatibility equations
32655 agem _ 3261;k 325_,-1

OxyOx;  Ox;0%;  Ox;0x%;  Ox,0%y “)

assure that a strain field is derivable from displacements.

The principle of virtual work provides a concise and useful statement
of the equations of equilibrium and compatibility. Let ¢;; be any stress
field in a region V in equilibrium with body forces F; and surface

forces T, on the boundary S of V. Let u; be any continuous and .

dlﬁerentlable displacement field with e, the associated strain field.

Then, the virtual work statement

tf

J. (0i6e; — Faug) dV = J. Ta; dS C(5)
4 s

follows from the Green-Gauss theorem with the equilibrium and
strain-displacement equations. Conversely, given the strain-displacement

-3
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equations, virtual work implies equilibrium; given the equilibrium
equations, virtual work implies the strain-displacement equations,

B. EvLasTICITY

We define an elastic material as one for which a strain energy density
W = W(e,,,) exists as a single-valued function in strain space, where

W= W(em'n) = J‘:’”" T4 dsz':i (6)

Thus, when all strain components may be varied independently, elastic
stress-strain relations are given by

oy = OW|0e; ' (7)
Linear stress-strain relations take the form
Ty == ijkzeiz o (8)

where Cy = Cyipi = Ciyp = Cjy, In view of symmetry of the stress
tensor, and Cjj; = Cyyy; in view of the existence of a strain energy
density. This reduces the number of independent elastic constants to 21.
Symmetry considerations further reduce the number; three result for
a cubic crystal and two for an isotropic solid. In the latter case,

0 = 2G(€ﬁ ‘-I"' T{“‘E 82'3' e_,ck) (9)
where G is the shear modulus, » the Poisson ratio, and E = 2(1 + »)}G
where E is Young’s modulus. '

The potential energy P of an elastic body is defined by

P= f [W(em) — Fael &V — f | Tawds (10)

where Sr is that portion of the boundary over which tractions are
prescribed. With F; and 7, regarded as given, it is a functional of the
displacement field. Presuming the elastic material of the body to exhibit
stability in the small (Drucker, 1964),

for any set of strain increments and corresponding stress increments,
the equilibrium displacement field minimizes the potential energy on
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the class of all displacement fields satisfying prescribed displacement
boundary conditions (if any) on S -- Sz. The proof is straightforward
from virtual work: let #;* be the true displacement field and #¥ any
kinematically admissible field. Then

Pr—p= | W) — W) — Fi(ur — uf)] 4V — | Ty —u)ds

= [ loiely ~ ) — W) + WAV

¥
hn
— u " (ofy — 0,)) de,; AV 2 0 (12)

The inequality of the last line, which completes the proof, follows
from stability in the small and path independence. For, when the inner
integral is carried over a path in strain space corresponding to a straight-
line path in stress space from of to of;, do; has the direction of
of; — oy; . Uniqueness of solutions follows readily; if P* = P!, the

inequality of Eq. (12) and stability in the small imply e} = «}; -

C. Two-DiMENsIONAL LiNEAR ErasTic DEFORMATION FIELDS

We consider here cases where all components of stress and strain
- depend on two Cartesian coordinates x; and x, . Further, attention is
restricted to linear, homogeneous, and isotropic elastic materials.

1. Antiplane Strain

Assume #; = u, = 0 and u; = wuy(x;, x,). Then only the stresses
Tg; » U39 and strains

1 ouy 1 Ouy
531—2‘5‘;’;: 532—55‘;‘2' (13)
are nonzero. The relevant equilibrium equation is
or, " ow, O {4)

and stress-strain relations are o, = 2Gey; (f = 1,2). Thus, u; is
harmonic, V24, = (). Harmonic functions of x; and x, may be represented
as the real or imaginary part of an analytic function of 2 = x; 4 #x, :

4y = G~ Im [o(2)] a3
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where w(2) is analytic, as are its integrals and derivatives (Churchlll
1960). Stresses are thus representable as

Ogp F 10 = w'(2) (16)

More general forms result when u, and u, are prescribed functions of
x; and x, as in torsion (Sokolnikoff, 1956).

2. Plane Strain and Generalized Plane Stress

Assume #; = 0 and », == ul(xl, Xp), Uy = Us(%, , X5). This deformation
state is called plane strain, in that ¢;; = 0 The equ1hbr1um and com-
patibility equatlons reduce to

Th=0  (j=12)
’ | (17)

. 0%, _ O%q; 4 0%,

0xy Oxg  Oxy2  Oxy?

Equilibrium is satisfied by writing stress components in terms of the
Airy stress function U = Ul(xy, %y):

U

~ Gz TV Gi=12) (18)

Writing strains in terms of stresses, as appropriate for the case e5; = O '
for satisfaction of compatibility U is biharmonic:

VIVIU =0 | 19)

The same equations result for generalized plane stressing of thin sheets,
provided one interprets o;; and €; as through-the-thickness averages
and assumes oy to have a negligible thickness average (Green and’
Zerna, 1954). Biharmonic functions are also expressible in terms of

analytic functions,
U = Re[54(z) + ] ¥(2) dz] (20)

where ¢(z) and (z) are analytic and a bar denotes the complex conjugate.
Stresses are then expressible as

Oy + 03 = 4 Re[ﬁf’ ()]

(21)
0s — 013 + 2ioy, = 2[24"(2) + '1["(2)]
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Plane strain, o33 = v(0y; + 04,), and plane stress, gg3 = 0, and resulting
displacements are

g + ity = s [(2) — 593) ~ F3)]

Kk =3 — 4, plain strain,

(22)

and
k=3 —v)/(1+ ), plane stress

3. Analytic Function Theory

Mathematical techniques based either directly (conformal mapping,
Cauchy integrals, etc.) or indirectly (singular integral equations, Fourier
transforms, etc.) on analytic function theory are of great use in static
and quasistatic problems of linear elasticity. Some results pertinent
to our later needs are quoted here with little development; the reader
unacquainted with the subject may wish to consult specialized texts.
A function is analytic in a region of the 2z plane if, at every point of
the region, the usual limiting operation defining a derivative exists
with a unique result independent of the path along which the difference

in z approaches zero. A consequence of analyticity is the vanishing

of any integral around a closed contour in the z plane of a function
analytic on and within the contour. Integration paths for analytic
functions may thus be distorted at will within the region of analyticity.
- The Cauchy integral formula is a related result If f(2) is analytlc on
and within a closed contour C, :

S 2mif (2) for =z inside C
f ct— = dt = 0 for =z outside C (23)
where C is traversed in a dll‘eCtIOIl such that the interior of Cis to the
left of the contour. F
Define a function f(z) by

fz) = 5;1;; £0)_ 4 (24)

Lt—z

where L is a smooth curve or closed contour in the 2z plane, and
the “density function” g(#) is piecewise continuous on L and also
satisfies a weak smoothness condition known as a Holder condition
{(Muskhelishvili, 1953a). Then, f(z) is analytic everywhere in the z plane
except on L. Letting plus (4) and minus (—) signs denote the left
and right sides of L, according to the direction of traversal, limits as =z
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approaches a point ¢, of L from the left and right are given by the -
Plemelj formulas

JHto) — F(t) = 2(t)
fHe) +10) = [ A a

_fo

(25)

The equations apply whenever #; is neither a point of discontinuity
of g(¢) nor an end of L at which g(%)) # 0, and the integral is interpreted
in the Cauchy principal value sense. Conversely, suppose f(2) is analytic
everywhere in some region D except along L, and that

fH)—ft)=gl) onlL (26)

Then, f(z) is representable as

1) =5 | Earrhi) (27)

where f,(2) is analytic everywhere in the region D.

An important application of this last result is to singular integral
equations. Suppose A(t) is a piecewise continuous smooth (in the Holder
sense) function defined on L, and it is desired to ﬁnd a solution g(z)
to the equation

h(t,) _f ;"’(‘) dt onL (28)

_rﬂ

Define a function f(2) by Eq. (24). Then
70+ ="9  ons 29)

Suppose L denotes a single arc and let

Y(2) = [(= ~ a)(z — D)7 (30)

where @ and b denote the ends of L, and choose the branch cut along L
such that y(z) behaves as 1/ for large | z |. Then it can be shown that
x(%) reverses sign in crossing L,

X+ x®=0 oL (31)
and Eq. (29) becomes

ol AT =ty e o

Lx(®) x(®) mixt(2)
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Thus, from Egs. (26) and (27),

_ 1) 20)
@) =55 | ey @ 2@ x(2) (33)

where po(z) is analytic in the entire z plane (and thus a polynomial).
But f(2) is order 1/x for large 2, in view of its definition by Eq. (24),
so that _;Do(z) is a constant, say —k&/2x1. Then, from Eq. (25),

(to) =f +(to) —f- (to)

X*(to) (e) y
0 ey % ) (34)

Note that there is a single infinity of solutions to the singular integral
Eq. (28), depending on the value chosen for %. Also, in general, all
solutions become infinite as x*(f) near the ends of the arc. The constant
k is uniquely determined only if additional restrictions are placed on
the solution g(¢). For example, one may choose % so that g(¢) is finite
at one end of the arc or so that the integral of g(¢) along L (which equals
k) has some specified value. Solutions bounded at both ends of the arc
exist only for a limited class of prescribed functions A(?).

D. ContiNuuM PLASTICITY

We shall deal primarily in this article with the continuum theory
of plastic deformation (Hill, 1950; Prager and Hodge, 1951; Drucker,
1960), although some use will be made of the dislocation theory
(Cottrell, 1953; van Bueren, 1960). The latter is, in its mathematical
aspects, the elasticity analysis of line defects causing a constant displace-
ment discontinuity which defines the Burgers vector of a dislocation,
and the analysis of the generation and motion of fields of these defects.
Attention is limited to continuum plasticity in this section. A yield
surface is presumed to exist in a multidimensional stress space at each
instant of the homogeneous deformation history of a material. Variations
of stress within the yield surface cause purely elastic response. Except
in the perfectly plastic case, the yield surface in stress space may
translate, expand, or otherwise deform in the course of plastic deforma-
tion. In particular, the current stress state must be on the yield surface
during plastic deformation. Strains e,; are sums of elastic €}; and plastic
€%; parts, with the elastic strain given by the usual Hoockian relations.

Let o; be a stress state causing plastic deformation, and let def
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be an increment of plastic deformation under this stress state. The
basic postulate of plasticity is

(0, — o) det, >0 (35)

where o; is any stress state within or on the current yield surface.

This inequality is, in turn, derivable from other postulates characterizing
elastic-plastic materials, such as a stability postulate (Drucker, 1951),
a requirement of nonnegative work in a strain cycle (Ilyushin, 1961),
or a model of plastic deformation as slip on crystallographic planes
“under a critical resolved shear stress in the slip direction {Bishop and
Hill, 1951). Normality of plastic strain increments to the yield surface
in stress space 1s a consequence, as 1S also the requirement that yield
surfaces be convex. Let V;; be components of the outer unit normal
to the current yield surface (that is, N do,; = 0 for all do; along
the yield surface, N; = N;;, and Ny;N; = 1). Then, plastic stress-
strain increment relations take the form -

de?. — (de?, de2 Y2 N, (36)

* when a unique normal exits at the current stress state, At corners on
the yield surface, N;; may be any unit tensor within the cone of limiting
normals. The square root term is indeterminant for perfect plasticity.
For strain hardening, it must be specified as a function of the corre-
sponding stress increments, stress state, and prior history; its dependence
on stress increments is usually taken to be linear with N, j 4oy » the
component normal to the yield surface. Note that plastlc incom-
pressibility (defy, = 0) and 1nsen31t1v1ty of the yxeld surface to hydro-
static stress states (IV,, = 0, since doy = dA 8; is along the yield
surface and N,; do;; = 0) imply one another. -

- For plastic incompressibility, deviatoric stress components s

04 — 84 ox/3 alone determine yielding. A particular example for
isotropic plastic behavior is the Mises yield condition sys;; = 27
where 7 is the current yield stress in shear (or equivalent shear stress).
Stress-strain relations are

I —2» dsy LG d'f

deif - 3E 832 dckk + 5~ 2G

52‘9‘ (37)
where dy? = (2 de¥; de¥})'/? is the equwalent plastic shear strain incre-
ment, and dy®/d7 is a specified function of ¥ for strain hardening.
Incremental plasticity theories are physically appropriate, but mathe-
- matical complexities often cause recourse to deformation theories for
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which the current stress state depends uniquely on the current strain
state. Such theories are useful when plastic deformation at each point
of a material exhibits only slight deviation from a straight line path
in stress or strain space (Budiansky, 1959). The deformation theory
form associated with the incremental Mises relation above is

1 —2 oy
€4 = 35— O Ome T 2= (38)
‘where y = [2e; — 85 e/ 3)e; — 845 €y/3)]*? is a specified function
of r = (s455;;/2)"/2. Deformation plasticity theories are actually nonlinear
elastic theories; for example, the above stress-strain relation is derivable
from the strain energy density -

E 2 :
W= gy (o + [rav | (39)

1. Plastic Limit Theorems

The limit theorems of perfect plasticity follow directly from the
fundamental inequality, Eq. (35). Assume that there are no body forces
and define the limit state as one for which deformation occurs under
constant surface tractions on the boundary of the body. Then, in the
limit state '

0= f (dT; du;) dS = f (doy; de;;) AV = j (doy; des)dV  (40)
L S . v v :

Virtual work and normality of plastic strain increments have been
employed. The last integrand is positive definite, so that stresses and
~ elastic strains are constant in the limit state; de;; = def;. Let ofj be
any stress field in equilibrium with 7% on the boundary and nowhere
violating the yield condition. Since (o;; — of;) de¥; > 0, where o and
del; (= dey;) refer to the limit state, '

[ (eudesyav > | (oF de) av
therefore : (41)
f (T, du;) dS > f (TE du,) dS
Ay Ay

This is the lower bound theorem. When tractions are proportional to
some positive parameter P, the value at limit load exceeds any value
P% corresponding to an equilibrium stress field nowhere violating the

-%
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yield condition. Consider a strain increment field def; derivable from
a kinernatically admissable displacement increment field du;~ (i.e., the
displacement increment field satisfies any prescribed boundary condi-
tions and incompressibility, if assumed for the material). Let of; be
any stress state corresponding to a plastic strain increment dej; . Since
(0% — 045) def; = 0,

| f (o deg) AV = f (o, deg) dV
therefore (42)
| f,,("gf degy v = | (T, dup) s

This is the upper bound theorem. When tractions are proportional to
some positive parameter P and du;~ is chosen so that the surface integral
is positive, the value at limit load is less than the value P« defined by
equality of the surface and volume integrals. Discontinuous displacement
- increment fields are permissible, but sliding-type discontinuities alone
- are admissible when incompressibility is assumed. In this. case, work
done on sliding displacement increments by the shear stress corre-
sponding to a shear strain increment in the sliding direction must be
included in the volume integral.

