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A b s t r a c t  
1<34* A 

T h i s  p a p e r  deals wi th  t he  t h e o r e t i c a l  p i e d i c t i o n  o f  some 

s t a t i s t i c a l  c h a r a c t e r i s t i c s  o f  con t inuous  s t a t i o n a r y  random 

l o a d i n g s  which are r e l e v a n t  t o  s t u d i e s  o f  f a t i g u e ,  Pr imary 

emphasis i s  g i v e n  t o  t h e  d e t e r m i n a t i o n  o f  t h e  d i s t r i b u t i o n  and 

ave rage  h e i g h t  o f  l o a d  rises and f a l l s .  A summary 1s a l s o  

g i v e n  o f  some o t h e r  s t a t i s t i c a l  i n f o r m a t i o n  u s e f u l  i n  f a t i g u e  

a n a l y s i s , ,  P a r t i c u l a r  examples a r e  worked o u t  f o r  Gauss ian  

p r o c e s s e s  w i t h  i d e a l i z e d  s p e c t r a  and e x p e r i m e n t a l  data  on 

f a t i g u e  c r a c k  p r o p a g a t i o n  under  random l o a d i n g s  i s  c i t e d .  
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I n t r o d u c t i o n  

The f l u c t u a t i n g  stress r e s p o n s i b l e  f o r  f a t i g u e  f a i l u r e  O f  

mechan ica l  s y s t e m s  is o f t e n  i n  t h e  form o f  a c o n t i n u o u s  

s t a t i o n a r y  random p r o c e s s o  It is t h e r e f o r e  i m p o r t a n t  t o  have  

a v a i l a b l e  t e c h n i q u e s  f o r  p r e d i c t i n g  s t a t i s t i c a l  a v e r a g e s  and 

d i s t r i b u t i o n s  o f  c e r t a i n  random l o a d i n g  c h a r a c t e r i s t i c s  r e l e v a n t  

t o  f a t i g u e ,  T h i s  is t h e  s u b j e c t  o f  t h e  work t o  f o l l o w .  

We s h a l l  d e v o t e  most of  our a t t e n t i o n  here  t o  s t a t i s t i c a l  

a s p e c t s  o f  t h e  h e i g h t  o f  r i s e  and f a l l  i n  a c o n t i n u o u s  random 

l o a d i n g ,  By t h e  h e i g h t  o f  r i s e  we mean t h e  inc remen t  h ( a s  

d e p i c t e d  i n  f i g u r e  1) i n  a random f u n c t i o n  as i t  passes from a 

minimum t o  t h e  n e x t  maximum, t h e  he igh t  o f  f a l l  b e i n g  s i m i l a r l y  

d e f i n e d  as t h e  decrement  i n  p a s s i n g  from a maximum t o  t h e  n e x t  

minimum, Recent work on c r a c k  growth r a t e s  113 and f a t i g u e  

l i v e s  [ 2 ]  under  random l o a d i n g  has shown t h a t  t h e  p r i m a r y  

r e s p o n s i b i l i t y  f o r  f a t i g u e  damage l i e s  w i t h  t h e  r ise  and f a l l  

i n  t h e  l o a d i n g s  r a t h e r  t h a n  o t h e r  s t a t i s t i c a l  q u a n t i t i e s  such  

as t h e  mean l o a d  l e v e l  o r  d i s t r i b u t i o n  o f  maxima and l e v e l  

c r o s s i n g s o  A s t u d y  o f  t he  r i s e  and f a l l  problem i n  c o n s i d e r a b l y  

greater  d e t a i l  t h a n  t o  b e  g iven  here has r e c e n t l y  been 

r e p o r t e d  by two o f  t h e  p r e s e n t  writers fn [310 

I n  a d d i t i o n  t o  t h e  m a t e r i a l  on r i ses  and f a l l s ,  we s h a l l  

a l s o  summarize some r e s u l t s  i n  [ 4 ]  r e l e v a n t  t o  f a t i g u e  a n a l y s i s  
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of random l o a d i n g s , ,  

c a s e  o f  Gauss ian  p r o c e s s e s  and e x p e r i m e n t a l  data c i t e d  on c r a c k  

p r o p a g a t i o n  unde r  random l o a d i n g s ,  

Numerical  examples w i l l  b e  g i v e n  f o r  t h e  

Throughout t h e  work t o  fo l low we sha l l  dea l  wi th  s t a t i o n a r y  

p r o c e s s e s  w i t h  z e r o  mean v a l u e s  and w i t h  c o n t i n u o u s  f irst  and 

second d e r i v a t i v e s .  Frequent  use w i l l  be  made o f  t h e  c o r r e l a t i o n  

