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REFERENCE PROBLEM

------- REDUCED HARDENING

Abstract: A model for plastic yielding near a crack tip, based on ideas

of Dugdale and Barenblatt, is examined for the case of a through the thick-
ne#s orack in an elastic plane. General methods of solution for the de-
formation and stress distributions, accompanying original loading, unload-
ing, and cyclic loading, are given for a class of cracked configurations
loaded symmetrically about the crack line. A principal result is that

for ocases where the size of the zone of plastic deformation is small compared
{0 planar geometric dimensions, stress and deformation near the crack tip
are determined solely by the Irwin elastic stress intensity factor for
original loading. Similarly, for unloading and cyclic loading, variations
in stress and deformation near the crack tip are determined by correspond-
4ing variations in the stress intensity factor. Implications of results

_ for the mechanics of fracture and fatigue crack propagation are discussed.

Introduction

The precise determination of the influence of plastic yielding on the
deformation and failure at a crack tip is a difficult and presently un-
resolved problem. Yet such information is needed for accurate predictions
of the behavior of cracked bodies under static loads causing fracture and
repetitive loads causing fatigue crack propagation. Considerable progress
has been made by McClintock (1) and co-workers in the special case of cracked
bodies under anti-plane loadings occurring in torsion and longitudinal shear.
But predictions in the technically important case of tensile loadings per-
pendicular to the plane of a crack are presently based, in essence, on an
¢lastic stress analysis or an analogy with elastic-plastic solutions for
longitudinal shear. Such an elastic analysis has been used by Irwin (2) and
Orowan (3], in extending the classic work by Griffith (4) on fracture of
brittle bodies, to develop a criterion of fracture at a crack tip for ductile
materials. Paris (5,6) has further used the elastic stress analysis to
determine the parameters influencing the rate of propagation of a growing
fatigue crack. Aside from more or less empirical corrections to the elastic
solution so as to account for plastic yielding, the influence of ductile
material behavior has not been taken into consideration.

= EXTERNAL CRACKS

Fig.13 Contours of (el - &)X 103at & = 13 x 10° lb/inz, three problems.

al i

REFERENCE PROBLEM

------- REDUCED HARDENING

——=—— EXTERNAL CRACKS

Work, in-lo/in x 10°%

The role played by plasticity is to some extent clarified by the analysis
of a highly simplified model presented here. The model for the influence
of plastic yielding, to be described below, will be called the rigid-plastic
strip model. The work is motivated by the Barenblatt ( 7) approach to
brittle fracture and by a paper of Dugdale (8] on the yielding of steel
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sheets containing slits. Goodier and Field (9) and the writer, in an
unpublished report (10], extended the work of Dugdale by discussing the
problems of static fracture and fatigue crack propagation, respectively,
through analysis of essentially the same simplified model for the influence
of plasticity. The intent of this paper is to extend the analyses of
(8,9, and 10) to a wide class of crack problems, to point out the relation
of elastic solutions to the elastic-plastic solutions of the strip model,
and to discuss implications for the static fracture and fatigue of cracked
b?dies. Only the case of straight, through-the-thickness cracks in in-
finite planes loaded so as to induce a state of plane strain or generalized

plane stress symmetrical about the crack line is considered. Some relevant

results from the elastic solution of crack problems are summarized first.

Blastic Approach to Crack Problems

The elastic solutions to crack problems reveal that stresses are
singular at a crack tip. For the type of plane problem considered here it
has been shown (11] that the stress Sy acting (with reference to figure 1)
directly ahead of the crack tip (x=0) at points along the x axis always
has the functional form

Sy = K(ztx)'* +0(x3) | (1)

H?re K is called the "stress intensity factor" and depends on geometric
dimensions such as crack length and linearly on the applied loading in a
manner which may be determined by a complete solution of the elastic
boundary value problem. The expression 0(1‘5‘) denotes other non-singular
terms in the complete expression for G‘y. Retaining only the singular

term of (1 ), which clearly dominates the elastic stress field near the
crack tip, it is seen that the influence of loadings and crack geometry
on the elastic stress field near the crack tip is felt solely through the
stress intensity factor K.

Thus if plastic yielding occurs only in a small zone near the crack
tip and does not seriously redistribute the stresses, the factor K is a
single parameter which determines approximately the stress state near the
crac.:k tip, and fracture will occur when K reaches a critical value charac-
teristic of the material under consideration. This is the essential
result of Irwin's (2) fracture theory; the result is usually obtained
through an energy balance approach, expressing the fracture criteria as
the achievement of a critical value of the energy release rate (2]

- T e (2)

where G is the shear modulus and 7 = 3-4y for plane strain and n = (3-v)/
(1+v) for generalized plane stress, y being the Poisson ratio. The
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fracture criterion based on a critical value of energy release rate is
asen, from (2), to be equivalent to the achievement of a critical stress
intensity factor. Actually experiment shows (2] that the critical stress
intensity factor varies considerably with plate thickness for thin plates.
This is presumably due to a transition from a plane strain deformation
involving slip in the plane to a plane stress deformation which may in-
volve slip through the thickness, a three dimensional effect which quite
naturally is not reflected in the plane elasticity solution. For this
reason the critical stress intensity factor is in reality dependent not
only on the material under consideration but, for thin plates, also on the
plate thickmess.