2. Plane Strain Slkp-Line Theory

 Consider the plane strain deformation of a perfectly plastic material
with yield condition

2
e o= @
the maximum resolved shear stress in the plane of deformation has a
constant value 7, during plastic flow. Such a yield condition results
for an isotropic material exhibiting plastic incompressibility (Mises
and Tresca materials are special cases) when elastic strains are assumed
incompressible or when plastic strains greatly exceed elastic strains
(Hill, 1950). o33 = (04, + 045)/2 in both cases. Let o and B lines be
defined so as to coincide with principal shear directions at each point
of the plastic region; the «, 8, and x; directions form a right-handed
orthogonal curvilinear coordinate system and o, = 7,. Also o, =
cps = P, say, where p = (oy; -+ 03,)/2. Call ¢ the principal shear angle,
measured positive clockwise from the x; to o direction and thus from
the x, to 8 direction. Equilibrium equations may be put in the concise
form V * ¢ = 0 where V is the gradient operator and o the stress dyadic;
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'V = 1; 8/0x; and 6 = oyid; in Cartesian coordinates with i, , i, , i as

unit vectors. Referring all quantities to the «, 8 system with 8/ds,,
0/0ss denoting derivatives with respect to arc length and i.,i; unit
vectors, equilibrium equations in the plastic region are

i) [Pk i) + 7oy +is)])

= (- — 20+ (- + 205 (44)

0=(ia-a%+iﬁ-

Here, unit vectors are differentiated according to di, = i;d¢ and
diy = —1, d¢. Integrating, the stress field is given by

P — 27,¢ = constant on « lines
- (45)
P + 27y¢ = constant on § lines

Normality and the yield condition of Eq.(43) imply plastic incom-
pressibility in the plane, def; + def, = 0, and correspondence of
principal shear directions for the stress and plastic strain increment
fields. Thus, del, = defz = 0. The strain dyadic e is defined as the
symmetric part of Vi, where u is the displacement vector. When stresses
are constant at a material point of the plastic region during an increment
of deformation, de®* = 0 so that de? = de = symmetric part of V du.
Thus, components du, , du, of the dlsplacement increment vector along
the shear directions are determined from

de,, = i, * [( —I— i %5, ) (du i, + dug 15)]

= 2 () -  (46)

3(duﬁ) ¢>

dE,eﬁ + (d ne) 3

3. Antiplane Strain

The yield condition for antiplane deformation of an isotropic material
is
0+ 5 =T’ (47)

the magnitude of the shear stress vector on the x5 face is constant in
the plastic region. Introduce again « and £ lines in the x,x, plane such
- that the 8 direction is the principal shear direction and the «, B, and x,
directions form a right-handed system; then, o,, = 0 and o5 = 7.
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Let ¢ be the principal shear angle, measured clockwise from the x, to
the « direction, and thus from the x, to principal shear direction 8. The
relevant equilibrium equation may be written as V * 6; = 0 where o,
is the stress vector on the x; face. Then

0 = it g i ) (o) = 70 (@8)
Thus, ¢ is constant on « lines and, since ¢ is the slope, all « lines are
straight. The principal shear stress has constant direction at all points
along an o line perpendicular to the stress vector at any one point of
the plastic region. Normality of plastic strain increments leads to
del, = 0, so that if the stress is constant de;, = 0 and

du, — constant on « lines (49)

Somewhat more general forms result when du, and du, are nonzero as
in torsion (Prager and Hodge, 1951).

E. ENERGY VARIATIONS AND ASSOCIATED METHODS

Methods of analysis based on energy variations will play an important
role in this article. We consider two bodies of linear or nonlinear elastic
material, each containing a notch or void (Figs. la and 1b). Each is
subjected to the same system of loads, consisting of tractions and/or
displacements prescribed on the boundary. The two bodies are identical
in composition, overall geometrical shape, and in every other feature
but one—the notches differ in size. In fact, the body of Fig. 1b may be
thought of as created from that of Fig. la by removal of material from
load-free portions of the boundary. Assume loadings are by surface
tractions 7% on a portion of boundary Sr common to both bodies,
and by imposed displacements #,° on a common portion of boundary Sy .
Let 4V denote the region of material removed in forming the body
of Fig. 1b from that of Fig la, and let 4S denote the newly created
tractionfree surface. If ¢%; , €J; denotes the deformatxon state for Flg la
the potential energy is

P°=f W& yaV — [ Tousds | (50')
St
Lettmg o4 + doy; , Ew + de;; denote the deformatlon state for Flg lb
and 4P the increase in potential energy, .
PY 1+ AP = f W(,, + Aemy) dV — f Tu? + du)dS (51
. . - L : K ST_ ) . .

V—av
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uj = uf
€ij = €]
Tij =°'?j
(a) (b)
jo jo
-~ —— Q= ——
Q+AQ - — —
(a) [ {a)
- -LP g -AP
] |
|
R B | 3
qo q0+Aq qo
(c) (@

Fic. 1. (a) and (b) Comparison of two notched elastic bodies of identical shape,
composition, and loading, except that the notch of body (b) is larger by an amount 47
and has surface 4.5 not common to body (a).

(c) and (d) Difference between potential energies of (b) and (a) is representable as area

between force-displacement curves when loading is by forces alone {c) or by displacements
alone (d).

We shall solve for the potential energy difference 4P. First, note that
this difference is expressible in terms of the difference in overall load-
deflection curves for the two bodies. Suppose the loading is entirely by
prescribed surface tractions proportional to a generalized force (), and
let ¢ be the corresponding work-absorbing generalized displacement.
Then, a straightforward application of virtual work in the above equations

shows the potential energy decrease, —A4P, to equal the area between

load-deflection curves for the two bodies (as indicated by the shaded
area in Fig. lc¢). Similarly, when loading is entirely by displacements
proportional to ¢, the potential energy decrease is the shaded area in
Fig. 1d.

Observe that the integral of 7,° du, over Sr equals the integral of
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(T® + AT,) du,; over the entire surface of the body of Fig. 1b. This is
because 47; =0 on Sy, du; =0 on Sy, and 7,2+ 47, =0 on
the newly created surface 4.S. Thus, by virtual work

[ rpauas = (o4 4do,)de, av (52)
St . -4y ’

The potential energy decrease is now expressible as (Rlce and Drucker,

1967)
—4P = [ W(,)av
+ f (08 + o) de, — [W(eh,, + de,,.) — Wb, ) 4V

= .W(e;n) av .

AV

o

This result is more readily interpreted after a further transformation.
Note that the strain integral appearing in the volume integral is path
independent. We therefore choose a useful path. First, load the body
of Fig.1b with tractions 7° on Sy, displacements #,° on Sy, and
tractions T;° = ofn; on the new surface 4S; the deformation state is
0% ,.€%, identical to that for the body of Fig. la. Now, holding the
loadings on Sy and Sy fixed, reduce the tractions on 4.5 to zero so that
the actual deformation state o}; + doy;, €f; + de; of Fig. 1b results.
Let TF, u¥ denote tractions and displacements on 4S8 during this
special path from €}; to €}; + de;; . Then, an application of virtual work
to the volume integral above leads to

emnt A6y 0 :
J. . (035 + doy; — 0y) deysi AV (53)

¥ =u, 04 T =0

—ap — LVW(

TFdu¥l dS  (54)

uf=u, T;='1;',-°_
for the potential energy reduction. The interpretation is clear; the net
energy reduction is the strain energy of the material removed minus
the (negative) work done in freeing the new surface of tractions. 4P < Q.
A simple formula results in the special case of linear elastic behavior.
. The strain integral in Eq. (53) is doy; Ae”/Z and a virtual work trans-
formation leads to
—AP:%J- o0 Odvh—fASTiOAuidS (55)

a: i3
a4y
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since AT; = —T,° on the void surface. Note in this case that overall
load-deflection curves (Figs. 1c and 1d) are linear and —4P = Q, dq/2
when boundary tractions are prescribed as in Fig. lc. As shown by
the last two equations, the general calculation involves both volume
and surface integrals. Only the surface integral contributes when the
notch under consideration is a crack for 47 = 0. Only the volume
integral contributes for a class of smooth voids when infinitesimal
geometry changes are considered, as discussed below. We shall see,
however, that this discontinuity in the calculation method for limiting
cases is only apparent.

The utility of a study of energy variations will be seen through
the many applications in the following sections. The potential energy
rate of decrease is expressible directly in terms of the concentrated
stresses and strains on a notch surface or in the vicinity of a crack tip.
On the other hand, this energy variation may be independently obtained,
either exactly or approximately, for a wide variety of notched con-
figurations. These independent estimates are obtainable in a simple way
sometimes by inspection, by “‘strength of materials” style calculations,
by overall load-deflection experiments, by use of the many known
linear elastic solutions for notches, or by use of approximate calculations
which describe salient gross features of nonlinear behavior. Con-
sequently, some information on notch strain concentrations may be
obtained without recourse to the detailed solution of boundary value
problems. This method, in a somewhat less general form than presented
here, has recently been applied to the analysis of several two-dimensional
~ strain concentration problems (Rice, '1967a). : :

1. Infinitesimally Nezgkbormg Smooth- Surfaced Notches

Consider voids. or notches having smooth surfaces with contmuously
turning tangents, at least over the portion where material is removed
in creating Fig. ib from Fig. la. Presuming stability in the small,
do;; de;; = 0, carrying out the strain integral of Eq. (53) over a straight-
line path in stress space leads to

0
J'Emn‘*“demn

0 < (08 + doy; — 0y5) dey; < doy; Aey (56)

“mn

The same inequalities apply to all paths because of path independence.
- Upon a virtual work transformation of Eq. (53), we have the inequalities

0 < (—4P) — f L WS,) AV < f | AT, du,ds (57)

-9
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Now suppose the two notches being compared differ in size by an
infinitesimal amount. Points on the notch boundary of Fig. la are
obtainable by proceeding a distance dn normal to the boundary of
Fig. b over the region where material is removed. For dn a sufficiently
smooth function of position on the notch surface, as assumed, both
AT, = (do)n; and du, are first-order quantities, so that the upper
bound of Eq. (57) is second order. Since the integral over AV is first
order, the upper bound is zero when dealing with an infinitesimal
smooth change in geometry of the notch. Thus, representing volume
elements of removed material by dS dn, the potential energy decrease is

—dP — f W) v = LS (W, ) dnldS (58)

Note that in infinitesimal (or rate with respect to geometrical size) form,
the energy variation depends only on the strain energy of the material
removed. _ ' |

As a special type of smooth notch, consider a flat-surfaced notch
in a two-dimensional deformation field (Fig. 2). All stresses are presumed
to:depend only on two Cartesian coordinates, x, and x, . The notch has
surfaces parallel to the x, direction and a smooth curved tip denoted
by the arc I',. Let [ denote notch length, and compare the potential

‘energy with that of a notch of length (I 4 dl) having a geometrically

identical tip so that the only change is an extension of the flat-surfaced
portion by dl. Redefining P as the potential energy per unit thickness
in the x, direction and noting that volume elements of the material
removed may be represented as dl dx, dx; , the rate of decrease of
potential energy per unit thickness with respect to notch size is

—dPjdl = f _ Wlem) dx, - (59)

Fic, 2. Flat surface notch in two-dimensional deformation field. I', denotes curved
notch tip; I' denotes any curve surrounding the tip. '
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Here, we have dropped the superscript “0’” appearing in Eq. (58).
An especially useful result follows from representing this energy rate
as a path-independent line integral taken around the notch tip (Rice,
1967a), in the case when the material under consideration is homoge-

neous, at least in the x; direction. T'oward this end, define an integral |

such that ,

]:jﬂw&rﬁr&mﬁm (60)

Here, I' is a curve which surrounds the tip, starting from the lower flat
notch surface and ending on the upper flat notch surface, as in Fig. 2,
the curve is traversed in the contraclockwise sense, s is arc length,
and T = o *n is the traction vector on I' according to an outward
unit vector n normal to the curve. Note that when I = I',, | = —dP/dl,
since T = 0 on the notch surface.

We now show that the integral [ is path-independent, so that [ is
the energy decrease rate for any choice of a curve I Consider two
curves I'; and I, suppose I, to enclose I}, and let [, and [, be the
associated values of the integral. Then, J, — [, is the integral contra-
clockwise of [W dx, — T - (6u/ox,) ds] around the boundary of the area
A(I', , I)) enclosed by the curves and the notch surfaces, since both
terms of the integrand vanish on the flat surfaces. Transforming to
an area integral and employing Cartesian coordinates |

3W 862'5

— O
A(in‘rl) [3;\71 “ axl

J, — _Jl _—_-.J‘ ]dxl dx, =0

since

8—x1 = a_xl f Gij dEz’f == Oy &, (61)
Thus, the integral [ is path independent (assuming, of course, that the
region between I'; and I, is simply connected and free of singularities)
and

J = —dpPjdl (62)

We have assumed the body of Fig. 1b to be obtainable from that of
Fig. 1a by removal of material. The same formulas apply for addition
of material. Thus, the rate form for dP of Eq. (58) is generally valid
with dn positive over that portion of the void surface where material
is removed, and negative where material is added.
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2. Cracks in Two-Dimensional Deformation Fields

In view of the representation of the energy variation rate as a path-
independent integral taken around the tip of a flat surface notch,
one would expect the same result to hold in the limiting case of a
straight crack in a two-dimensional deformation field. This is so,
but an independent derivation is desirable in view of the discontinuity
in the limiting process noted above. Let / denote crack length and
again consider P as the potential energy per unit thickness in the x,
direction. Then, the two-dimensional version of Eq. (53) is, in the
limit for an energy comparison when the difference in crack length
approaches zero,

_ _‘fi_I; — lim | A, + do,) de; — (W, + de,,.) — W(E,)T d, d,

(63)
Here, A* should be taken as the total area of the two-dimensional body
to strictly copy Eq. (53). But the integrand is second order in 4! (by
Eq. (56} at all distances from the crack tip large compared to 4/ Thus,
for the limit calculation, it suffices to take A* as 'any finite region in
which the crack tip is imbedded. Such a reglon is shown in Fig. 3a;
we call I" the outward boundary of 4*.