f u n c t i o n  R ( T )  of such  a p r o c e s s ,  x ( t ) ,  T h i s  f u n c t i o n  i s  d e f i n e d  

as 

where E 1 
q u a n t i t y  i n  i .  .,I ,, It i s  c l e a r  t h a t  R(o)  i s  t h e  v a r i a n c e  ( o r  

s q u a r e  o f  t h e  s t a n d a r d  d e v i a t i o n )  f o r  t h e  p r o c e s s  and t h a t  t h e  

a v e r a g e  v a l u e  o f  t he  p r o d u c t  of  t h e  j th d e r i v a t i v e  a t  time t and 

k th d e r i v a t i v e  a t  time t t T  i s  

d e n o t e s  t h e  expec ted  ( o r  a v e r a g e )  v a l u e  o f  the 

Such p r o c e s s e s  can  a l t e r n a t e l y  b e  c h a r a c t e r i z e d  by  a power 

s p e c t r a l  d e n s i t y  F(w) r e f l e c t i n g  t h e  f r equency  c o n t e n t  of  t h e  

random p r o c e s s  and re la ted  t o  R ( T )  by t h e  Weiner-Khinchin 

r e l a t i o n s  
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I n  what follows r e s u l t s  will always b e  g i v e n  f i r s t  i n  general  

terms and t h e n  s p e c i a l i z e d  t o  t h e  t e c h n i c a l l y  i m p o r t a n t  c a s e  

of Gauss ian  p r o c e s s e s o  For  a s t a t i o n a r y  Gauss ian  p r o c e s s  a l l  

s t a t i s t i c a l  means and d i s t r i b u t i o n s  depend on ly  on R ( t )  o r  

a l t e r n a t e l y  F( W )  
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Level  Cross ings  and E x t r e m a  

A number of  r e s u l t s  i n  t h e  a n a l y s i s  o f  s t a t i o n a r y  random 

p r o c e s s e s  are r e p o r t e d  i n  [410 I n  t h i s  s e c t i o n  we w i l l  summarize 

some r e s u l t s  o f  [ 4 ]  p e r t i n e n t  t o  f a t i g u e  a n a l y s i s  d e a l i n g  w i t h  

t h e  expec ted  number o f  l e v e l  c r o s s i n g s  and ex t rema p e r  u n i t  time 

i n  a random l o a d i n g ,  o u r  aim be ing  t o  deve lop  e x p r e s s i o n s  f o r  use 

i n  t h e  f o l l o w i n g  s e c t i o n s  and t o  p r o v i d e  a b r i e f  summary f o r  

readers unaqua in ted  wi th  t h i s  area, 

Cons ider  f i r s t  t h e  expec ted  number o f  c r o s s i n g s  of  x ( t )  = a 

Choosfng an i n f i n i t e s s i m a l  time i n t e r v a l  d t  p e r  u n i t  time, Nu 

a t  some a r b i t r a r y  p o i n t  on the  time a x i s ,  Nu d t  may b e  

i n t e r p r e t e d  as t h e  p r o b a b i l i t y  of  an  CL c r o s s i n g  i n  time d t ,  Now 

there  w i l l  b e  an u c r o s s i n g  i f ,  ( a ) , ~ - l x ( t ) l d t c x ( t ) < a  and i ( t ) > o  

o r ,  ( b ) ,  a c x ( t ) < u t l x ( t ) l d t  and x ( t ) c o .  

j o i n t  p r o b a b i l i t y  d e n s i t y  of  x ( t )  and i ( t )  ( s u c h  t h a t  du dv gx;(u,v) 

i s  t h e  p r o b a b i l i t y  t h a t  u c x ( t )  cu+du and v c i (  t )  <v+dv) ,  t h e  

p r o b a b i l i t y  o f  an  a c r o s s i n g  w i l l  be  

b 

0 0 

L e t t i n g  gx;;(u,v) be t h e  

Pe r fo rming  t h e  i n t e g r a t i o n  i n  u and r e c o g n i z i n g  t h a t  d t  i s  

i n f i n i t e s i m a l ,  
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W r i t i n g  gx;(u,v) = g;lx(v) Ix=u) gx(u) where g i l x ( v I x = u )  i s  t h e  

c o n d i t i o n a l  p r o b a b i l i t y  d e n s i t y  o f  i ( t )  g i v e n  t ha t  x ( t )  = u and 

g,(u> i s  t h e  p r o b a b i l i t y  d e n s i t y  of x ( t ) ,  

I n  t h e  above e x p r e s s i o n  E [I; 1 1  x = a l i s  t h e ’  c o n d i t i o n a l  e x p e c t e d  

v a l u e  of l i ( t )  I g i v e n  t h a t  x ( t )  = a ,  o r  t h e  a v e r a g e  of ( i ( t )  I a t  

a l l  p o i n t s  where x ( t )  has t h e  v a l u e  a .  L e t t i n g  azo ,  w e  o b t a i n  

t h e  e x p e c t e d  number No o f  mean c r o s s i n g s  pe r  u n i t  t i m e :  