In the case of cyclic loadings, if again the zone of plastic deforma-
tion is small and stresses are not seriously redistributed, the history

~ of variation of the stress state near the crack tip depends approximately

only on the history of variation of the stress intensity factor K. Thus
one expects the rate of fatigue crack propagation to depend on the varia-

~ tion of K, and this is the result found by Paris. Further, it has been

experimentally determined (5] that for cyclic loadings the crack growth

v' _rate depends primarily on the amplitude of the cyclic variation in K and

is relatively insensitive to the mean value of K.

In summary, the results of the elastic analysis are that all problems
dealing with the static fracture and fatigue of cracked bodies and in-
volving widely different loadings and geometries are essentially identical
problems with the effect of a particular loading and geometry sensed only
through the relevant expression for the stress intensity factor, K, provi-
ded that plastic yielding does not effect a major redistribution of stress.
In what follows, by the analysis of a simple model for the influence of
yielding, we shall attempt to see how plastic yielding may modify these
results and to what extent the elastic stress intensity factor determines
the elastic-plastic solution.

As a preliminary, the Westergaard (12) method of solution is summarized
for plane elasticity problems symmetrical about the x axis. Where F(z)
is an analytic function of z = x+iy, stresses may be expressed as

6y = Re{F@} +y Im{Fn}

Gx

Re { F(z)} ~ I,,,‘{F'(z)} (3)
?1} = =Yy Re{F'(z)}

For cracks along the x axis F(z) is sectionally holomorphic with a line
of discontinuity corresponding to the crack and with an inverse square
root singularity at the crack tip. The stress intensity factor is, by
comparing (1) and (3), and supposing the crack tip to be at the point
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x=c,
5
K = Re {L‘m (2m(z-o)] F(z)} : (4)
za¢e
The displacement in the y direction is
s, “
s I,,,{ }C F(z)dz} - 2—:& yRe{F(z)} ’ (5)

:ﬁer; g is agaii:n the shear modulus and '] is defined as above in terms of
€ rfolsson ratio through the form appropriate for plane strain
generalized plane stress. . ”

Rigid-Plastic Strip Model

4s a first step beyond the purely elastic treatment of crack problems
a model is considered which introduces into the analysis some features of'
the ?lgstic yielding at the crack tip, but at the same time presents a
sufflclt?ntly simple mathematical problem so that a complete analysis may
be carried out. The model through which it is proposed to simulate the
response to loadings of a cracked elastic-plastic plane, as in figure 2
(a), is shown in figure 2(b) and is called the rigid plastic strip model.
Through tl_xis Trepresentation the cracked body becomes two elastic half
plgnes joined together along a strip of rigid-plastic material, with a
void :Ln f:he strip material simulating the crack. The strip is rigid-
plastlc.ln the sense that when a y direction normal stress, ¢+, acts on
?:he strip, the material does not extend or contract in the y girection
if [o'y}< s'm(where Om is the yield stress) but is capable of unlimited
deforiation if Joy| =6y. It is assumed that the material offers mo
resistance to extension or contraction in the x direction. The plastic-

strip may be thought of as the plastic analo
i e P g to well known elastic

‘;'he strip model is, of course, a rather incomplete abstraction of
reality; thg zone of plastic deformation has been artificially confined
work'ha;demng has been ignored, no account has been taken of the influ;nce
of“blt.anal and triaxial stress states on the yield condition (a.lthough
this is not a particularly severe restriction for thin sheets under plane
stregs), and resistance to extension or contraction in the direction per-
penx'ilcular to loading has been ignored. Nevertheless, the rigid-plastic
StIF'lp model does introduce a yielding type behavior into the problem at
pomt.'.s ahead of the crack where one knows that plastic relief of high
elastic stresses must occur. Further, although the model is clearly in-
capable of yielding detailed features of the plastic deformation near the
crack tip, we may expect a reasonably accurate prediction of gross features
such as the plastic zone size, the functional dependence of plasticity
effects on external loadings and geometric dimensions, and the behavior
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upon unloading and subsequent reloading.

Two general classes of cracked infinite planes symmetrically loaded
about the crack line will be considered: 1) bodies sustaining semi-
infinite cracks extending from x=0 to x=—cowhere a is the distance of the
crack tip from some fixed point, as in figure '5(&), and 2) bodies sus-
taining a finite crack extending from x=0 to x=-2a for which the loading
is also symmetric about a line perpendicular to the crack center, as in
figure 4(a). The corresponding rigid-plastic strip models are shown in
figures 3(b) and 4(b), where the zone of plastic deformation,w , has been
removed from each strip and stresses of yield strength magnitude('q, which

the plastic material induces on the elastic half planes, have been drawn
over the region w of plastic deformation. Because of the properties
assumed within the rigid plastic strip, the solutions in the elastic
regions of the elastic-plastic problems of figures 3(b) and 4(b) are
3imply the elastic solutions to crack problems where the lengths a are
replaced by lengths a+w, and the yield stress 67, acting over the distance

w is added to the external loadings.

The problems of figures 3(b) and 4(b) can be solved in general terms,
sufficient to cover all possible crack problems of type (1) and (2) above,
We assume that the stress intensity factors and Westergaard stress functions
of the elastic solution to the crack problems shown in figures 3(a) and 4(a)
are known and denote these by
K&”(a), F‘g”(z,a) and Kéz)(a), ng)(z,a) for the semi-infinite crack and
finite crack cases, respectively. Let the solutions to the crack problems
defined by yield strength loadings 0, acting over the distances ® at the
crack tips (see figures 5 and 6) be denoted by K ;,)(w), FI()”(z,w) and KI(,Z)
(w,a), F(Z)(z,w,a) for the semi-infinite and finite cases, respectively.
Since ong is interested only in superposing solutions, the fact that
physical cracks loaded as in figures 5 and 6 would have one side of the
crack running into the other is, of course, of no interest.