(b)

Fic. 3. Energy computation for crack advance. X, , x, coordinate system, area A%,

and bounding curve I' move with the crack tip in extension from [ = [;, (a), to
=1, + 4, (b).
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It is convenient to introduce a moving coordinate system X, , x,,
as shown in Fig. 3b, with X; = x;, — /so that X; = 0 at the crack tip,
regardless of the crack length. Consider all quantities involved in the
energy computation as functions of X, , x,, and /. Thus

ofy = ou(X1, %5, ), oy + doy = 0i( Xy, %2, by + 41),
u? = u(X,, %, k), etc. |
Let d/dl be the total derivative with respect to crack length. Then

i o, 8x, 8 8 2 8 o
A=A e ox, e ax, ~a om, (64)

since 6X;/0l = —1 and 0/6X = 0/ox,. By a virtual work trans-
formation, the first term of Eq. (63) becomes

lim — f (0% + doy,) dey; dxy dx,

= lim Zlf (T? + AT)) Au, ds

Atl-0

ou, (X, , %,
:f Tz‘(Xlixz!lD) ( 13! 2 O)d
r

Ouxy, %o, 1
B I TR AL CIL L (65)
r it §

To evaluate the strain energy difference term of Eq. (63), consider 4*
and I" as a fixed area and bounding curve in the X x, plane so that
these move with the crack tip, as,shown in Fig. 3b. The areas on the
left and right between the curves I' for [ = [, and for I = [, + 4l are
denoted by 44; and 44y, respectively, as shown. Thus

1
lim — | Ve, + dey,) — WIS, dv, d,

41-0
|

= lim —

4i-0 Al W(Xy, %y, Ly + 4Al) dX, dx,

f A*+dA;—AAg

— [ WX, %, ) dx, dxgi
A*

oWw(X,, x,, 1
— — [ W m e+ [ LTy g (66)
r A*
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But it is a simple application of virtual work to show that .

Xy, %,,1 oW(X,, x5,
f Tz‘(XI’xzsl) u( lal 2 )d —fA* (31[ 2

U dxX; dx, (67)
Now employing the last three equations, the energy Varlatlon with
respect to crack length becomes

—dPJdl = fr [W dx, — T - oujox, ds] = | (68)

We arrive at the same result as for the flat-surfaced notch with a smooth
tip, as expected physically, in spite of the very different starting points
(compare Egs. (38) and (63), both special cases of the general Eq. (53).

Results given in Egs. (58), (59), and (68) show that, for two notched
bodies differing in geometry by an infinitesimal amount, the potential
energy difference (or energy decrease rate) is directly expressible in
terms of the concentrated deformation field in the vicinity of the notch
tip. Since energy rates are often independently obtainable, these
equations will be of great use for the analysis of strain concentration
problems in the mechanics of fracture. Also, we shall find the feature
of path independence of the integral [ useful in itself.

3. Inelastic Behavior

It is important to remember that all the above results on energy
variations are strictly true for elastic behavior only. Our main applications
will, however, be to elastic-plastic problems. We are thus forced to
employ a deformation plasticity formulation rather than the physically
appropriate incremental formulation. This is a regrettable situation,
but no success has been met in attempts to formulate similar general
results for incremental plasticity. Also, energy variation methods permit
the treatment of several nonlinear problems presently well beyond the
reach of more conventional analytical methods, either of the deformation
or incremental type.

IlI. Linear Elasticity in the Analysis of Deformation and Fracture

Except in extreme cases of brittle behavior, fracture is normally
accompanied by significant inelastic deformation, either on a gross
scale or confined to the vicinity of stress concentrators such as notches
and cracks. Elastic calculations are of little utility in the former case.
They do, however, form a useful first step in the analysis of “low stress”
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fractures originating at high-stress-concentration points when the region
of inelastic deformation is small compared to notch or crack size and
other characteristic lengths. Functions of the applied loadings and
geometry of a notched body are then determined (stress-concentration
factors, stress-intensity factors, etc.) which serve to characterize the
severity of local deformations. Such parameters are useful in the analysis
and prediction of fracture behavior, for they indicate when two different
notched or cracked configurations have similar local deformation fields
and thus may be expected to exhibit similar fracture behavior. Inelastic
analyses remain desirable for a more complete characterization of
stresses and deformations, either for comparative purposes similar to
the utilization of elastic stress analyses, or for the direct connection
of continuum level solutions with separation mechanisms on the
microscale. We shall see the usefulness of elastic solutions for setting
asymptotic boundary condltlons on inelastic analyses in the small-scale
yielding range

A. Linear Evrastic Crack Tip STress FIELDS

The important features of crack tip stress distributions may be
understood through the development of the general functional form
of solutions in two-dimensional deformation fields. Consider a crack
along a portion of the negative x, axis with a tip at the origin of the x, , x,
coordinate system. Let R denote a small region of the x,x, plane enclosing
only the tip at the origin and no other singularities of the problem,
and in- which the stress functions of Sect.II,C are analytic (except
along the crack line), as in Fig. 4. Inplane stress components entering
the tractionfree crack boundary condition may be expressed from
Eqs. (21) as -

—iogy — () + TG + ( — HFE) (69)
where the new function 2 is defined as
(=) = 2¢'(z) + (=) (70)

" We understand the notation F(z) to denote the complex conjugate of
F(%), where F is any analytic function defined at %; F(z) is analytic.
The plus (+-) and minus () signs denote limits of the analytic functions
as the crack line is approached from the regions x, > 0 and x, < 0,
respectwely Points on the crack line are denoted by = = ¢, ¢ being real
and negative. Then the requirement of stressfree crack surfaces,
o/ = o5 = 0, leads to :

SO+ @ =0, #r + 20 =0 G
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TTTXH‘

e A A e

1"'_4231

"Fi6. 4. Small region _neér crack tip in which general form of linear elastic stress
field may be established. Three modes of near tip deformations shown.

Subtracting the second equation from the first
[¢'() —2OF =[¢'() — 2O | (72)
Thus o
¢'(z) — 2'(2) = 2g(2) (73)
where g(z) analytic in R. An addition yiel.ds the Hilbert equation |
[$'(t) + 2@ +¢'() + 2 =0 (74)

A solution is clearly 21/, since (¢ 1/2)* 4 (¢7'/2)~ = 0 when the branch
cut is chosen along the crack line. Since all solutions, excepting those
with higher order singularities ruled out by the requirement of finite

displacements, may be expressed as -1/ multiplying a function analytic
in R (Muskhelishvili, 1953a),

$(2) + P(z) = 2121 (2) )
where f(z) analytic in R.

These equations and Egs. (21) lead to the general expression of near
crack tip inplane stresses as -

on + 05 == 4 Re[51%(2) + g(z)]
g~ Oyp + 2oys = ~—4iz"1/2 Im] f(2)] — 4 Re[g(2)] (76)

s, 2[5 (3) + 4(5)
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where f(2) and g(2) are analytic in the vicinity of the crack tip. A similar
development shows the antiplane stresses to be given by Eg. (16) in
the form :

Ogp + t0g1 = 3 12h(2) + tk(2) (77)

where both /(2) and k(2) are analytic in the vicinity of the crack tip and
real on the x; axis. It is seen that all crack tip stress fields exhibit inverse
square root singularities. The strength of the singularity is determined for
inplane stresses by the value of f(2) at the origin and for antiplane
stresses by the value of %(z) at the origin. It is convenient to follow
Irwin (1960) in classifying three distinct singular stress fields, according
to whether resulting displacements contribute to the opening (mode I),
inplane sliding (modeII), or antiplane sliding (mode III) modes of
relative displacement of the crack surfaces. For the opening mode,
£(0) is real. Take its value as f(0) = K,/2(27)'/2, where the constant K
is a model stress-intensity factor. Then the near crack tip singular
stress field is expressed from Egs. (76) as

sin(8/2) cos(36/2)
1 + sin(8/2) sin(36/2)

(1 — sin(6/2) sin(36/2)
(78)

3 0121 e K)l 75 cos(9/2)

Tap

where polar coordinates are employed as in Fig. 4. Associated displace-
ments are
1/2
z E 211'

where & = (3 — 4v) for plane strain and x = (3 — »)/(1 + ) for
generalized plane stress. The function f(0) is purely imaginary for
the inplane sliding mode. Taking its value as f(0) = —iK;/2(2n)/2,
where K;; is a mode Il stress 1nten31ty factor, Egs. (76) lead to the
singular stress state

o1 Ky
)72 T 2mpe

Tag

cos(8/2) [« — 1 + 2 sin?*(6/2)]
sin(#/2) [« + 1 — 2 cos®(8/2)]

(79)

—sin(8/2) [2 4+ cos(8/2) cos(36/2)]
cos(6/2) [1 — sin(8/2) sin(30/2)] (80)
sin(60/2) cos(6/2) cos(38/2)

and associated displacements

sin(8/2) [« + 1 + 2 cos?(8/2)] 81)
—c0s(6/2) [x — 1 — 2 sin(6)2)] ,

i
‘uz

-2 ()

Antiplane stresses o3, 053 are nonsingular in the first two modes;
a4 1s zero for generalized plane stress (which is hardly a valid approxima-
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tion with such a severe stress gradient), and o33 = »(0y; + 03,) for plane
strain. The antiplane sliding mode singular stress distribution is obtained
by taking A(0) = K ;;/(27)'/% in Eq. (77). Resulting stresses are

KIII

—sin(8/2
= 2mrpr 12)

cos(6/2)

T

(82)

Oog

with all other stress components being nonsingular, The associated
antiplane displacement is ' )

K [ v \1?
uy =222 (5) " sin(6)2) (83)

We shall discuss methods for determining stress-intensity factors
below. Resulting from linear elastic boundary value problems, they are
linear in applied loads and have dimensions of stress times the square
root of some characteristic length. A complete survey of available

- solutions is contained in a paper by Paris and Sih (1965).

Small-Scale Yielding and Elastz'é Fracture Mechanics

The utility of elastic stress analyses lies in the similarity of near
crack tip stress distributions for all configurations. Presuming deviations
from linearity to occur only over a region that is small compared to
geometrical dimensions (small-scale yielding), the elastic stress-intensity
factor controls the local deformation field. This is in the sense that
two bodies with cracks of different size and with different manners of

load application, but which are otherwise identical, will have identical

near crack tip deformation fields if the stress-intensity factors are equal.
Thus, the stress-intensity factor uniquely characterizes the load sensed
at the crack tip in situations of small-scale yielding, and criteria governing
crack extension for a given local load rate, temperature, environment,
sheet thickness (when plane stress fracture modes are possible}, and
history of prior deformation may be expressed in terms of stress-intensity
factors. It is essential to note that stress-intensity factors provide solely

" a convenient measure of load applied to the crack tip region. The elastic

analysis of fracture contains no information on the response of the

~ material to this load; this point has been unfortunately obscured in

the literature due to the early development of elastic fracture mechanics
as an extension of the Griffith theory (Griffith, 1920; Orowan, 1952;
Irwin, 1958), a viewpoint now recognized as limiting and unnecessary.
While the limitations of elastic fracture mechanics are evident, its
progress in the organization and analysis of low stress level (small-scale

_yielding) crack extension behavior has been remarkable. Examples are
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given by the work of Irwin (1958) and Srawley and Brown (1965) on
fracture, by Paris (1964) on fatigue, and by Johnson and Willner (1965)

on stress corrosion,

'B. Some ErasTic CRACK PROBLEMS

The mathematical solutions of some elastic crack problems are
outlined in this subsection. The number of useful problems which
can be solved in closed form is, of course, limited, and one must usually
resort to approximate methods, as discussed in the next two subsections.

1. Two-Dimensional Problems of Isolated Cracks and
Collinear Crack Arrays in Infinite Bodies

Suppose the crack or cracks considered lie on the x, axis of the
infinite x,x, plane. Denote by L the crack line or union of all crack lines.
It suffices to consider only the case of forces prescribed on the crack
surfaces, for other methods of loading may be reduced to this case by
superposition. One first solves the problem without cracks and deter-
mines the stresses oy(x, , 0) on the prospective crack line(s). Then the
crack problem is solved with the reverse of these stresses actmg on L.
Let the prescribed stresses be given by

09i(%1,0) = —pi(x)  onlL, t=1,2,3 (84)

It is assumed that the same stresses act on both crack surfaces. Employing
the notation of the last section, boundary conditions for the inplane
stress components become

—pa(t) + ipa(t) = [$'()]* + [

: - (83)
—Do{t) + ipy(t) = [$'()]~ + [L'()]"  onl
Subtraction leads, as in Eq. (72), to the conclusion that
[#) — QO =1$) - 2@ onL (86)
\ Thus, ¢'(z) — £2'(2) is analytic along the crack line(s) and, therefore,

in the entire z plane. But both functions vanlsh at infinity for zero
remote stress and rotation. Thus

| 2(z) = ¢'(=) - | (87)
and both of Egs. (85) reduce to |
| —po(t) + ipy(t) =[¢' (O} +[¢'(1)]~  onL - (88)



3. MATHEMATICAL ANALYSIS IN THE MECHANICS OF FRACTURE 219

Suppose there are # finite cracks with left and right ends at ¢, , 4, ,..., 4,

and b, , b, ,..., b, , respectively, on the x, axis. Followmg the methods
of Muskehshv1l1 (1953a, 1953b), define

ki

x(2) = [] (z — a2 (= — &) (89)
i=1
Then, [x(t)]* -+ [x(f)]- = 0 on L when branch cuts are chosen along

the crack lines so that each set of terms in the product behaves as 1/z
for large 2. Equation (88) becomes

O O I R AO R R0 ni
ol e oy Bl avoy L 0

Thus, from Sect. I1,C, the solution is

vy XE2) 1 Pat) — ipy(2)
Y& = = o | T — 9

@t + P(2) x() (91)

where P(z) is analytic in the entire plane and thus a polynomial. Since
x(2) is order 1/2" for large 2, the vanishing of stresses at infinity requires
P(z) to be of order 2™1:

P(z) = AU —I— AIZ + 2_4222 + .en _|_ A‘n—lzn_l (92)

The solution is completed except for the determination of # complex
constants, A;. These are found by specifying the net Burgers vector
for each of the 7 cracks (that is, the total dislocational displacement
discontinuity that occurs when d(u, - 7u,)/0s is integrated on a circuit
surrounding each of the cracks). We shall consider dislocation pileup
problems in the next part for which these discontinuities are nonzero.
The net Burgers vector is taken ds zero, implying no residual stress
field in the absence of load, for the solutions which follow.