The e x p e c t e d  number o f  ex t rema p e r  u n i t  t i m e ,  N e ,  i s  s imply  

t h e  e x p e c t e d  number of z e r o s  p e r  u n i t  time o f  t h e  p r o c e s s  i ( t ) ,  
Thus t h e  d e t e r m i n a t i o n  o f  Ne i s  i d e n t i c a l  t o  t h a t  o f  No, e x c e p t  

t ha t  now i replaces  x and ‘x’ replaces  i o  

J o i n t  d e n s i t y  of k ( t )  and ? ( t ) ,  we w r i t e  

L e t t i n g  g;;;(v,w) b e  t h e  

The p r o c e d u r e  can  b e  c o n t i n u e d  t o  o b t a i n  t h e  e x p e c t e d  number o f  

i n f l e c t i o n  p o i n t s  pe r  u n i t  t ime  ( z e r o  c r o s s i n g s  of  2) and s o  on ,  

I n  g e n e r a l ,  t h e  e x p e c t e d  number of z e r o s  p e r  u n i t  t i m e  of t h e  

kth d e r i v a t i v e  x ( k ) ( t )  i s  

* 

F o r  p r o c e s s e s  ( s u c h  as Gaussian p r o c e s s e s )  where any two 
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s u c c e s s i v e  d e r i v a t i v e s  x ( ~ )  ( t )  and x ( ~ " )  ( t )  are independen t  

random v a r i a b l e s ,  ( 2 1 )  and (23) take t h e  s i m p l e r  forms 

I n  t h e  Gauss ian  c a s e  t h e  p r o b a b i l i t y  d e n s i t i e s  o f  x ( t ) ,  

i ( t ) ,  and "(t) are 

The terms R ( o ) ,  - R V V ( o ) ,  and R ( 4 ) ( o )  are o b t a i n e d  by d i f f e r e n t i a t i o n  

of t h e  c o r r e l a t i o n  f u n c t i o n  d e f i n e d  i n  (1) and ( 3 ) ,  and r e p r e s e n t  

by ( 2 )  t h e  v a r i a n c e s  o f  x ( t ) ,  k ( t ) ,  and %( t )  r e s p e c t i v e l y ,  

e x p e c t e d  v a l u e s  a p p e a r i n g  i n  (11) are  

The 

Thus f o r  Gauss ian  p r o c e s s ,  e q u a t i o n s  ( 7 ) ,  ( 8 ) ,  ( 9 ) ,  and by a n  

obv ious  e x t e n s i o n ,  (10)  become a f t e r  n o t i n g  t h e  s i m p l e r  form of 
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(11) a p p r o p r i a t e  i n  t h i s  c a s e  

These are r e a d i l y  c o n v e r t e d  t o  e x p r e s s i o n s  i n  terms o f  t h e  s p e c t r a l  

d e n s i t y  b y  n o t i n g  from ( 3 )  t h a t  

OD 

R ( 0 )  = F ( o )  d o  
0 

The e x p e c t e d  number o f  c r o s s i n g s  o f  x ( t )  = a p e r  u n i t  t ime 

as g i v e n  by ( 1 4 )  has been  used t o  c o n s t r u c t  approx ima te  s o l u t i o n s  

f o r  t h e  p r o b a b i l i t y  d i s t r i b u t i o n  o f  t h e  o p e r a t i n g  time of a 

randomly l o a d e d  s y s t e m  b e f o r e  t h e  occurence  o f  a n  ex t reme l o a d  

l e v e l  which would cause  f a i l u r e ,  Such approx ima te  s o l u t i o n s  are 

g i v e n  i n  [5]  and [ 6 ]  (which  should be  read i n  c o n j u n c t i o n  w i t h  

t h e  comment of  [ 7 ] ) 0  
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Average Rise and F a l l  He igh t  

I The a v e r a g e  h e i g h t  of  r i s e  and f a l l  i s  e a s i l y  de te rmined  
I 