The size of the plastic zone,w, is determined by the condition that
stresses should be bounded at the outer edges of the plastic zone. This
means that the stress intensity factors due to the external loadings (with
a replaced by a+®) and due to the yield strength loadings should sum to
zero, and thus @ is the solution of

Ke (ar@)t+ Ke'lwy =0 (6-1)
He (2 +w) + Kp'w,2)=0 (6-2)

for the two classes of problems considered. The Wester stress
functions for the upper elastic half planes of figures 3(b) and 4(b) are
obtained by adding the stress functions of the external loadings, with a
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replaced by a+@ and z replaced by z-w, to the stress functions of the
yield strength loadings shown in figures 5 and 6. Thus the complete
stress functions for the semi-infinite crack and finite crack cases are

w

Fe

] 1)
F”(z, (z-w,2+w) + FP( (z,w) (7-1)

) (2)
Fw(z) Fe (z-w,a+w) t FP (z,w,2) ,

(7-2)

respectively, where the w's are determined by (6-1) and (6-2), respective-

ly. The solution of the rigid-plastic strip model for which K¢ and Fg
are known functions is thus completed if Kp and Fp are known; expressions
for the latter are given below. The Westergaard stress functions F 18
(2,0)) and ng) (z,w,a) are obtained by using the solution to concentrated
wedging force loads on a crack as a Green's function to generate the
solution for distributed loads of intensity 6. The algebra is tedious

and details will therefore be omitted. The resulting solutions, which
may be readily checked by seeing that the boundary conditions of figures
S and 6 are satisfied (with proper interpretation of branch cuts), are

(O]
= . 28 % -
FP (z,w) = “M[(Z‘fw)z -'&n‘(z?}w)}iJ (1)
(2) 2 0 -l(_& zta
. - = Ao —e =
p (Z,w,a) G'm( [ (a.'f't'l))J[(z‘_d_)z__(dN“’)z-]y1 (8-2)

o {14 o (Al

2
(@+w) - a*

The corresponding stress intensity factors for the two classes of problems
under consideration are, by an application of (4),

)
Kp (w) ="2‘/-—-3‘ Cm Vo (9-1)
k () 2, -7 &

p (wa)= -0';,‘;/1—7—(:’1::0)[/' 71 M aﬂo)] . (9-2)

Equations (6-1) and (6-2) for the size of the plastic zone,w, become

2/Z svw = k& (arw) (10-1)
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Sim 7r(a+w)[" ni/‘“"-'(ﬁ)] ' Kem(awl’). (10-2)

An important result follows by rearranging the above two equations in the
form

w = -
w = =k @sw) (11-1)
(2)
- ¥ A+wW)y _
w = a{sec [ _E%,G'm o ] i}
=q + I (2) 27 A
= 30‘..,‘ [kg (cl-fa))] (aTa’)-f- -4 (11 2)

Assuming @ to be a negligible fraction of a and neglectin§ all terms of
order @/a in comparison to unity, one has Ke(a+w) =~ Kg(a) = Ko, and both
(11-1) and (11-2) result in

w =~ fe (12)
Om

Thus when the scale of plasticity is small (w<a), it is seen that for
all crack problems, irrespective of the manner of loading, the plastic
zone size depends on the loading and geometry only through the elastic
stress intensity factor K. By considering some specific loadings in

the next section it will be seen further that the entire stress and dis-
placement field near the crack tip depends also on the loadings and geo-
metry only through the stress intensity factor Ke in the case of small
scale plasticity, although a more complicated dependence is indicated
when @ is a substantial fraction of a.

Equation (12) and subsequent small scale yielding equations are
derived from stress fields for cracks in infinite planes. However, it
is easily seen that all expressions given for small scale yielding are
also valid for cracks in finite planes, provided that the plastic zone
size is negligible not only in comparison to crack length but also in
comparison to all planar dimensions of the cracked body. When this
condition is met, the computations of (8-1) and (9-1), for effects of
the yield stresses restraining the crack surfaces near its tip, are
valid and the effects of finite specimen dimensions are sensed only
through the relevant expression for the elastic stress intensity factor,

Ke, appearing in (12).
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o1 ‘Ameasure of tht_a plastic deformation near the crack may be obtained by
- tV:szlg for the y direction displacement, v(x), of the rigid-plastic strip
laterial at points along the x axis. Noting that there is zero displace-
ent at x =w, equation (5) results in

V(X) = _’24*?’1’”{&"’:(2) dZ} (13)

;1 the sequel displacement results are given in a form valid for either
ane strain or plane stress. However, the strip model is clearly more
ppropriate under plane stress conditions where yielding takes place on

I!.anes inclined at 45° with the x-y plane and a maximum tensile stress
ield condition governs.

olutions to Particular Problems

" ?he results gf the analysis are further clarified by considering in
> 31 sSome part19ula.r problems representative of different types of
rack loadings which arise in practice. Two problems, each representing

particular case of the two general classes considered in the last section,

e stated below and solved by the general methods of the last section:

1) An infinite plane with a semi-infinite crack openéd by concent-

ted forces P per unit thickness at a distance a from the crack tip, as
10wn in figure 7.

d.f2) An infinite plane with a finite crack of length 2a opened by a
orm tensile stress §-at infinity, as shown in figure 8.