A similar analysis may be carried out for the antiplane strain loading,
093 = —p3 on L. The resulting stress function of Eq. (16) is

(3 = — X3 20) :
() = fh@ﬁ@—@ﬂfgwﬂﬁ" (93)
Here O(?) is a polynomial of order 2! with real coefficients, determined

by specifying the net Burgers vector in the x; direction for each of the
n cracks.
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2. Finite Crack of Length 2a

Consider a single crack extending from —a to -+« on the x; axis.

The then constant polynomials P and Q vanish for smgle-valued
displacements and

(2% — a )—1/2

#(z) = — [7 o) — ipo (@t — ey 2

(94)

(22 — az)-l/z

T

f+ap (t) (a® — 1212 t__‘_if__

— 8

w'(2) = —

Upon comparing resulting crack tip stresses fields with Egs. (78), (80),
and (82), resulting stress-intensity factors for the crack tip at ) = a are

Ki—iKn = g [ (o) — im0 (55) @
95)

Ky = W f_épa(t) (a t i )1/2 di

A uniform remote stress state {Fig. 5) induces constant tractions in

_ A (022)eo

/ L 2l
(0'23)9_+7 (C12)e0

= == oy

o,

e/ < (c;a,)

) (61310:»

Fic. 5. Crack of length 2a in an infinite body subjected to a uniform remote stress
state (O'I;f)co .

the superposition problem, p,(t} = (o4;)s, Where (0};),, is the remote
stress state. Resulting stress functions from Eqs. (94) are

$'(2) = Hlo)e — i(on)o][3(s® — a®)71/2 — 1]
| (96)
w'(2) = (ogp)e [3(2% — 4*)7/2 — 1]

"3
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The uniform stress field (o;;),, must be added to this stress field to
“solve the problem of Fig. 5. Stress-intensity factors are

K = (o) (ma)'?, Ky = (op1)w (ma)'?, Km = (03)0 (7a)'*  (97)

3. Semi-Infinite Crack

Consider a crack extending from x, = —co to x; = 0. The general
solution of Egs. (91) and (93) still apply, except that y(z) must be
defined as 2~1/2 (with branch cut on the crack line) and the polynomials
taken as zero. Then
dt

t—=z

g1/2

¥ = =5 [ 100 — ipo) (- 1y
K ' .2 1/2 0 - dt ©8)
K —iKu= ()" [ 1pdt) — it 5
for the inplane modes.

4. Periodic Array of Cracks

Consider an infinite periodic array of cracks of length 24 on the x, axis,
with a center-to-center spacing of 2b as shown in Fig. 6, and subjected

N S SRR N

1 . ] ¥ [

i !
e 26 —> e 2b — :.-*b__.:
- : | t . )
—HcL— —-lup—— ; L-za-l | _"'“I" #
i_ _ I | : | : :
! ! ! | .

Vooov v

Fic. 6. The periodic array of collinear cracks provides an approximation to the double
edge, central, and single edge crack configurations.

to a uniform remote stress state. Following Koiter (1959), the solution
of Eq. (91) may be expressed in terms of trigonometric functions after
certain identities involving infinite products: '

$'(2) = H(on)e0 — Uou)o]{sin(m2[26)[5in?(m2/26) — sin(ma/26)]"V/2 — 1} (99)

The same result applies for w’(z), but with (vs), appearing as in
Egs. (96). The opening mode stress-intensity factor is

Ky = (029) (ma)' 2 [(2b[ma) tan(ma[20)]'/. . (100)
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and the same factor applies to the isolated crack results of Egs. (97)
for the inplane and antiplane sliding modes. This result forms a useful
approximation to the central crack, double edge crack, and single edge
crack configurations shown by the dashed line boundaries in Fig. 6.
The result is exact for antiplane loadings; the single edge crack in
tension provides the worst approximation due to the presence of bending
effects. Paris and Sih (1965) compare this result with more exact solutions.

5. Edge Crack in a Half Plane

The effect of a free surface may be seen with reference to an edge
crack of depth « along the x, axis of a half plane x;, > 0 subjected
to- a- uniform remote stress (oy), . 1Lhe integral formulation above
does not apply to this problem, but an exact solution has been given by
Koiter (1965) in terms of an integral which, when evaluated numerically,
leads to '

Ky = 1.12(03)0 ()2 | (101)

a correction of 129, on the result for the crack of length 2« in an infinite
~ body.

6. Penny-Shaped Crack

The axially symmetric problem of a circular crack of radius @ in an
infinite body has been considered by Sneddon (1946) and, in general
form, by Green and Zerna (1954). Near crack tip stresses and displace-
ments are identical to the plane strain results of Egs. (78) and (79).
If the crack is opened with normal tractions p(r) depending only on
radial distance from the crack center, the stress-intensity factor is

) g (102)

Ky = (ma)i’2 fﬂ (@® — r9)I/E

p(r) = o, in the superposition problem for a penny-shaped crack
in a remote uniform tensile stress field o, , and

Ki = (2fm) oufma)t’® | (103)

7. Other Elastic Crack Problems _
Irwin (1962) and Kassir and Sih (1966) have discussed the elliptical-

shaped crack in a uniform stress field and have given formulas for
the variation of K, with position on the elliptical crack boundary.
Plane problems of cracks in rectilinearly anisotropic materials are
discussed by Paris and Sih (1965); again, characteristic inverse square
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root singularities develop with the dependence of stresses on orientation
angle depending on the ratios of elastic constants. Rice and Sih (1965)
discuss problems of cracks along the bond line of two different elastic
materials. Williams (1961) has shown characteristic inverse square root
singularities to result also in thin plate bending problems, and some
solutions are given by Sih ez al. (1962). The further analysis of bending
singularities on the basis of a refined plate theory including edge effects
is discussed by Knowles and Wang (1960) and Williams (1962).

C. ApPROXIMATE METHODS FOR ELASTIC STRESS ANALYSIS OF CRACKS

1. Boundary Collocation of Stress F unctions |

We have seen the general form for inplane stress functions in Egs. (73)
and (75); these equations may be summarized as |

#(z) = () +5(2),  Q(F) = ¥(2) — &(2) (104)

where 2(z) is defined in Eq. (70) and stresses are given in terms of
the complex stress functions by Egs. (21). Recall that f(2) and g(z) are
analytic in the neighborhood of the crack tip. Now consider a finite
body containing a straight edge crack; suppose the crack surfaces are
free of tractions and that loadings are by prescribed tractions on the
remaining portion of the boundary. The most general form for the
stress functions then is Eq. (104) above, where f(z) and g(2) are analytic
everywhere within the body, including points along the crack line.
Any choice of f and g leaves the crack surfaces stressfree, so these
- functions need be chosen to satisfy boundary conditions on the uncracked
portion of boundary only. In a similar way, a slight modification of
the approach of the last subsection shows that, for a stra1ght mternal
crack of length 2« in a finite body,

¢'(2) = (28 — @)7V2f(2) + g(2),

(105)
Q(z) = (2* — a2 f(z) — §(2) ,
Again, f and g are analytic everywhere within the body, including points
along the crack line, and any choice for f and g leaves the crack surfaces
stress free. Thus, the functions are chosen to satisfy prescribed conditions
on the external boundary (and also to result in no net Burgers vector
on a circuit surrounding the crack). No general exact methods are
available for determination of f and g, but the method of boundary
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collocation provides a useful numerical method. Here, one assumes
forms for f and g, usually of the polynomial type

— N
@) =Fot P4 oo+ P 06
£(z) = Gy + Gyz + = + Gy
and determines the unknown constants F; and G, by matching prescribed
stresses at an appropriate number of discrete points on the boundary.
This procedure has been employed by Gross e al. (1964) and Gross
and Srawley (1965a, 1965b) in the analysis of several fracture testing
specimens containing single edge cracks, including the finite width
cracked strip subjected to bending and tension. These authors employ
a representation of the stress field based on the eigenvalue expansion of
Williams (1957), which is equivalent to the complex variable Eqs. (104).
While the Williams expansion is not suitable for treating internal cracks,
the complex variable form is readily extended to this case, as in
Egs. (105), and has been employed by Kobayashi et al. (1964) for the
problem of a central crack in a finite width strip. No careful studies on
numerical convergence have been carried out, and accuracy must be
judged largely by insensitivity of results to the inclusion of more terms
and by experience with other configurations.

2. Conformal Mapping

It is well known that any simply connected region can be mapped
conformally into a unit circle, and that the plane elasticity problems
may be reduced to the solution of a finite set of simultaneous equations,
provided the mapping function is expressible as a ratio of polynomials
{Muskhelishvili, 1953b; Sokolnikoff, 1956). The difficulties lie in finding
a mapping function and in approximating the function by a ratio of
polynomials. The procedure of solution is as follows: In the case where
tractions are prescribed on the boundary, an integration of the stress
Egs. (21) leads to the boundary condition

4s) + 25 + 9 = [ BT6) — T ds (107)

where T, are surface tractions, s denotes arc length (increasing in a
direction so that the material lies to left of the boundary) and the zero
point in the integration may be chosen arbitrarily.’ Let 2 = 2,(€) map
the region into the interior of a unit circle in the £ plane, and introduce
$1(€) = &(2), $,(€) = ¢¥(=). The boundary condition above then becomes

36+ 2055 1 5@ = [ 16 — Tle a0y

z,(£)



3. MATHEMATICAL ANALYSIS IN THE MECHANICS OF FRACTURE - 225

Let o denote boundary values of £ and call F(o) the integral of surface _
tractions appearing on the right. Since £ = 1/o on the boundary,

()
& (/o

Since #,(1/€) is analytic outside the unit circle, and $,(0) may be chosen
to vanish without altering the stress field, an application of the Cauchy
1ntegral formula (Eq. (23)) leads to

(1fo) = F(o) (109

zfo) |, do 1 do :
808 + or § 1) 5= F = 3 §r0) -2 (10)
Recognizing that ¢,(£) is expressible in a power series form for ¢ within
the unit circle, the integral on the left side of this equation results in
a finite order polynomial in ¢ with coefficients depending linearly on
a finite number of the coefficients in the power series expansion of
$.(£), when the mapping function 2,(§) is a polynomial in £. Both sides
of Eq. (110) may be expanded in powers of ¢ and upon matching
coefficients, the. first few coeflicients in the power series for 951(5) are
obtained by sclving a set of linear simultaneous equatlons with remaining
coefficients being determined directly. Once ¢,(¢) is known, #,(§) is
obtained directly by applying the Cauchy integral formula to the
equation resulting upon equating the complex conjugates of both sides
of Eq. (109). A similar but more involved procedure may be employed
when the mapping function is a ratio of polynomials (Muskhelishvili,
1953b).
The mapping procedure applies also to the infinite region containing
a single interior void, where now the mapping function carries the
exterior of the void boundary onto the interior of a unit circle. If stresses
are applied at infinity, or if unbalanced forces act on the void surface,
or if the Burgers vector for the hole is nonzero, then the functions ¢,
and i, are not analytic within the unit circle. However, these functions
can be split into analytic and singular parts; the latter involve the terms
log £ and 1/¢, and their coefficients may be expressed directly in terms
of the remote stresses, unbalanced force, and Burgers vector (Sokolnikoff,
1956). The known singular parts may be included into the definition
of F(¢) in Eq. (109), and the same procedure of solution discussed
above applies for the analytic parts. Several problems in plane elasticity,
solved through conformal mapping, are discussed in the books by
Sokolnikoff  (1956), Muskhelishvili (1953b), and Savin (1961). Bowie
(1956, 1964) has developed polynomial approximations to actual mapping
functions - for several crack problems, and has employed methods



226 JAMES R. RICE

discussed here for analysis of a finite strip with symmetric edge cracks
and for an edge crack emanating from the boundary of a circular hole
in an infinite body. A special feature of his method is that the sharpness
of the crack tip is retained in the approximate mapping so that the
same inverse square root singularity results.