( a s  w i l l  b e  s e e n  l a t e r ,  t h e  d e t e r m i n a t i o n  of  t h e  d i s t r i b u t i o n  of  

r i s e  and f a l l  h e i g h t s  i s  a ve ry  d i f f i c u l t  p roblem)  and i s  a s i m p l e  
I 
, parameter d e s c r i b i n g  t h e  fa t igue-damaging  e f f e c t  o f  a random 

l o a d i n g .  The a v e r a g e  r i s e  and f a l l  p e r  u n i t  t ime i s  t h e  e x p e c t e d  

v a l u e  of  t h e  a b o s l u t e  v a l u e  o f  i ( t ) ,  E [ l i l ] ;  d i v i d i n g  by  t h e  

e x p e c t e d  number o f  extrema p e r  u n i t  time, N e ,  y i e l d s  t h e  

f o l l o w i n g  e x p r e s s i o n  f o r  t he  ave rage  h e i g h t :  

It was shown i n  t h e  l a s t  s e c t i o n  t h a t  N e  i s  r e l a t e d  t o  t he  

c o n d i t i o n a l  e x p e c t a t i o n  o f  1*;1 g iven  t h a t  fi = o by 

where g;(v) i s  t h e  p r o b a b i l i t y  d e n s i t y  of i ( t ) .  

The a v e r a g e  h e i g h t  o f  r i s e  and f a l l  may b e  r e l a t ed  t o  t h e  

r a t i o  o f  Ne and t h e  e x p e c t e d  number o f  z e r o  c r o s s i n g s  pe r  u n i t  

t ime, N o ,  i n  t h e  s p e c i a l  c a s e  of p r o c e s s e s  f o r  which x ( t )  and 

i ( t )  are  independen t  random v a r i a b l e s ,  

l e a s t  one t y p e  of p r o c e s s e s ,  namely Gauss i an  p r o c e s s e s o  The 

e x p e c t e d  number of  z e r o  c r o s s i n g s  ( o r  mean l e v e l  c r o s s i n g s )  p e r  

u n i t  t i m e  i s  

T h i s  i s  t h e  c a s e  f o r  a t  
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where g ( u )  i s  t h e  p r o b a b i l i t y  d e n s i t y  o f  x ( t ) .  If x ( t )  and i ( t )  

are i n d e p e n d e n t ,  . E [ ~ ~ ~ I x = o \  = E E l f l ]  and,  u s i n g  ( 8 1 ,  (19) becomes 
X 

( 2 0 )  
*O - 1 

'=pX(o) N e  

T h i s  e x p r e s s i o n  p r o v i d e s  a ve ry  convenient  e x p e r i m e n t a l  method 

f o r  d e t e r m i n g  E; one need on ly  count  t h e  number of  z e r o  c r o s s i n g s  

and ex t r ema  i n  a s u f f i c i e n t l y  l a r g e  time i n t e r v a l  and a n  a c t u a l  

measurement o f  r i s e  and f a l l  h e i g h t s  i s  u n n e c e s s a r y ,  

must a l w a y s  exceed  N o ,  e q u a t i o n  ( 8 )  g i v e s  as an  upper  bound on 5 

S i n c e  N e  

F o r  t h e  c a s e  o f  Gauss ian  p r o c e s s e s  t h e  v a l u e s  of E 1k11 , 
N e ,  N o ,  and g x ( o )  are g i v e n  by (131,  (161, ( 1 5 ) ,  and ( 1 2 )  

r e s p e c t i v e l y ,  Thus e q u a t i o n s  (lg), ( 2 0 ) ,  and ( 2 1 )  take t h e  form 

FT = - R " ( o )  

ii *O 
o r  - =  @ -  

Ne b 

The a l t e r n a t e  forms of t h e  l a s t  two e x p r e s s i o n s  f o l l o w  from 

n o t i n g  t h a t  R(o)  = a 2 ,  where u is t h e  r o o t  mean s q u a r e  v a l u e  o f  

t h e  p r o c e s s  x ( t ) .  The a v e r a g e  r i s e  and f a l l  he igh t  o f  ( 2 2 )  

above may b e  e x p r e s s e d  i n  te rms  o f  t he  second and f o u r t h  moments 

of t h e  power spec t rum t h r o u g h  e q u a t i o n s  (18), 
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D i s t r i b u t i o n  o f  Load Maxima and Minima 