) As may easily be verified, the Westergaard stress functions and, from
’

the corresponding stress intensity factors, of the elastic solutions
the above problems are

)

'/
Fe (z,a) = 8y sy a 2P (14=1)
, Ke @ ing

soeat
m(Z+a)l 2 e

E™zays L1zt
((z+a)y-a*]%

(2)
Ke (@)= o¢yma (14=2)
tually, a uniform compressive stress §y = -¢’must be added to the

©8s function of (14-2) to satisfy the boundary conditions of figure 8.
Cé such a stress field has no influence on the stress intensity factor

strip model solution, it will be subsequently ignored.) The plastic
e sizes are obtained by inserting the expressions for Ke above into

ations (10), using (10-1) for problem 1, and (10-2) for problem 2.
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e resulting expressions for the respective plastic zone sizes are

* [ 15-1
w=F((1+ a":‘.:)A"] 812

w=alse(ZE)-1 ) (15-2)

The complete stress functions for the plastic strip model are found

through inserting the elastic stress functions, Fg, of equations (1?) into
the formalism of equations (7), where the functions Fé”(z,a)) and FPZ)(z,a),a)
sccurring in (7) are given by (8). It is convenient to repress explicit
dependence on the external loadings P and (© by writing the loads as functions
of plastic zone size,w, through an inversion of equations (15-1 and 2) res-
pectively, There results, after some manipulations,

/,
s aGm i w K (w(Z-w)]A ’
/- (Z)‘ 77 {tﬁ«—(z_w) - —a-’-.—z—— } (16 1)

@ . 206m -l w A/ 2atw i
F(z) = F taw [(Z’w)l(z+2a+¢.) *_254) (16-2)

for problems 1 and 2 respectively, where the value of ¢ for each problem
ig given in terms of the relevant loading, P orG; by equations (15).

If one considers values of z of the order of @ (that is, confine
attention to points near the crack ti ) and supposes that @ is a negligible
fraction of a, the last term in (16-15’ is negligible and the factor of

1
(ﬁ’ in (16-2) differs from unity by a negligible amount. Thus in the

case of small scale plasticity both F“)(z) and F(2)(z) become, for points near
the crack tip,

F(z)=2%"&u5’(z—°_“‘;)l/‘ (17)

2

which shows that the two problems treated here, involving different loadings
and geometry, have stress and displacement fields near the crack tip which
are functionally identical when (p&«a. Recalling (12)
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- mhe
Y= s (12)

appropriate when w << a, (this may be readily verified independently
(12) for the two particular problems presently under consideration by
anding equations (15) as a Taylor series in the applied loadings,
aining the first non-zero term, and com aring with the stress in-

sity factors as given by equations (14) , and it is seen that in the

e of small scale plastic yielding the crack tip stress and displacement
1ds depend on external loadings and geometry only through the elastic
98 intensity factor Kg. When w is a substantial fraction of a the
ve remarks are, of course, no longer valid and quantitative estimates
the influence of plasticity may be had through application of equations
) for the plastic zone size and (16) for the stress functions.

Tk.ia displacements of the rigid-plastic strip give a measure of the
stic deformation and may be calculated from (13). The results, valid
0< x<¢w, are, for the two problems

A
M5 ('Hrzo’mw{(,_l_)'ﬁ__/_il (Lt (=X /e ) ]
2nG Wi T xe 1 - (1-X /)%

/+aw%+ /-XwK} i)

'f[o
J (/"'a/b')z—(/-kﬁ:}z

&)y (n+1)Gad E2RI7L7 OV IRV 4
(X) J‘f:;rér—& {IDJ[ (+(ea5a )" (1I-x4s) }

1 =(LROK (_ xp)h

X e irad C1-Xfuft
~ (%) 1’5[”%-@5{%‘)}1(,_ x/w/y,]}hs-z)

2sponding maximum rigid-plastic strip displacements, v,, occurring at

crack tip x=0, are obtained from (18-1) and (18-2) after an applica-
of L'Hopital's rule, yielding

W s ﬁﬂ&?,_w,[ ,,_317[(” f_)ﬁf(aa_))%)} (19-1)

2me
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W = 6D 2 fogr+ 4 (19-2)

° T 2né&

for the semi-infinite crack under wedge forces and finite crack with
stresses at infinity, respectively.

The expressions for displacements in the case of small scale yielding
may be obtained direct%y from F(z) of equation (17) which has been shown

to be the limit of F''/(z) and (2 (a) when w«a. Upon application of
(13) one obtains strip displacements

_
- %w)m-m)}‘—z’él'ﬂ%]} =

for the limit of v(1 )(x) and v(z)(x), and maximum displacement at the

crack tip
Vo = At )t (n+1) f” (21)
227G /6GTm

for the limit of v(g1) and v82), where (12), appropriate when w« a, has

been used. Equations (20) and (21) may, of course, be obtained direct-
1y from (18-1,2) and (19-1,2) by neglecting all terms of order &%/a.