3. Continuous Dislocation Arrays and Singular Integral Equations

A powerful method of analysis is based on the representation of
a crack by a continuous distribution of dislocation singularities. Consider
first an isolated straight dislocation line in the x; direction and let b
be the Burgers vector (b, is the integral of du;/0s taken contraclockwise

around the dislocation line). Suppose the dislocation line is at the
- point ¢ on the x; axis. For an infinite body, the solution is found by
writing the complex stress functions ¢, £2, and w in the form of constants
times log(z — ), and determining the constants so that displacement
discontinuities are correctly givén and no net force or moment acts on
a region enclosmg the dislocation. There results

G, +ib) 1

$'(x) = (e +1) 2 — ¢
o) = - S 1)

For a physical dislo_cetion, the plane strain value of x = 3 — 4v should
be chosen for the inplane (edge dislocation) components &, and b, .
Stresses acting along the x; axis are, from Egs. (16), (21), and (70),

. 2Gh I
onl®,0) = e + 1) %y —
2Gb 1
a0 = —E s T (12)
Gb 1
(%, 0) = 2,“_3 % — 1

To simulate the crack(s) lying along a portion L of the x, axis in an
~ infinite body, we introduce a continuous array of dislocations with
density functions p?), so that u,(t) di represents the infinitesimal
Burgers vector of a dislocation at ¢. Thus, for example, the continuous
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array of dislocations with Burgers vectors in the x, direction, as suitable
for the mode I tensile case, results in '

g — ’ _ G lu‘2(t)
prof?) .‘ |
oml® , 0) = W(K+1) [ i -y

Og1(%; , 0) = 0g3(;,0) =0

The last integral is interpreted in the Cauchy principal value sense.
Now consider a crack of length 24, as in the last subsection, with stresses
. Og9(%y , 0) = —py(x;) applied to its surface. We solve the problem by
choosing u.(f) to satisfy the singular integral equation

2G e #z(l‘)
(e + 1) — 1

Polto) = Ity <a (114)

and the condition of single valued dlsplacements requ1res that the net
Burgers vector be zero

[ “maya =0 (115)

We have outlined the solution of such integral equations in Sect. II,C.
Following that development from Eq.(28)-(34), it is clear that the
auxiliary analytic function f(2) introduced there is simply ¢'(2)/77, and,
on comparing Eq. (33) with the solution to the crack problem given by
Eq. (94), it is clear that the singular integral equation leads. to the
same solution. _ _

' Now consider the practical problem of a crack in a body with bound-
aries a finite distances from the crack line. Let us presume that the
‘solution for the problem of an isolated dislocation in the same body
with no crack is known. This solution will contain the singular terms
of Egs. (111) and additional nonsingular terms which are required to
satisfy boundary conditions. Note that the nonsingular solution may be
obtained by standard techniques such as conformal mapping, where,
in order to free the boundaries of stresses, tractions corresponding
‘to the negative of those given by the singular terms are prescribed.
Stresses created by the isolated dislocation will contain the singular
terms of Eqs. (112) plus nonsingular terms. Limiting attention to
symmetrical cases for which an edge dislocation -with Burgers vector
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in the x, direction creates no shear stress on the x, axis (the prospective
crack line), the stress will have the form

2Gb,
m(x + 1)

1
ou(®1,0) = =+, 0) cw=on=0 @16
Thus, for the internal crack of length 22 on the x, axis subjected to
stresses og9(%; , 0) = —pu(x;), the governing integral equation for the
dislocation density is

W(Kzi ) " _#ald) [——-~r\(to,t)] dt, (tyl<a (117)

Polte) =
" We now follow Muskhelishvili (1953a) in reducing this equation to a
regular Fredholm integral equation which may be solved by standard
numerical techniques. Temporarily regarding '

Pa(to) + ;(T?‘i_l) fi: pe(t) A2y , 2) dt

as the prescribed function in the standard form of Eq. (28), p,(¢) may be
expressed by adopting the general solution of Eq. (34) to the present
case {for which y(2) = (2% — a?)71/%):

2G . 1 +a (a2 _— 12)1/2
m(x + 1) palto) = — ,,.z(az e f_a t—1, [Pz(t)

=7 W(K+ I f~ap2(s) A, 5) ds] (118)

Here, the constant k of Eq. (34) has been set equal to zero in corre-
spondence with the single valued displacement condition of Eq. (115).
Now let

=2 (2) Cwe — ey 9)

On comparing the singular crack tip stress field resulting from an
_ inverse. square root singularity in dislocation density with Egs. (78),
we find that this function has the specml feature of equahng the stress-
intensity factor at x, = a:

r(a) = K; . - (120)
The function 7(f) may now be entered as the unknown in the integral

equation and there results the Fredholm form

+a p(5) I'(t, , 1 o (g% — s2)i/2
r(t0)+ j_a%gt(%ij—z)ds = (,n.a)lizf . (a - _"t)

Do(t) dt ‘(121)
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The kernel is obtained by changmg the order of integration in Eq. (1 18)
and '

1 (¥e (g2 — 2\
I, =5[" (—z:":z_“ A, s) dt (122)

For Xa, s) and A(—a, 5) bounded (as must be the case for an internal
crack) the kernel I is a well-behaved function of #,. The singularity
in s poses no problem in numerical evaluation, for the substitution
s = q sin # results in bounded terms in the integrand. The integral
equation may be solved numerically by replacing the integral by a sum
based on unknown values of r{s) at discrete points of the integration
interval, resulting in a system of linear simultaneous equations, and
solutions to any degree of accuracy may be pursued. Thus, we see that
the solution of internal crack problems may be made to depend on
the solution of the considerably simpler problem of an isolated disloca-
tion, which determines the nonsingular contribution A(t,s) of the
dislocation stress field. Methods equivalent to this procedure have been
employed by Greif and Sanders (1965) in the analysis of the effect of
a reinforcing stringer attached to a cracked sheet and by Bueckner (1960)
in discussing several crack problems, including the edge—notched strip
in bendlng '

4. Other Numerical Methods

The methods discussed in this section are sufficient for handling
most two-dimensional crack problems of practical interest and, indeed,
a large number of solutions are available to date, as indicated by the
references. Unfortunately, no methods of comparable uséfulness are
available for .three-dimensional problems. Perhaps the finite element
method. of structural analysis summarized recently by Argyris (1965)
will prove useful for these problems, as the method has been notably
successful in dealing with singularities, cases for which finite difference
methods are usually inaccurate.

D. ENErGY VARIATIONS IN ELASTIC CRACK PROBLEMS

The computation of the potential energy difference for two otherwise
identical elastic bodies with notches of different sizes is discussed in
Sect. ILLE. The general result is given by Eq.(54), which leads to
Eq. (55) in the special case of linear behavior. In both of these formulas,
only the traction removal integral over the newly created surfaces
contributes for the special case of cracks. Considering the two-dimen-
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sional case of a crack along the x, axis and calling P the potential energy
per unit thickness, Eq. (55) for linear behavior leads to

dP
W T le o1, 0, D[us*(%,, 0,1 + 4I)

—u;(xy, 0,1 + A} dx, {123)

as the limiting form for an energy comparison of a crack of length !/
with one of length (I + 4I). The superscripts plus (4} and minus (—)
~denote upper and lower crack surfaces. Only the singular terms . of
Egs. (78)—(83) contribute in the limit, and there results

dP 1
—w ==

Km - (124)

Here, we have employed the plane strain value k = 3 — 4v in Eqgs. (79)
and (81); the 1 — »* factor should be removed for the plane stress
approximation. The symbol % was introduced by Irwin (1957, 1960),
who first derived this formula; we shall use it subsequently to ‘denote
the special linear elastic value of —dP/dl above, when discussing
nonlinear behavior. This computation has also been discussed by
Bueckner (1958) and Sanders (1960). It was shown in Eq. (68) that
the energy variation rate could alternately be expressed as the path-
independent integral [ which for linear behavior has the form

J= f (Bouyess dxy — T Ousf 0, ds) (125)
At

I" may be chosen as any path surrounding the crack tip. If we take it
to be a circle of radius r and let  — 0, it is clear that only the singular
terms of Eqs. (78)—-(83) contribute. An explicit calculation based on
these singular terms leads to .

J=e=12

) + o5 Kin (126)

‘and verifies the general proof of equality between | and —dP/dl in
Sect. ILE.

The existence of inverse square root singularities in elastic crack
problems is understood through energy comparisons. Note that for I”
a circular path in Eq. (125), dx, = # cos § df and ds = r df. By path
independence, [ is independent of #. Thus, the coeflicient of  in the
integrand must be order »—!. But, for a stress singularity of order ",
this coefficient is order #=**, so that #» must equal .
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Compliance Methods

We have noted that energy variations are expressible in terms of
the change in load deflection curves with increasing notch size, and that,
for linear behavior,

P _ o HOD _ 20D
— L=t - g L) (127)

where O and ¢ are a generalized force and displacement pair, as in
Fig. 1. Since these quantities may be measured experimentally and
since the rate of energy decrease is directly related to stress-intensity
factors, an experimental method (called the compliance test) may be
employed to find the intensity of the crack tip elastic singularity.
This method has been discussed by Irwin (1960). Srawley et al. (1964)
report the results of compliance testing on a single edge-notched tension
specimen. The dependence of stress-intensity factors on load-deflection
curves also permits approximate strength of materials style calculations.
Consider the split rectangular beam of Fig. 7a subjected to end forces O
per unit thlckness Simple beam theory gives

g = 8QB/ER® - - | (128)

for the separation of the beam arms when the ends at the crack tip are
considered clamped.

q
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Fi1g. 7. Near tip stress fields may be determined through energy methods (a) by
approximate strength of materials computations as for wedging open a cracked beam,
(b) by inspection or application of the path-independent integral, as for the clamped
strip with a long crack, and by experimental compliance measurements.
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Thus, from Egs. (124) and (127) with the (I — +?) dropped, since
simple beam theory is plane stress,

Ky = 20/301/13"2 (129)

Another simple example is afforded by the infinitely long cracked strip
with clamped boundaries given constant vertical displacements. Here,
it is instructive to employ the path-independent integral [ of Eq. (125)
evaluated on the dashed-line contour I" shown. Since dx, and Ou;/dx,
vanish on the clamped boundary and since o, and 7, vanish at
%, = —oo, the entire contribution comes from the portion of I’ at
x; = -+ oo. But du,;/0x, vanishes at ¥; = + o0, so that

Eh Ke :
J = Homemn)u b = m (eg0)2 = -fl (for plane stress). (130)

E. Erastic BRITTLE FRACTURE

We consider here two seemingly different approaches to elastic brittle
fracture, the Griffith (1920) theory and an atomic or molecular cohesive
force theory as discussed by Barenblatt (1962). By elastic brittle behavior
we understand an idealized case in which behavior is elastic up to
separation, |

1. Griffith Energy Balance

Consider a two-dimensional straight crack configuration and let [/
be a measure of crack length. We call P, the total potential energy of
the cracked body and follow Griffith in writing this as

Pr=P + 28I (131)

Here, P is the usual potential energy (per unit thickness) of the loaded
elastic body and includes both strain energy and the potential of applied .
loads. The term 28/ is an energy ascribed to the newly created crack
faces, where S is the surface energy, so that 2S5 is the work required
in the quasistatic direct normal separation of two unit area surfaces.
An equilibrium crack length corresponds to a stationary value of the
potential energy

dPpjdl =0, or —dPldl=2S (132)
The interpretation of this equation relies on further postulates on

the nature of crack extension. If crack extension is considered as fully
reversible, one finds that the most common loadings result in the
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equilibrium crack length being unstable; cracks could then not exist
unless some mechanism is postulated to keep them open under zero load.
The more usual interpretation relies on the postulate of preexisting
cracks which cannot rebond and shorten in length when loads are
removed. In this case, extension may occur when —dP/d! evaluated
at the preexisting crack length is sufficiently elevated by increasing
load to the critical value of 2.S. Subsequent crack extension may be
either stable, in the sense that growth occurs quasistatically under
increasing load, or unstable. The equilibrium crack length is unstable
and results in a running crack (since shortening is ruled out) when

~d?Pr|dl? = —d?P{dI* = 0 S (133)

Presuming loadings are by the tensile mode only, these equations
may be expressed in terms of stress-intensity factors through Eq. (124).
The critical intensity is ' o

| Ky = [2ES/(1 —»)P/? ' ' (134)
and the crack extension is unstable if | | | |

oK /ol = 0 - (135)

An example of an unstable configuration is the crack of length / in a
remote tensile field o, . Then K, = o,(#/2)}/* and oK,/ol > 0.
Wedge forces P per unit thickness at distance / from the tip of a long
crack afford an example of stable extension, for then, from Eq. (98),
K, = P(Q2/=I}}/? and éK,/ol < 0.

2. Cohesive Forces Model

The Griffith theory ignores the unrealistic prediction of singular
stresses at a crack tip and employs an energy balance to obtain a fracture
criterion. Another approach to the problem of elastic brittle fracture
has been originated in work by Barenblatt (1962). Prospective fracture
surfaces ahead of a crack are permitted to separate under loading,
with the separation opposed by atomic or molecular cohesive forces.
Figure 8 shows a crack with a zone of cohesive forces ahead. The total
separation distance between upper and lower crack surfaces is called
8 = 8(xy) = uy*(%,, 0) — uy~(x, , 0), and the cohesive restraining stress
o(8) is shown as a function of 8. The total cohesive zone size is
determined from a boundedness condition, so that the positive stress
singularity at the outer edge of the cohesive zone is just canceled by
the negative singularity due to the cohesive stresses o(8) acting in the
zone. Consequently, the crack tip closes smoothly and stresses are
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A° {8)= Restraining stress

Xz
| 8 = Separation distance

8= Tip opening
displacement

Fic. 8. Cohesive force approach to elastic brittle fracture; area under cohesive stress
versus separation distance curve is twice the surface energy.

bounded. Barenblatt (1962) treats the problem through a special postulate
on the shape of the deformed surfaces. However, a recent analysis
(Rice, 1967a) of the problem employing the path-independent integral [
(Eq. (60)) removes this artificial restriction. First note that the proof
of path independence in Sect. ILLE applies for any group of contours I"
surrounding the crack tip and not passing through the cohesive zone.
We therefore make the convenient choice, shown in Fig. 8, of shrinking I"
down to the upper and lower surfaces of the coheswe zone. Since dx, = 0
for this choice of T,

_ Ui 5. & _
] = ——-J. T‘L d J.c-z. 0225&:(“24' —_ uZ )dxl

- J-c.z. Uéaf_ldxl - fc.z.aixl [f: 6(8) da] dxl
5, : '
— fﬁ o(3) d - (136)

Here, c.z. stands for the cohesive zone and &, is the separation distance
at the crack tip. Now let 8* be the separation distance when the surface
atoms can be considered pulled out of the range of cohesive forces.
Then the equilibrium condition at which crack extension is just possible

corresponds to loads large enough to elevate [ to a value correspondmg
to §;, = 6™

]:jjqa@ (137)

Now let us suppose that the cohesive zone at extension is very small
compared to other geometric dimensions of the problem. The integral |
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being path independent, we can choose I to lie at large distances from
the cohesive zone, where the deformation field is indiscernible from
the usual elastic solution, which does not consider cohesive forces.
Thus, by Eq. (68), J is equal to the potential energy decrease rate of
the usual noncohesive elastic solution, Also, by definition of surface
energy, the total area under the cohesive stress-separation distance
curve is twice the surface energy. We thus see that the cohesive force
theory and Griffith theory lead to identical predictions of the equilibrium
crack length for small cohesive zones. Predictions of stability for the
cohesive model depend on J. If J decreases with increasing crack length,
further load is required to achieve §, = 8%, and we have stability;
if [ increases, the equilibrium equation (Eq. (136)) cannot be satisfied,
and we have instability. Thus, with the equality between [ and the
energy decrease rate of the noncohesive crack solution, stability predic-
tions are also identical. We conclude that the Griffith and the cohesive
force theories are fully identical in their prediction of fracture behavior,
so long as the usual condition of a small cohesive zone is met.