The results of the detailed solutions given in this section will be
used later in a discussion of static fracture and fatigue. The solution

~ of other crack problems involving different loadings and geometries may

also be obtained in analogy to the methods of this section and the last.
Of particular interest from the point of view of practical applications
would be solutions of the rigid-plastic strip model for configurations
such as a central crack in a finite plane body and an edge crack extend-
ing into a plane body from a free surface. Since the methods involved
in the analysis of the strip model are essentially the same methods used
in the conventional elastic treatment of crack problems (in fact, the
entire plastic strip analysis may be carried out once the elastic
Green's function for wedging forces on the crack surface is known),
methods of solution as in (13-16) might be of use for such problems.

Unloading and Repeated Loadings

When the load on a cracked body is decreased one expects the yielded
material near the crack tip to be forced back toward its original posi-
tion and thus yield in compression. This phenomena is investigated
here through the rigid-plastic strip model. The analysis is surprisingly
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simple, for in solving the original loading problem most of the work has
already been done. To formulate the unloading problem in general terms,

suppose a cracked body is subjected to a set of external loads propor-

tional to some loading parameter L, and that a is some geometric dimension

indicating crack length. Then in solving the original loading problem
a relation has been determined of the type (15) giving the plastic zone
size as a function of load, yield stress, and crack length in the form

W=2(L,6m,a) . (22)

The Westergaard stress function for the elastic region above the strip
has the form (where, as in deriving (16), dependence on the load L is
converted to dependence of @ through inverting (22))

F(z)="$(2,w,3,5m) , (23)

and strip displacements may be written in the form, analagous to (18),

V(X)) =V (X,0,3,0m) , 0<X<W . (24)

Now suppose the load is decreased by an amount 4L to L-aL. A
part of the original plastic zone goes into compressive yielding; we
shall suppose this zone to have length @' and call it the zone of
reversed plastic deformation. With reference to figure 9 where only
the upper half plane is shown, the elastic solution which must be added
to the original elastic solution is one in which the crack is pushed
shut with a load 4L and in which this closing is opposed by a stress
20 acting over a distancew' in front of the crack, the additional

strip displacement being zero elsewhere. Clearly @' is chosen such
that that total stress intensity factor at x=w' due to load 4L and the

boundary stress 26y sums to zero. Thus the additional elastic solution

is_fu.nctionally identical to the original elastic solution except that
L is replaced by -4L, 6 is replaced by -26;, and is replaced by '.

The reversed plastic zone is, therefore, from (22)

w'=Q (-4l , -26m ,a) , (25)

The stress function and displacement after unloading are obtained by

adding to the original expressions (23) and (24) the expressions due to

the added stresses shown in the center of figure 9, the latter
expressions being obtained from (23, and (24) after making the
substitutions indicated above. Thus, after unloading,
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F(z)-7(z,w,a,6‘m)+}’(z,w’,3,—2.67»») . (26)

V(x,0,2,60m)+V(X,W,a,-20m), 0<X<w’

vix) = ( )
VX,0,3,6m) | o <X<Q . o

Details of the unloading solution may be readily obtained for the
two specific problems treated in the last section through the formalism
of equations (25-27). For the case of wedge forces per unit thickness
P opening a semi-infinite crack and of tensile stresses ¢-opening a finite
crack, suppose the loads are decreased by amounts AP and 48, respectively.
Then through use of equation (25) and equations (15), the sizes ' of the

;: zones of reversed plastic deformation are

, (apy Vi_ 28-1
w’ -0+ F2EL Y1) .
w' = a[seC(MM‘;” ) -1) (28-2)

respectively. By evaluating (27) at x=0 and through use of equations
(19), the final crack tip displacements in the two cases after unloading

are given by

W = (_Vt_’)_f")f (w -200) +20 /7 Q +f}gf(-§)‘)g]

2TG
~as by (Cr g )] (25-1)
i = (2;22.&{ by (1# 5)-24 (/+%/)f, (29-2)

respectively. Results for the complete stress and displacement

functions after unloading may be filled in through use of (26) and (27)

in conjunction with (16) and (18). These lead to lengthy and unrevealing
expressions which will not be recorded here. Instead, the complete
unloading solution will be given in the case of small scale plastic
yielding (w'v(o<< a), a case in which it has been shown that the stress
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and displacement fields are functionally identical for all problems and
that the influence of loads and geometry is sensed only through the
elastic stress intensity factor, K.

loading solutions already derived for the case of small scale yielding
will be used directly.

Su?pose that the cracked body is loaded so that the elastic stress
intensity factor is Ke. Then © (here assumed « a) is given by (12),

the stress function by (17), and displacements by (20), which are the
special forms of (22), (23), and (24§ appropriate in the present case.
Now suppose the loads are decreased so that.the stress intensity factor

gec?eages by 4Kg.  Then the zone of reversed plastic deformation w', is
y (25

il o o7 [

2
Er (recall w=1Z e ) (30)

T Cm

Equation (26) for the stress function after unloading becomes

Far = SriadlGes)2aGen)fy . O
- wl_z 2

gnd(;$§ final displacements of the material in the reversed zone are,
y ’

vex) = ST 45 ¢ 1oxio ) 20! (=X g )R

g /
Lty [LEOHLA)E) ) K
07[/- (1-X4)% ”[?[ /—(/—X/c.‘;}'/z/ i

olx¢ w’/

The final displacement at the crack tip x =0 is

T Mﬁ - = / 2 1 (33)
Vo= e (w-2u) —/‘g—;rff/ru%(ake)],

where (30) has been used.

If the cracked body is completely unloaded so that AKe = Kg, the
Teversed plastic zone (30) is seen to be one-quarter of the original
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_g#lastic zone and the strip displacement (33) at the crack tip is seen to
_ B# one-half of the displacement before removal of the load. Equations
{m, 29, 30, and 33) further indicate that the reversed plastic zone and
ygﬁsnga in plastic deformation depend only on the decrease in load, being
independent of the original load level. If unloading is followed by a
##loading which brings the load back to its original level, it is easily
 shown that the solution is identical to the solution before unloading.

_ Thuz during a cyclic loading the model predicts a cyclic deformation in
. the reversed plastic zone dependent only on the amplitude of load fluc=
~ tuation and independent of the mean load.

_ llemarks above have some relevance to experimental studies of plastic
 dsformation near a crack tip such as (17,18), where cracked specimens

_ are studied after unloading, as the present results indicate that unloading
garicedly alters the state of stress and deformation. Further, it appears
that an unloading solution given in (17) for the finite crack in a tensile
field is incorrect, leading to results at variance with (28-2) and (29-2).

Camparison With an Exact Solution

Some idea of the adequacy of the rigid-plastic strip model may be
obtained by comparison with an exact elastic-plastic solution. Such is
svailable from the work of McClintock (1) for the case of longitudinal shear
in which the deformation consists of warping displacements only in the z
_direction (perpendicular to the crack x,y plane), and the only non-zero

_ #tresses are the shears 7xg, Tyz- Such anti-plane problems are solved

fby an analytic function H(z) where shear stresses and warping displace—
_ments are given in elastic material by

Tyz ++ Tz = H(zZ)

=& In{[Hdz}

(34)

Consider a semi-infinite crack along the negative x axis with tip at
the origin, and for which the elastic solution is

Hz) =Kw(21rz)-z (35)

where Ky is the stress intensity factor for warping displacements. The
~exact elastic-plastic solution of this problem has a circular yield zone
of diameter @ with center at x =/2. VWhere@ is the yield stress, the
solution is

Tz =0 , Tz = Cm in f/astl‘c zone /z- %/(";'_J‘ (36)
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_L
Hcz) = Zn/—é)—_(z'%)—) > in elastic zone ,2-3_‘2,7%’-

with

n

)<

Postulating a rigid-plastic strip model for this case, the solution may
be shown to be

)
Hez) = 28 sl( 2 pf (59)
with
R . ' (39)
'e T

Solving for the maximum displacement w, at the crack tip from (34), for
the exact solution (the displacement field actually has a discontinuous
Jump of 2w, at the crack tip in the exact solution!)

- o L (40)
Wo=gl® =T, »

and for the solution of the rigid-plastic strip model

(41)

b

i _ L
Wo = -”-&_(;‘60—4

q\
4

Comparing (37) with (39) and (40) with (41), it is seen that the rigid-
plastic strip model predicts a plastic zone about 20% too large and a
maximum crack tip displacement about 25% too small. The relatively
close agreement between the exact solution and the results of a plastic
strip analysis suggests that artifically confining the zone of plastic
deformation (by requiring, in the model, that plastic effects take place
only in the rigid-plastic strip of material ahead of the crack) does not
introduce an appreciable error in the prediction of gross features of the
deformation, such as, for example, the plastic zone size and tip dis-
placement. This accuracy of the strip model is further clarified by the
longitudinal shear solution of (19), and by the experimental results of
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Imgdale [ 8] and Hahn and Rosenfield (17) in tests of plates with slits
under tensile loadings.

Fracture and Fatigue

The strip model does not yield enough information on the details of
plastic yielding to permit the absolute prediction of fracture strengths
of cracked bodiec in terms of material constants and geometric dimensions.
However, the model may be utilized in a semi-empirical method to predict
fracture criteria from a limited amount of experimental data. The
solutions presented earlier for plastic zone size (12), stress function
(17), and strip displacements (20,21) indicate that when the plastic zone
size, W, is negligible compared to crack length, a, the stress and defor-
mation near the crack tip depend on applied loadings and the geometrieé
configuration only through the elastic stress intensity factor, Ke.

Thus, in the case of small scale yielding, one expects fracture to occur
when Ko reaches a critical value in agreement with the Griffith-Irwin
criteria. Let Kg be this critical atress intensity factor at fracture,

a8 obtained from some experiment on a cracked body for which the plastic

~ zone size at fracture is negligible in comparison to geometric dimensions.
~ The corresponding plastic zone size,df, is from (12)

2
ws= g J‘f-éz)— (42)

 and crack tip displacement, v, is from (21)

f_ _(n+1)0m (43)
Vo 276 OF -

For subsequent work it will be convenient to view (W, the plastic zone

size at failure in a small scale yielding fracture experiment, as a
characteristic length defined by (42) for a given material, temperature
of test, and plate thickness. It will be seen, then, that fracture
criteria depend on the ratio of crack length to this characteristic

length.