F. DyNAMIC SINGULARITIES FOR RUNNING CRACKS

We consider the two-dimensional plane strain problem of a running
crack in an elastic material. The displacement vector may be split into
irrotational and solenoidal parts by introducing functions ®(x, , x, , ),

W (xy, %, ,1
(52, %, 2): I b o 138
VT, T em, 2T ox, O : (138)

The stress equations of motion and isotropic stress-strain relat:ons are
satisfied if (Kolsky, 1953)
C2 VD — 2:®[or,  C2V2W = o*Wjor (139)

where C,; and C, are the dilatation and shear waVe speeds. We consider
the special case of a crack with 2 tip propagating at constant velocity V
in the x, direction and introduce the notations (Yoffé, 1951)

x= — Vt,  yg= gy, YV, = oy (140)
where _
=1 — (V2]C?), al =1 — (V3C2) ' (141)
Then, writing @(x, y5, t) = DP(xy, %, , 1), etc., one obtains
Rp, PPy 1 2P, o, 0¥, 1 &%, (142)

o oy ofCE o0 x| gy2 agiCp o

in the moving coordinate system.
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Having compensated for the moving crack boundary, we can obtain
the structure of the stress singularity by ignoring the time-derivative
terms and seeking appropriate singular solutions of the Laplacian
equations

20, 0,

>,  &PY,
Ox? oy P +

R

These may be solved in a2 manner analogous to Williams’ (1957) treat-
ment of the static case. We suppose the crack tip to be at the origin
of the moving coordinate systems and introduce polar coordinates’ 7q, by
and r, , 0, where

=0, =0 (143)

rde“d = x + iyg = (%, — Vi) + dogx,

. : (144)
7,60 = x -+ iy, = (xy — V) + dogx,
Then, assuming harmonic solutions of the form
&, = Arjrcosnby, ¥, = —Brsinnb, (145)

(which give symmetric stresses as appropriate to the tensile mode)
one finds that stressfree crack surface boundary conditions result in
two linear homogeneous equations for 4 and B. Setting the determinant
of coeflicients equal to zero, one finds

n=2%  B=[0(+a2]4 (146)

The spatial constant 4 can only be determined by complete solutions
of boundary value problems, but these equations are sufficient to
determine the functional form of the near crack tip stress distribution,
which is the dynamic analog of Egs. (78). The resulting near tip field is

3 cos(6,/2) 4oy  cos(8,/2)
o = 3 GA[(1 + 2 — o) R o, )]
6 sin(8,/2 sin(8,/2
019 = 4 GAoy, [ ,.(:l/‘:/ ) - ,.(1/2/ )] (147)
3 cos(6;/2) 4oy cos(B,/2)7
O =7 GA [ —(1 + &) ,,(;,Z 1+ ;sz 172 ]

where G is the shear modulus. A dynamic stress-intensity factor may be
related to the spatial constant 4 by

3(2m) /2 Gldoey — (1 + a2)?] 4

Kp= AT+ ad)

(148)
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" so that o,, = Kp/(2nr)L/? dlrectly ahead of the tlp, in analogy to the
static zero-velocity limit. .

Two general types of dynamic problems have been considered.
Yoffé (1951) and Craggs (1960} dealt with similar problems, the former
with a crack of constant length being opened at one end and closed
at the other with constant speed, and the latter with a semi-infinite
crack subjected to surface loads with points of application moving at
the same speed as the crack. Broberg (1960) and Baker (1962) treat
the crack as suddenly opening from zero length and symmetrically
growing with constant velocity. Some features of the solutions to
these two problem types have been compared by Cotterell (1964).
The Yoffé-Craggs solutions result in dynamic stress-intensity factors
independent of velocity and thus identical to the corresponding static
problems. Employing a Griffith-type theory to predict the load required
to maintain a given velocity (Craggs, 1960), their solutions indicate a
steady decrease of load to zero at the Rayleigh surface wave velocity
(0.91 to 0.95C, for typical values of Poisson’s ratio). As we shall discuss
subsequently, this unacceptable result is related to the neglect of an
analysis of how their steady-state condition is achieved. The more
realistic Broberg-Baker analysis leads to a dynamic stress-intensity
factor whose ratio to the static value for the same crack length decreases
to zero at the Rayleigh surface speed (Cotterell, 1964). It is not, however,
the Rayleigh speed which sets the practical upper limit on crack velocity.
A figure in the neighborhood of half the shear wave speed (and thus,
approximately, of the Rayleigh speed) is typical for many brittle materials
(Schardin, 1959). Yoffé suggested an explanation on the basis of a
bifurcation of the above near crack tip dynamic stress field. She noted
that, at approximately half of the shear speed, the angle at which the
maximum circumferential stress (og in polar coordinates) occurs shifts
from the line in front of the crack to an angle of 4-60° with the crack line.
" This observation is consistent with crack branching and the sometimes
roughened fracture surface appearance near the terminal speed.

Another result of the near tip stress distribution is the decrease in
stress triaxiality in front of the crack with increasing speed. Computing
the ratio of principal stresses, oy, perpendicular to the prospective
fracture surface and oy, parallel, from Egs. (147)

oo ooy — (1 + a2)?

o (14 202 — o)1 + o2) = dayy, (149)
This ratio falls continuously, with increasing velocity, from unity,
in the static case, to zero at the Rayleigh speed (defined by the vanishing
of the numerator). The drop is initially slow, however, with the ratio
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lying between 0.9 and 0.7 in the terminal velocity range of 0.4 to 0.6 times
the Rayleigh speed. This drop in stress triaxiality may be at least partly
responsible for the increasing fracture toughness at high crack speeds
in rate sensitive ductile materials which exhibit an initial embrittlement
with load rates (Eftis and Krafft, 1965). Returning to the Craggs—Yoffé
analysis and their predicted drop in required load with increasing
velocity, it 1s clear that, since the dynamic stress-intensity factor is
speed-independent in their solution, g, will be finite for any finite load.
Since the stress ratio approaches zero at the Rayleigh speed, oy; would
become infinite, and any finite region near the crack tip would have
an infinite strain energy (and kinetic energy). Essentially, then, their
result simply says that if a cracked body has an enormous amount of
energy near the tip, very little load is required to maintain the crack
speed. Thus, the important point in interpreting such steady-state
solutions is the question as to how the energy content was achieved.
The Broberg—Baker solution provides a mechanism by starting from
zero crack size in a static stress field. Indeed, the dynamic stress-intensity
factor (and thus oy,) drops to zero at the Rayleigh spced in their solution,

as noted above : -

G. StrEss CONCENTRATIONS AND ENERGY VARIATIONS FOR NOTCHES

1. Elliptical Hole

Consider the elliptical hole, of semiaxes a in the x, direction and &
in the x, direction, in an infinite plane subjected to remote biaxial
inplane tensions {(c3;). , (02)c and antiplane shear (o,3), (Fig. 9). The
inplane problem is readily solved by the conformal mapping procedures
of Sect. III,C, on noting (Sokolnikoff, 1956) that a transformation of
the form 2(&) = C,¢ + C,/¢ carries the exterior of the ellipse onto
the interior of a unit circle. A similar, but easier, method of sclution
may be developed for the antiplane problem. Resultmg stresses at
the end of the semiaxis of length a are

0922, 0) = (gg9) [1 + 2(a/b)] — (Ull)co
= (oga)e [1 -+ 2(afr,t?] — (0'11)oo (150)
o33(2, 0) = (Tog)w [1 + (@/0)] = (025)ee [1 + (afr;)/*]

where 7, = b%/a is the root radius of curvature. Aside from the stress
concentration on the notch surface, another feature of the solution
is the rapid rise of oy, from zero at the surface, creating a high stress
triaxiality for plane strain conditions. In the limiting case of a crack,
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* (T22)0

/ %23)03

Fic. 9. Elliptical hole in an infinite body; uniform remote stresses,

Eqs. (78), oy, = 04, directly ahead of the tip. The solution for an
ellipsoidal cavity has been given by Sadowsky and Sternberg (1949)
and many other notch stress concentrations are discussed in the books

by Neuber (1937), Savin (1961), and Peterson (1953).

2. Energy Comparisons

The general results on energy comparisons of Sect. ILE serve as a
technique for the approximate estimation of stress-concentration factors.
First, we obtain estimates of how much potential energy decrease
rates for notches differ from those for cracks of similar size. Consider
the general case of an ellipsoidal cavity, with semiaxes a, b, ¢, in a
uniform remote stress field (o). . The linear elastic result of Eq. (55)
may be employed, taking the state o¥; , € to denote the uniform deforma-
tion field with no cavity present and the state of; + doy;, €f; + dey
to denote the field after introducing the cavity. Then 7'° of Eq. (55)
equals (o;;).n; on the cavity surface 4.5, where the unit normal points
into the cavity. Now we employ a special feature of the problem of an
ellipsoidal inclusion in an infinite body (the cavity being a limiting
case of an inclusion with zero elastic moduli). As Eshelby (1957) has
noted, strains are constant in the inclusion. Thus, surface displacements
of points on the ellipsoidal boundary are given by (except for an
unessential rigid body translation and rotation)

ud 4 du, = ex, | (151)

2y )
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where the symmetric set of constants €}; are the strains in the imagined
zero moduli inclusion. These may be determined in a simple way
from known values of stress concentrations at the semiaxes, for the
“inclusion” strains must be compatible with strains on the void bound-
ary. Equation (55) then becomes, for the potential energy reduction
due to introducing the cavity, |

—AP =} [ (oo (o @V — 4 [ (0n)a mleh — ()] %4
av .45

= 3(0,), e, AV = %'rmbc(oz.j)

A (152)
Presuming only the inplane components (o1;)w , (093)0.t0 act on the
two-dimensional configuration of Fig.9, matching void strains with
surface strains under plane strain conditions leads to

1 —»? 1 — 2
@ =7 on0,8), e = —F—0,(a,0)
(153)
e =€ =0 "

Now, defining P as the potential energy per unit thickness, writing

the two-dimensional version of Eq.(152), and employing the stress

concentration Eq. (150) for oyy(a, 0) and a similar equation for ¢,,(0, ),

the reduction in energy due to introduction of the elliptical hole is
—AP = 3(o,),, €; 44 = 3mab(c,),, <,

- E 2 {(022)00 + (013)’b® + H(0m)o — (on)<]® ab} (154)

If we let = 2a denote the total length of the elliptical hole in the
x, direction and call —dP/dl the rate of energy variation with respect
to notch length when the thickness 4 is held constant,

dP 19(4P) _ w(l —v) . - ., 2
— =55 = = {(oe)n’a + [(o2)0 — (o11)w]? B/4} (155)

Comparing with the case of a crack (& = 0),
o
— = = =5 (on)"a (156)

(which could have been independently written from Egs. (124) and (97)),
there is seen to be no effect of notch thickness when the remote stress
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is equal biaxial tension. For uniaxial remote stress, the energy decrease
rate is the same as for a slightly longer crack with effective half length

act = afl + (bjda)] C157)

A similar slight effect of notch thickness was found by Bowie and
Neal (1967). They considered a flat surfaced edge notch with semi-
circular tip in a semi-infinite plane and independently derived the
linear elastic version of our Eq.(59). Employing a variation of the
approximate conformal mapping procedure of Sect. III,C, they found
an energy release rate corresponding to the edge crack stress-intensity
factor of Eq. (101), but with an effective crack depth (to within 19,).

@epr == a(l + 0.18?’:/(1_) (158)

where 7, is root radius and a is the total notch depth. Starting from
Eq. (152), a similar result could be established for the effective penny-
shaped crack radius of an axially symmetric ellipsoidal void. The last
two equations show that energy rates for cracks differ little from those
for notches of comparable length and position, with corrections which
are not large, even for circular holes, and which become negligible for
narrow notches (say, a/b or a/r, > 4. Thus, compliance tests to deter-
mine stress-intensity factors may accurately be carried out with machined
notches (as is generally the case). Also, as suggested by Bowie and Neal,
photoelastic analyses may be employed to determine the surface strain
energy density of smooth ended notches, so as to compute energy rates
from Eqs. (58) and (59), and thus crack tip stress-intensity factors.

3. Approximate Estimates of Stress Concentrations

We can reverse the viewpoint above and regard the energy variation
rate as known for narrow notches, either from a solution of the related
crack problem or from compliance methods, and use the relation between
energy rate and surface strain energy to estimate stress concentrations.
For example, with a narrow flat-surfaced notch in a two-dimensional
plane strain deformation field, Eq.(59) and the approximation of

the energy rate as the value for a sumlarly loaded body with a crack
of the same length leads to ‘

(1—®Kg 11—
E T2 E frt"dxﬂ

11 =t

I +7/2
=53] @rdcoskds  (159)

—1i2
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Here, o is the surface stress, I', denotes the curved notch tip, ¢ is the
tangent angle, and 7,(¢) is the radius of curvature, as in Fig. 10. Now,
if an approximate form containing an unknown constant is chosen for
the dependence of the surface stress on orientation angle ¢, the equation
serves to evaluate the constant and thus to estimate the maximum stress.

"‘2_ : ¢

t
2h ry (qb)

Fic. 10. Coordinates employed for description of notch surface; ¢ is tangent angle
and »/¢) is radius of curvature,

In view of the result noted by Eshelby for ellipsoidal inclusions, it is
reasonable to approximate surface strains on the notch tip as being
compatible with the homogeneous deformation of an imagined zero
moduli inclusion. Calling e, the surface strain at ¢ = 0, the inclusion
strain is taken as €3, = €,,,,, with all other components vanishing.
Compatibility of strains on the notch boundary then leads to the
approximation for surface strains

&($) A emax cOs’ (160)

The corresponding approximation for surface stresses, o(¢) &~ o,.x
cos?$, when inserted into Eq. (159) then leads to the approximate
maximuin concentrated stress

o ~ \/ iKI . (E)lm ﬁ
" (e rdd) cog dgfe \8) AP

the later form applying to the case of a semicircular tip 7,(¢) = r,,
a constant. As an example, for a narrow flat-surfaced notch of length 2a
and semicircular tip in an infinite body subject to a remote stress (o45), ,

K, = (059)w(ma)t/? from Eq. (97), and

(161)

omas ~ (157) o () = 2430 () (162)

Equation (159) also sets an absolute lower bound on the maximum
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stress arising at the tip of a narrow flat-surfaced notch, for applying
the inequality ¢ <C o, leads to

K

K12 <% i‘»)'n r dx, = Uilaxh: or Omax = le/Ié (163)
£ .

where (Fig. 10) % is the half thickness of the notch. Thus, for example,

with the narrow notch of length 2a in a remote stress field (oy).,

Omax == 7 /%(05). (a/R)12 (164)

regardless of the shape of the notch tip.