The choice of a fracture criteria when yielding is not on a small
scale is somewhat arbitrary in the absence of detailed features of the
plastic deformation. However, it is clear that a criterion should be
based on parameters describing local behavior in the immediate vicinity
of the crack tip where fracture initiates. It is then reasonable to
assume fracture occurs when the maximum strip displacement, vy, at the

crack tip reaches a critical value, vg, as given by (43), since Vo gives
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a measure of the deformation near the crack tip and may be expected to
reflect the influence of applied loadings and geometry in an essentially
correct way. Fracture criteria are derived below by setting Vo =V, for

the cases treated earlier of wedge forces per unit thickness P opening a
semi~-infinite crack at distance a from the tip and of tensile stresses @
opening a finite crack of length 2a. Equating (19-1) and (19-2) to (43)
and cancelling the common coefficient, one obtains

wy=w{ 1 +20g(0+R )% 4 (L) (44-1)

(44=2)

w'f a‘e"J (I*%")s

respectively, for the two cases. Using equations (15) to express
dependence on the applied loadings, after some rearrangement equations
(44) yield for the respective fracture loads Py and 0r

we _ 1 Pr a4
a 'zi[l+(%£f(?m’;—f)] -/}(H&J{(‘;#)(G_f%

wf)? 2 i (45-1)
+( 1+ (a}(‘o_f{m] 4.
&= 2emlep(- 1) (45-2)

Equation (45-1) may not be solved explicitly but gives an implicit

P
relation between the dimensionless wedge loading at fracture, —C';{_%E ’
and the dimensionless crack length, ‘0-? .

The Griffith-Irwin fracture theory predicts failure when the
elastic stress intensity factor reaches the critical value Kg. Taking
the appropriate expressions for Ke from (14), this criterion becomes

(46-1)

Yz B f
ﬁ_é "h’e
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szV7a = k& (46-2)

Comparison with (45) is facilitated by replacing Kg through (42) which
defines Wg. There results

= S
Omdf %y (-t}
- 2v2 [wr
. G‘M = 2-”-2 a (47-2)

for the corresponding Griffith-Irwin fracture criteria.

A comparison of the variation of fracture stress, 0, with half
crack length, a, as predicted by the rigid-plastic strip model (45-2)
and by the Griffith-Irwin criteria (47-2) is made in figure 10, which
~ clearly points cut the agreement between the two criteria for small
scale yielding (Wr«a). Numerical calculations indicated that the
Griffith-Irwin fracture stress exceeded the strip model fracture stress
by 1% when a = 204}, 5% when a = 3.7, 10% when a = 1.8@&, 20% when a =
0.9p, and 40% when a = 0.5¢. It is noted that the strip model predicts
_ fracture at § =6 as a — 0 which corresponds to yielding of the entire

rigid-plastic strip.

Fracture criteria given here may be expected to be reliable under

~ plane stress conditions for which the yield condition is a realistic

one and experimental evidence (8,17] confirms the ability of the model in
predicting gross features of the yielding behavior. It is noted that
the solutions presented for the strip model are independent of the strip
thickness in the y direction. Indications from (17) are that by identi-
fying this height with plate thickness t so that the average plastic
strain is 2vo/ t and supposing fracture to occur when this average strain

reaches a value characteristic of fracture in a tensile test, plane stress
fracture strengths and their variation with plate thickness may be pre-
dicted with reasonable accuracy.

Failure criteria similar to equations (45) may be obtained for other
crack configurations by solving for the crack tip displacement, vy, of

the corresponding rigid-plastic strip model and equating it to v'g of (43).
Of particular interest would be fracture criteria for edge cracks, cracks
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in finite sheets, and cracks emanating from cut-outs. Generalizations

of the strip model may also lead to useful results. Essentially, the
model allows the type of non-elastic material behavior of interest at the
crack tip (m the present case, plastic yielding) to occur in a small
artificially confined zone (the strip) ahead of the tip. Mathematical
complexities are reduced since the non-elastic behavior enters the analysis
only through boundary conditions imposed on the elastic regions bounding the
strip, in which such behaviors as workhardening and strain rate sensitivity

may be allowed.

Solutions of the strip model for unloading and repetitive loadings
have implications for fatigue crack propagation. The general solution
of (25) and (27) for unloading indicates that the zone of reversed plastic
yielding and change in strip deformation depend only on the decrement in
applied load, and not on the load level before unloading. Thus, under a
cyclic loading, the strip model predicts a cyclic plastic deformation near
the crack tip which depends only on the amplitude of load fluctuation and
not on the mean level about which the load is cycled. Associating the growth
of a fatigue crack with this cyclic deformation, one expects the crack
propagation rate to depend primarily on the amplitude of load fluctuation and
to be comparatively insensitive to the mean load level. This conclusion
is supported by experimental results cited in (5,6) and other references
therein.

When the zone of reversed deformation is small compared to crack length
(W « a) the unloading solutions of (30), (32), and (33) are valid, and it
is seen that the cyclic plastic deformation under a fatigue loading depends
only on the amplitude of variation, AKg, in the elastic stress intensity

factor. Thus, for small scale reverse yielding, the model suggests that
crack propagation rates depend on the geometrical configuration of the
cracked body and fluctuations in applied loadings only through the variation
in the elastic stress intensity factor. This is the conclusion reached by
Paris (5,6} and verified experimentally by a wide range of data, from
several investigators, for different metals and different cyclic loading
conditions, including in (6 ] some data obtained under random loadings. A
fatigue crack growth law in which the crack extension per load cycle is
proportional to (AKe)4 is derived in (10] from the unloading solution for
the strip model under the assumption that failure by fatigue occurs at a
material point ahead of the crack when the total of plastic deformations at
that point (as measured by the sum of absolute values of the reversing strip
displacements) reaches a critical value. This is in agreement with the
power law proposed in [5] as the best fit to the entire range of available
data on crack propagation. Corrections for cases where the scale of
reverse yielding is not small may be made by using equations such as (28)
and (29) to describe the cyclic deformation, in lieu of the small scale
yielding equations (30) and (33).

Certain important aspects (in addition to three dimensional effects) of
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the fracture and fatigue of cracked bodies, while presumably due to plastic
yielding at a crack tip, seem not to be predictable through an analysis of
the strip model. One of these is the phenomena of slow growth (20), whereby
catastrophic fracture does not occur all at once, but rather the crack grows
gradually after a certain load level is exceeded until, under increasing
load, a critical point is reached at which catastrophic fracture ensues.

An explanation proposed in (20), notes that plastic materials have history
sensitive deformation laws, implying that the distribution of plastic yield-
ing due to stressing the tip region of a stationary crack by increasing
applied loadings is different from the distribution of yielding caused by
extending the crack under stationary applied loads. Such a distinction
does not occur in the strip model. Another phenomena is the delay effect
(21) which occurs in the course of fatigue crack propagation under cyclic
loading when a very large overload is applied; the result of the overload

is to effectively stop the crack growth for a large number of load cycles.,
Presumably, an elastic "shakedown" occurs through severe blunting of the
crack tip by large plastic deformations of the overload. The strip model,
on the other hand, predicts no change in the pattern of reversing plastic
deformation.
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F1G.2 (a) CRACKED ELASTIC-PLASTIC BODY
(b) RIGID-PLASTIC STRIP MODEL

304 305




90€

L0€

(D)
02—‘

,,
|

Wy
TITIT
Wo

(q)

MOVYHI 3LINId HO4 T30O0W dI¥LS ¥ 'Ol4d

le)
TIIII
Wy

1

FIG.5 EQUIVALENT ELASTIC CRACK PROBLEM FOR

COMPUTATION OF Kj () AND Fy"(z,w)

F1G.6 EQUIVALENT ELASTIC CRACK PROBLEM FOR
COMPUTATION OF K{?'(w,a) AND F3?'(z,w,a)

(D)
'-.—o

A

(9)

"o JHI—"

LT

XOVYHO JLINIANI-IN3IS 404 13AOW dI¥LS €914

X

FIG.7 SEMI-INFINITE CRACK UNDER WEDGE FORCES

AR RN

FIG.8 FINITE CRACK IN TENSILE FIELD

oory "q'L

g
o
£
5
=
g
e
=

o
®
g
®
o
5
S
[
=

=]



FRACTURE STRESS (DIMENSIONLESS)

)

o
®

o
*

0.4

J.R. Rice

FIG.9 SUPERPOSITIONING OF STRESS FIELDS FOR
UNLOADING SOLUTION OF STRIP MODEL

FRACTURE CRITERIA FOR CRACKED PLATE

GRIFFITH-IRWIN CRITERIA t
f
(ke—=xe)

RIGID-PLASTIC STRIP MODEL

(vo—=}) B pry P

2 4 6 8 0 12 I
CRACK LENGTH (DIMENSIONLESS)

F1G.10 COMPARISON OF FRACTURE CRITERIA

308

A-18 AN EXAMINATION OF THE FRACTURE MECHANICS ENERGY BALANCE
FROM THE POINT OF VIEW OF CONTINUUM MECHANICS

James R, Rice*

ABSTRACT

The Griffith energy balance for fracture with extensions to in-
elastic materials considers a cracked body as a linear elastic conti-
nuum in which the potential energy released by a crack extension
should balance the surface energy plus the energy dissipated by in-
elastic deformation at the fracture load. With progress in continuum
mechanics analyses of crack tip stress fields for material models
other than purely linear elastic behavior (non-linear elastic, elastic
- plastic, visco - elastic, visco - plastic, etc.) the possibility ari-
ses that deviations from linear elastic behavior may form a predictable
part of the mechanics rather than an effect treatable only by inclusion
of a modified surface energy term. This paper presents an examination
and discussion of the fracture mechanics energy balance from this more
general viewpoint, attempting to seek those conclusions which follow
from theorems and methods of continuum mechanics and broad classifica-
tions of continua, rather than from specific and largely unavailable
inelastic deformation analyses.

A Griffith type fracture criterion is employed in that it is assumed
for crack extension that the work of applied forces must equal the sum
of the strain energy change, kinetic energy change, energy dissipated
by inelastic deformation, and surface energy. All energy variations
except the surface energy are assumed estimated from a continuum so-
lution for an advancing crack satisfying the equations of continuum
mechanics and constitutive relations appropriate to the material, while
the surface energy is assumed independently known from microstructural
considerations. Under this Griffith type assumption it is shown, ir-
respective of the particular constitutive relation employed, that the
fracture criterion is determined solely by local stresses and deforma-
tions near the crack tip (or mathematically, by crack tip singularities
in continuum solutions), and that an overall Griffith energy balance is
equivalent to setting the work done in stress removal from the new crack
surface as estimated by the continuum analysis equal to the independent
work estimate for bond breakage in the form of surface energy. While
all conclusions of the paper tacitly assume the validity of a Griffith
type fracture criterion, the inadequacy of such a criterion for preva-
lent highly ductile fracture mechanisms such as void coalescence by
intense plastic flow (rather than fracture by direct bond separation)
is emphasized.

* Assistant Professor of Engineering, Brown University, Providence, R.I.,
U.S.4A.
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