IV. Plasticity in the Analysis of Deformation and Fracture

Elastic-plastic and fully plastic analyses are required both for the better
understanding of fracture at the conventional macroscopic continuum
level and for the relation of macroscopic analyses to the mechanics of
brittle and ductile separation processes operative on the microscale.
In contrast to elastic fracture mechanics, methods of analysis in the

-inelastic range are much less developed. Thus, results presented in

this part are, 1n places, tentative and incomplete. Nevertheless, some
significant advances have been made and the increased understanding
of fracture accompanying current and future developments will likely
be great.

A. SMALL-ScALE YIELDING NEAR CRACKS AND _NOTCHES

Consider a loaded elastic-plastic body containing a crack or narrow
notch, as in Fig. 11a, and suppose the load level is sufficiently low so
that. the yielded zone at the tip is small compared to characteristic
geometric- dimensions such as notch length, unnotched width, etc.
The situation envisioned here has been termed “small-scale yielding”
and is the situation in which linear elastic stress-intensity factors form
a useful measure of the intensity of the surrounding elastic field
(Sect. ITJ,A). A special boundary layer formulation is then possible
for determination of the near tip elastic-plastic field (Rice, 1966b,
1967b,c). First recall that when the notch is presumed to be a sharp
crack, the near tip field from a linear elastic analysis has the form,

in the case of tensile mode I loadings as in Fig. 11a,

_K
(2mr )12

Oy =

fi(0) + other terms bounded at the crack tip ~ (165)
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M

"
{a) (b)

Fic. 11. (a) Smali-scale vielding near a narrow notch or crack. (b} The actual con-
figuration is replaced by a semi-infinite notch in an infinite body; actual boundary con-
ditions are replaced by the requirement of an asymptotlc approach to the linear elastic
crack tip stress field.

- Here, the set of functions f;;(f) are as in Egs. (78), and are.the same

for all symmetrically loaded crack configurations. Now consider the
material as elastic-plastic and the notch either a sharp crack or a narrow
void. One anticipates that the elastic singularity governs stresses at
distances from the notch tip that are large compared to the (small)
yield zone and root radius dimensions, but still small compared to
characteristic geometric dimensions such as notch length. Then the
statement that the elastic singularity governs may be expressed in a
formal way by saying that the actual configuration (Fig. 11a) may be
replaced by a notch of semi-infinite length in an infinite body (Fig. 11b),

and the actual boundary conditions may be replaced by the boundary-

layer type requirement of an asymptotic approach to the elastic smgu—
larity stress distribution at large distances. That is, :

(2m')1 i fi(f)  as r— o0 - (166)

where K, is the stress-intensity factor for the associated elastic crack
problem. Such small-scale yielding solutions for cracks are mathe-
matically exact only in the limit of a vanishingly small plastic zone.
But small-scale yielding solutions have been found to be highly accurate
approximations to available complete solutions up to substantial fractions
(typically, one-half) of general yielding loads (Rice, 1967b).
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Recall that we have introduced the path-independent integral J,
J= [ (Wdvy~T - oujox, &) (167)
r CoL

for two-dimensional deformation fields in Sect. ILE. The proof of
path independence applies strictly to paths I' surrounding the notch
tip in elastic material outside the plastic zone. Path independence
results also for paths passing through the plastic zone when a deformation
plasticity theory, which is really nonlinear elasticity, is employed.
Let us take I" to be a circle of radius  lying outside the plastic zone
in Fig. 11b. We can let 7 — co without altering the value of the integral.
Since both W and T - du/ox, are of quadratic order in stresses in the
linear elastic portions of material, and since dx, == 7 cos § d# and
ds = r df, only the asymptotically approached inverse square-root stress
distribution need be taken into account for evaluating the integral.
Thus, [ has the same value in the small-scale yielding solution as it
has for the linear elastic crack solution, namely

J=0 —»*)Kg3E (168)

for plane strain tensile mode loadings (cdmpar_e Eq. 126)). The more
general result for small-scale yielding involving the inplane or antiplane
sliding modes of loading, or for combined mode loadings, is that

J=¢ (169)

where ¢ 1s Irwin’s linear elastic energy rate, given in terms of stress-
intensity factors in Sect. III,D. We shall see that the choice of special
1ntegrat1on paths for the integral ], along with the fact that its value
is known, provides a useful tool for elastic-plastic analysis,

Employment of the path-independent integral also provides a useful
technique in situations involving large-scale plastic yielding. Although
its value is not then known, we can, within the approximation of a
deformation theory, fall back on the physical interpretation in terms
of an energy comparlson for similarly loaded bodies containing notches
of neighboring sizes. This interpretation justifies approximate calcula-
tions as, for example, in connection with the two configurations of
Fig. 7. Highly simplified elastic-plastic models may also be suitable.
For, even though the solution would then be wrong in detail, one
might confidently expect accurate predictions of a gross feature of
~ the solutlon such as the energy rate.
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B. Cracks 1IN ErLasTic-PrasTic ANTIPLANE STRAIN FIELDs

Cracks opened by tensile model loadings are of primary interest
in the mechanics of fracture. Mathematical difficulties have to date
prevented a detailed treatment of elastic-plastic problems in this case.
The same is not so for the antiplane mode III loading of cracks and
a number of solutions (Hult and Mc Clintock, 1956; Neuber, 1961;
Rice, 1966b, 1967c) have been obtained for this class of problerns,
including both perfectly plastic and strain-hardening behavior. While
the precise relevance to tensile problems is uncertain, McClintock and
Irwin (1965) have pointed out that several observed features of tensile
crack extension are ant1c1pated from antiplane solutions. :

1. Perfect Plasticity

We have reviewed the general construction of plastic region stress
fields and the form of displacement increment relations for the antiplane
straining of an isotropic perfectly plastic material in Sect. II,D. Thus,
following Hult and McClintock (1956), stresses are constant along radial

Xz To

Plastic
zone

a®

Fic. 12. Antiplane deformation of a perfectly plastic material; o3¢ = 7, throughout
plastic zone, R{(f) is distance to elastic-plastic boundary.

lines in a plastic zone adjacent to a crack tip, as in Fig. 12. In polar
coordinates, the lines # = constant are the « lines of Sect. II,D and

" O39 = Tg Ogp = 0 (170)

where 7, is the yield stress in shear. Antiplane displacement increments
du, in the course of loading are thus also constant along the radial
lines, from Eq. (49), so that u; = u3(6) in the plastic region for monotonic
loading. Introducing the “engineering’ shear strains, calling R(6) the
distance to the elastic-plastic boundary as in Fig. 12, and noting that
va0 = Yo = To/G (the initial yield strain) on the boundary,

1 éu R(8) on
Yse = 1,863—"70 (): _'Yaa-m‘a—:

=0 (17

¥
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In terms of distance to the elastic-plastic boundary, displacements
in the plastic region are thus given by

1= ul®) = vo | RE) B (172)

where we take the displacement as zero on the line ahead of the crack.
Note that the displacement is discontinuous at the crack tip and a
total opening displacement §, results where

- {2

b = w(m[2) —w(—wi2) =7 [ R(B)dB (173

The plastic region solution is completed once the distance R(f) to

the boundary is known. This must be chosen in such a way that a

linear elastic stress field exists, nowhere violating yield and in satisfaction

of prescribed loads and certain continuity conditions (Prager and

Hodge, 1951) on the elastic-plastic boundary. From Sect. I,B, stresses

in the elastic region are representable in terms of an analytic function
of x = %, + ix, as

g -+ i = w'(3) (174)

We may profitably change our point of view, now, and regard this
equation as saying that z is an analytic function of oy, + foy; in the
elastic region. Equivalently, x, — ix, is.an analytic function of o4, — #oy, ,
which we write as ‘

— txy = F(£) (175)

‘where F is analytic and the dimensionless stress ¢ is

& = (040 — 1049)/7, (176)

This transformation is especially effective since the unknown elastic-
plastic boundary maps into a portion of a unit circle in the ¢ plane.
Boundary conditions on F(¢) along the elastic-plastic boundary are
obtained by noting, in reference to Fig. 12, that £ = ¢ at a point on
the boundary with polar coordinate # and that x; — ixy, = R(B)e™* at
that point. Thus, we have

R(0) = F(e) (177)

as a formula for distance to the boundary once F(£) is known, and, smce
R(#) must be real, we have the boundary condition :

Im{e*F(eif)} = 0 (178)

along the unit arc map of the elastic-plastic boundary in the ¢ plane.
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2. Small-Scale Yielding Solution for Perfect Plasticity

In accord with the discussion of Sect. IV,A, we obtain the small-scale
yielding solution by viewing a crack as semi-infinite and by imposing
asymptotic boundary conditions of an approach to the mode III elastic
singularity. From Egs. (77) and (82), the asymptotic condition becomes,
with reference to Fig. 13a,

. KIII
032—|—1031—>W .as |z|—> o (179)
Plane
X2 B ¥ €
R(6)
P P
Ax B %) A M he T32/ T
Ba C D
(a)
€1 Singularity
O'3|/T°

{b)

FiG. 13. Small-scale vielding solution for elastic-perfectly plastic antiplane strain.
(a) Physical plane. (b) Map of -elastic region of physicai plane onto interior of unit semi-
circle in stress plane, with corresponding points as labeled.

where K is the stress-intensity factor from a linear elastic solution
to the crack problem. This condition may be expressed in terms of

F(£) of Eq. (175) as
Kin
2722

x, — iy = F(§) > as [£]—0 (180)

The map of the physical x;x, plane of Fig. 13a into the £ plane is shown
in Fig. 13b. Points at infinity map into the origin of the ¢ plane, the
elastic-plastic boundary. maps into a unit semicircle, and the crack
surfaces map into the imaginary £ axis, all as shown. Since &, == 0
on the crack surfaces, F(¢) must be real on the imaginary £ axis. A
solution satisfying this condition, as well as Eq. (178) on the elastic-
plastic boundary, and which correctly gives the asymptotic behavior
as required by Eq. (180), is

2
KIII

Z
277y

(1+1)  . asy
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The resulting distance R(f) to the elastic-plastic boundary is obtained
from Eq. (177) as

2
KIII

2
Ty

R(6) = Rycos,  where Ry = (182)

The plastic zone is a circle (as shown in Fig. 13a) of diameter R, .
Resulting strains and displacements within the plastic zone and crack
opening displacement are

ver = K} cosé _0 |
36 . WGTO -y ’ Yar = (183)
. K& . . 2K . ) :
Uy — 'J_‘?’GTO SIn 9, 8t -— *1;—@“;;- = ZVORO

Solving for stresses in the elastic region, from Egs. (175) and (181), '

. K2 —1/2
Ggp + 103, = K [211' (.2' - 211;212 )] (184)
and we see that the effect of yielding is to create a stress field identical
to the characteristic elastic singularity field, but shifted ahead by half
the plastic zone diameter as if the crack tip were at the center of the

plastic zone. This interpretation was first noted by Irwin and Koskinen
(1963). A R

3. Complete Solutions for Perfect Plasti'cz'ty

The small-scale yielding approximation becomes poor at load levels
inducing plastic zones comparable to characteristic geometric dimen-
sions, and recourse must be made to complete solutions. These have
been given by Hult and McClintock (1956) for an edge crack in a
semi-infinite plane subjected to a uniform remote stress state, and by
Rice (1966b) for an edge crack in a finite-width plane. The latter solution
applies also to the antiplane versions of the double edge, internal, and
periodic array crack configurations shown in Fig. 6. Employing the same
notation of a for crack length and 4 for plane width, the mode III
elastic stress-intensity factor for a uniform remote antiplane shear stress
is

Kut = 7o(ma)t/2 [(2b/wa) tan(ma/2b)[/2  where 7, = (o3)e (185)

and low stress level solutions are obtained through the above small
yielding results with this value of K;;. The method of obtaining
the complete solution parallels the small-scale yielding procedure.
The elastic region of the physical plane is mapped into the ¢ (dimen-
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sionless stress) plane. Again, the elastic-plastic boundary maps into
a unit semicircle and crack surfaces map into the imaginary ¢ axis,
as in Fig. 13b. But now the mapping is somewhat complicated by
the x, direction surfaces of the finite-width plane transforming into a
slit extending out from the origin along the real ¢ axis. Boundary
conditions are set on F({) = (x; — ix,) and the problem is reduced
to a standard type which can be solved by conformal transformation
of the slit semicircle onto a semicircle with no slit, the latter configuration
being one for which Laplacian equations are readily solved. We shall
discuss a similar procedure in connection with strain hardening below,
and therefore only note results here.

For the special case of an edge crack in a semi-infinite plane (b = o0),
resulting expressions for the length R;, over which the plastic zone

extends in front of the crack, and for the crack opening displacement §,
are {Rice, 1966b)

Bo=al T e () -]

(186)
5 = 2y [ (1 + ) B — 1] |

where s = 7,/7y, and E; and E, are complete elliptic integrals of the
first and second kind, respectively. These may be shown to reduce
to the small scale yielding results at low stress levels when terms of
order s* are negligible compared to unity. The plastic zone elongates
from the circular shape at higher stress levels, much as in Fig. 12,
and at the limit load the zone extends to infinity in the x, direction
with a height in the x, direction which asymptotically approaches
4a/w. Figures 14 and 15 show numerical results for this case as well
as for finite-width planes with ratios a/b of crack length to plane width
equal to 1/5 and 3/5. The graphs show the dimensionless plastic zone
size and opening dlsplacement

R, (naj2b) ctn(ma/2b) g S (7a[2b) ctn(ra/28)
a (1 —aby 2y0¢ (1 — ajb)?

as a function of the ratio of net section stress to yield stress, 7,/7,,
where 7,, = 7,(1 — a/b)7! is the average stress on the uncracked width.
These particular dimensionless combinations are chosen since both
equal (r,/7y)? for any ratio of a/b, according to the small-scale yielding
solution with stress-intensity factor as given by Eq. (185). The small-
scale yielding results are shown by the dashed lines in both graphs.
- The factor depending on the ratio of @ to 4 in the above dimensionless
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Fic. 14, Variation of plastic zone size with net section stress, for different crack-
length-to-plane-width ratios. Dashed line shows small-scale yielding approximation.
Antiplane strain of elastic perfectly plastic material (Rice, 1967h).

combinations has numerical value 1.00 when a/b = 0, 1.51 for alb = 1/5,
and 4.28 for a/b = 3/5. Deviations from the dashed-line results indicate
the range of validity of the small-scale yielding approximation. Plastic
zone size predictions begin to deviate significantly from 30 to 509, of
the limit load in Fig. 14, with less deviation for the larger crack length-
to-width ratios. Opening displacements deviate significantly from 60 to
70% of the limit load, again with less deviation for the larger ratios.
"The elastic-plastic crack problem in antiplane strain may be formulated
in a similar fashion for anisotropic perfectly plastic materials having
arbitrary convex yield surfaces in the two-dimensional oy, , oy, stress
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Fic. 15. Variation of crack opening displacement with net section stress, for different
crack length to width ratios. Dashed line shows small-scale yielding approxn‘natmn
Antiplane strain of elastic perfectly plastic material (Rice, 1967b).

space. The procedure is outlined in a survey on crack plasticity by
Rice (1967b), and a membrane analogy is presented which allows
effective visualization of solutions. Some small-scale yielding solutions
are also given. A particular feature arising for single crystal-type yield
surfaces is that plastic flow is confined to discrete slip lines emanating
from the crack tip.

4. Comparison of Fracture Criteria

Some understanding of the role of plasticity in altering failure criteria
of elastic fracture mechanics is obtained through choosing different
criteria based on the elastic-plastic solution discussed above. First note
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that the stress-intensity factor governs at low load levels and let KJ,
be its value at fracture in a small-scale yielding experiment. Then,

from Egs. (182) and (183), the accompanying plastic zone size and
crack opening displacement are

Ki)* AKin)

RS — (K §F = 21 9, RS

0 . 3 G, Yoiio (187)
It is now convenient to consider R/, the plastic zone size at fracture in
a small-scale yielding experiment, as a characteristic length describing
a particular material and test condition. Then the linear elastic fracture
criterion, Ky, = Kf;, predicts the net section stress at fracture as

[(7a/2b) ctn(ma[2B)]/2 ¢ Ry \1/2
(1 — afb) ( P )

o g (188)
Examining the elastic-plastic solution, one might choose a fracture
criterion R, = R, since the plastic zone size ahead of the crack governs
the strain along the prospective plane of separation. Alternatively, one
might choose a fracture criterion 8, = 8/ = 2y,R,/, since the crack
opening displacement is an integrated effect of the highly concentrated
strain near the crack tip. Both the critical zone size and critical opening
displacement criteria agree with the linear elastic prediction (Eq. (188))
in the small-scale yielding range, but not at the high fracture stress
levels resulting for short cracks. Figures 16 and 17 compare predicted

0B Elostic stress intensity factor criterion

Crack ‘opening displacement criterion -
Plastic zone "size criterion

04t

o2

Net section stress for frocture (dimensionless)

L i | | 1
6 8 (8] 12 4

Crock length (dimensionless)

F1c. 16, Comparison of different fracture criteria, as based on perfectly plastic
" antiplane strain solution, for edge crack in a half plane (Rice, 1966b). .
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Fic. 17. Comparison of different fracture criteria, as based on perfectly plastic
antiplane strain solution, for crack traversing two-fifths of plane width (Rice, 1966b).

dimensionless fracture stresses 7,/ from the three criteria, showing
them as a function of a/R/, the ratio of crack length to plastic zone
size at fracture in a small-scale yielding experiment. Figure 16 1s for
the case of a crack in an infinitely wide plane, whereas Fig. 17 is for a
crack traversing two-fifths of the plane width. The horizontal line
segments appearing for small crack lengths in the latter figure correspond
to cases in which fully plastic conditions result before the zone size
and opening displacement fracture criteria are met.

Aside from providing an indication of the deviation from linear
elastic predictions, the curves serve to show the lack of any single
parameter which may replace the stress-intensity factor in describing
the intensity of local deformations in the large-scale yielding range.
The two plasticity criteria differ from each other as much as the closest
differs from the elastic criterion, except for very short cracks. It should
be noted that current practices (ASTM, 1960) in applications of elastic
fracture mechanics include semiempirical corrections to account for
yielding influences on fracture size effects. The curves marked “‘stress-
intensity factor criterion” do not include these corrections, which tend
to shift predictions toward those based on the opening displacement
criterion. Also, it is cautioned that the relevance of antiplane solutions to
tensile problems is uncertain, and it is unknown if similarly chosen tensile
criteria would lead to similar deviations in the large-scale yielding range.
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5. Strain Hardening

Governing equations for elastic-plastic strain-hardening behavior in
antiplane deformation have been formulated by Neuber (1961) and
Rice (1967¢c), employing a deformation plasticity theory. Isotropic stress-
strain relations relating the principal shear stress = and strain y, where

T = (Ugl + ‘732)1/2 and v = (v T vR)'? (189)

are taken as linear behavior up to an iInitial yield point 74, vy, and
nonlinear hardening thereafter:

T={(rfre)y for y<y, and T=1(y) for y>y, (190)

where 7(y) is a function describing the stress-strain relation in the
hardening range. Principal shear stress and strain directions are collinear,
so that, in component form,

‘5'31 = [m()lv] ya1 » o3 = [7(¥)]7v] vae (191)

as in Eq. (38). As in the perfectly plastic case, it is advantageous to
formulate equations for physical coordinates x; , x, in terms of strains
Y31, Yge OF Stresses oy;, 03 . Then the equilibrium and compatlblllty'
equations may be transformed as follows:

aa(;s: % = 0 .'b.ecomes 552,11 88(:22 =0 |
| | (192)
%2;3_21_ — -%7-;31& =0 t?ecdrges ' g::z — aa::l =0
The compatibility equation is satisfied by wrifi_;lg
n=foym,  w=0ldy, (193)

where ¢ is a function of the strain components. Substitution into the
equilibrium equations and use of the stress-strain relations leads to a
linear differential equation for i having variable coefficients. The
equation takes its simplest form in a polar coordinate system in the
strain plane. To this end, let ¢ be the angle between the x, direction
and the principal shear d1rect1on measured positive counterclockwise,
Then

Ve == ygs — By, 1€ = 0gp —ioy - (194)
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and when the strain plane potential function is expressed in terms of y
and ¢, Egs. (193) may be written in the form

Xy = —squ l’b —_

cos G . o  sing
By A y = cos<;6 By ” (195)

o

The equilibrium equation of Eqgs. (192) is then satisfied if

) 1 1B
yi'y) 02y By | 2 081 0 . {196)

where 7'(y) = dr/dy. Note that this becomes Laplace’s equation for a
linear stress-strain relation as in the elastic region of the strain plane,
y <<vp. The antiplane displacement u; and potential function $ are
related as Legendre transforms

uy, = y ofjoy — i, =7 Oug[Or — uy - (197)

where 7 is radial distance in a polar coordinate system in the physical
plane.

6. Small-Scale Yielding Solution for Strain Hardening

The strain field of the semi-infinite crack maps into the semi-infinite
portion of the strain plane defined by —#/2 < ¢ < 4-7/2, these limits
giving the principal shear directions corresponding to the lower and
upper crack surfaces, respectively. Since x, = 0 on the crack surfaces,
Eqs. (195) require 0/d¢ == O at ¢ = +=/2. The strain singularity at
the crack tip maps it into points at infinity in the strain plane, and
thus the derivatives of i vanish at infinity, since x, = x, = 0 at the tip.
The requirement of an asymptotic approach to the elastic singularity
leads, as in Eqs. (179) and (180), to a singularity at the origin of the
strain plane, which is the map of points at infinity in the physical plane:

: . 1 35” O KIII’Y e
—_ —e~id e
*y ey = - ( %5 + 1 3y ) g as y—0 |
or : (198)
Ky, sin ¢ -
i I A

If we now assume a solution for ¢ in the form of sin ¢ times a function
of y, we automatically satisfy boundary conditions on the map of
the crack surfaces and the problem reduces to determining the function
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of y so that the differential Eq. (196) is satisfied and that the conditions
at the origin and at infinity are met. There results (Rice, 1967¢)

Ky (o du . :
==y f,, uzf(u)] sin ¢ for ¥>70
' (199)
. Ko {1 ¥ © du :
1’b = — W 5; + _‘}?‘ [2‘}’07'0 fyom — 1]2 smr,ﬁ for Y < Yo

Let us introduce the notations

_ Kﬁl Yoo
Tt ey KO

[27070 f :u uzciz;u) o y’;(l(?)] | (200)

Then, expreséions for physical coordinates in the plastic and elastic
regions are obtained from Egs. (195) as

— X(y) + R(y)cos 2,  x =R@)sin2¢ for y >y,
% = X(yo) -+ Ry)cos2¢, 2, = R@y)sin2¢  for y <y

'The geometrical interpretation of these equations is shown in Fig. 18

(201)

CRACK Y
T\\ |
b4 \){, Y‘l-———x(yo)—,{ ~ |
\ ~ /
\ ® R
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Fic. 18. Geometry of small-scale yielding solution for antiplane straining of a work-
hardening elastic-plastic material. C
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Lines of constant strain magnitude in the plastic region are circles with
radius R(y) and centers located a distance X(y) ahead of the crack tip
on the x, axis. The principal shear direction angle ¢ at any point on
a constant strain circle is one half the angle made with the », axis by
a line from the center of the circle to that point. The elastic-plastic
boundary is also a circle with center at X(y,) and radius R(y,} =
K3/27ry?; this radius is independent of the stress-strain relation in
the hardening range. Lines of constant strain magnitude in the elastic
region remain circular but are now concentric with the elastic-plastic
boundary. Stresses in the elastic region may be obtained from the latter
set of Egs. (201) as
' . KIII

7 T e — XGoT

(202)

and it is again seen that the effect of yielding is to shift the elastic
singularity ahead as if the crack tip were at the center of the plastic
zone. Strains along the line directly ahead of the crack are obtained
by setting ¢ = 0 in Eqgs. (201). The result in the plastic region is

2 o )
2 = YeKiu J‘ du (203)

Ty I pygley.0) YU2T(H)

As an example, consider a stress-strain relation exhibiting hardening
according to a power law

T =7o(ylye) . for y <y, T=Tyfve)N dor y >y,  (204)

N = 0 describes perfect plasticity and V = 1 describes perfect elasticity.
The radius and center location of a constant strain circle in the plastic
region is |

_ K (v MV 1 -—N
RO) =55 (2) 0 Xo) = 7 R®) (205)
The plastic zone extends a distance R(y,) -+ X(y,) = K&/(1 + N) mr,2
ahead of the crack tip and a distance R(y,) — X(y,) = NKi/(1 + N)nr2
behind. Strains directly ahead of the crack in the plastic region are

_ K1211 1/(14N)
Vaa(%1 ’ 0) =y, [ (1 + N)mrga, ]

(206)

7. Complete Solution for Strain Hardening

Following Rice (1967c), the strain-hardening elastic-plastic solution
is sketched here for an edge crack of depth 4 in a semi-infinite plane
. (Fig. 19a) subject to a uniform remote shear stress 7., which does not



3. MATHEMATICAL ANALYSIS IN THE MECHANICS OF FRACTURE 259

| Q-
_-&I-E-
[ -
o
_m
5\)‘
-, o
-3
/
| &
Qs
~
~|-
Qs
9 |&

c
17/ b Y Yae
-—y-—-
ELASTIC-PLASTIC ®
BOUNDARY MAP OF | 8y |
eLasTic/ 5 34 °°
Y 0¢
REGION,
.._—-/
MAP OF
PLASTIC
Co REGION
V7.,
(a) (b}

Frc. 19. Formulation of the edge crack problem for a work-hardening elastic-plastic
material subjected to antiplane strain. (a) Physical plane. (b) Map of physical plane into
strain plane, with corresponding points as labeled and with boundary conditions as shown,

exceed the initial yield stress. The map of this configuration into
the strain plane appears in Fig. 19b with corresponding points labeled
and with boundary conditions (resulting from Egs. (193) or (195)
indicated. The differential Eq. (196) is Laplace’s equation in the elastic
region (y < y,) and its solution can be represented as the imaginary
part of a harmonic function, say

% = —yp,Im [ f F(§) df] where § = %e"‘* ="’—32-‘;0—"”i"l (207)

Physical coordinates in the elastic region | £ | < 1 are then
x — ity = F(£) | (208)

as in Eq. (175). Symmetry considerations require F(§) to be real on
the real axis ahead of the slit so that F(£) = F(¢). In view of the vanishing
normal derivative on the y;, axis, an image half plane with identical
boundary conditions may be introduced in the region y,, < 0, so that
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we now have a slit extending from —s < £ << +s where s is the dimen-
sionless remote stress or strain

$ = TalTo = YalYo - (209)
The boundary condition ¥, = —a on the slit becomes
~2a = 2 Re[F(t)] = F(t) +FQ) = [FOI + [FOl-  (210)

Here, ¢ denotes points along the slit and +, — refer to upper and lower
surfaces of the slit. We have considered similar Hilbert equations in
Sect. I1,C, IILLA, and III,B. Its general solution, which satisfies also
the vanishing normal derivative on the y,, axis, may be written as

F(§) = —afl + £g(£)(&* — *)/7] (211)

where g(€) is analytic within the unit circle and has a Taylor expansion
containing only even powers of £ with real coefficients. The solution
for s in the plastic region (v > y,) can be written in the form

b = Y Dy fuly)sin[(2k — 1) 4] (212)
k=1
which automatically satisfies the boundary condition on the y;; axis.
In order to satisfy the governing equation for ¢ and conditions at
infinity, the set of functions f,(y) are chosen so that

TMfNWFAU—( I)M)—O (213)

with fi(y,} = 1 and fi{c0) = 0.

We now have two solutions for ¥, one containing the unknown Taylor
coefficients of g(¢) and the other contammg the unknown constants D, .
These are determined by requiring that both solutions give the same
values of the physical coordinates on the elastic-plastic boundary
(¥ = y,), or, equivalently, that first derivatives of ¢ be continuous.
An infinite system of linear equations results. If the unknown constants
are each, in turn, expanded in powers of 5, a recursive method of solution
may be developed. The resulting formulas are given by Rice (1967c¢),
along with a solution for the constants D, accurate to within an error
of order s'2, and with extensive numerical tabulations for materials
hardening according to the power law of Eq. (205). Figure 20 shows
some of the final results in graphical form for power law hardening
with N = 0.1 and 0.3. The position of the elastic-plastic boundary
(lower right quartiles of figures) and strain distribution in the plastic






























































































































