A s t a t i s t i c a l  d i s t r i b u t i o n  of c o n s i d e r a b l e  i n t e r e s t  i n  f a t i g u e  

and f r a c t u r e  a n a l y s i s  i s  t h e  d i s t r i b u t i o n  of  l o a d  leve ls  a t  which 

maxima o r  minima o c c u r ,  We g i v e  below a s l i g h t  m o d i f i c a t i o n  o f  

r e s u l t s  i n  [ 4 ]  p e r t i n e n t  t o  t h i s  problem, L e t  f , (a)  d a  b e  t h e  

p r o b a b i l i t y  t h a t ,  g i v e n  a maximum a t  t ,  i t s  v a l u e  f a l l s  i n  t he  

i n t e r v a l  a < x ( t ) < a t d a ,  T h i s  is e x p r e s s i b l e  i n  terms o f  t h e  t r i p l e  

j o i n t  p r o b a b i l i t y  d e n s i t y  gxi;(u,v,w) f o r  x ( t ) ,  i ( t )  , and "(t)  

The p r o b a b i l i t y  of h a v i n g  a maximum i n  an  i n f i n i t e s i m a l  time d t  

w i t h  a v a l u e  between a and a t d a  is by t h e  law o f  c o n d i t i o n a l  

p r o b a b i l i t i e s  

( 2 5 )  e N 

2 
f M ( a ) d a  - d t  = - ~ ( u , v , w ) ~ u  dv  d W ,  

s i n c e  such  a n  e v e n t  w i l l  o c c u r  i f  a < x ( t ) < a + d a ,  o < s ( t ) < ) ? ( t )  I d t ,  

and P( t )  <o .  Thus 

S i m i i a r l y ,  t h e  p r o b a b i l i t y  d e n s i t y  fm(  a) t h a t ,  g i v e n  a minimum a t  

t ,  i t s  v a l u e  f a l l s  i n  t h e  i n t e r v a l  a < x ( t ) < a t d a  i s  

The a v e r a g e  number of maxima and minima p e r  u n i t  t ime w i t h  v a l u e s  

between a and a+da are r e s p e c t i v e l y  
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where 

k = R(o) R ( 4 ) ( 0 )  - [R"(o)12 ,, 

C a r r y i n g  o u t  t h e  i n t e g r a t i o n  i n  (261 ,  

For large v a l u e s  of a ,  t h e  e r r o r  f u n c t i o n  approaches  u n i t y  

(R" (o )  b e i n g  n e g a t i v e )  and dominates t h e  e x p o n e n t i a l  t e rm,  Thus, 

when a i s  large 

The d e n s i t y  o f  minimum v a l u e s  is g i v e n ,  i n  t h e  Gauss ian  c a s e  

as i n  t h e  c a s e  o f  any symmetr ica l  p r o c e s s ,  by 

* 12 - 



The d i s t r i b u t i o n  o f  maxima i n  a randomly v a r y i n g  stress a t  
I 

t h e  t i p  o f  a growing f a t i g u e  c rack  has been  employed i n  [ 8 1  f o r  a 

s t u d y  of  s t r u c t u r a l  f a i l u r e  through c r a c k  p r o p a g a t i o n ,  
I 

I n  d e r i v i n g  e x p r e s s i o n s  f o r  N u  and N e  i n  a n  e a r l i e r  s e c t i o n  

we have i n t e r p r e t e d  Nadt and N,dt as r e p r e s e n t i n g ,  r e s p e c t i v e l y ,  

t h e  p r o b a b i l i t y  o f  a n a  c r o s s i n g  and t h e  p r o b a b i l i t y  of an  

extremum of  x ( t )  i n  t h e  time i n t e r v a l  t t o  t + d t ,  The e x p r e s s i o n  

f o r  fM(a) d e r i v e d  i n  t h i s  s e c t i o n  was i n t e r p r e t e d  as t h e  

p r o b a b i l i t y  d e n s i t y  o f  x ( t ) ,  g iven  t h a t  a maximum occured  a t  t i m e  t o  

With t hese  i n t e r p r e t a t i o n s ,  t h e  r e s u l t s  of (6), ( g ) ,  and ( 2 6 )  f o r  

N u ,  N e ,  and f M ( a ) ,  r e s p e c t i v e l y ,  c l e a r l y  h o l d  t r u e  even when 

x ( t )  i s  a n o n - s t a t i o n a r y  p r o c e s s .  

- 13 - 
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Rise and F a l l  D i s t r i b u t i o n  

The e x a c t  d e t e r m i n a t i o n  of  t h e  d i s t r i b u t i o n  o f  r i s e s  and f a l l s  

i n  a con t inuous  random p r o c e s s  is a ve ry  d i f f i c u l t  problem, 

a l t h o u g h  t h e  ave rage  r i s e  and f a l l  h e i g h t  i s  r e l a t i v e l y  easy t o  

compute. We s h a l l  g i v e  a b r i e f  summary o f  an  approximate  

t e c h n i q u e  below, r e f e r r i n g  t h e  r e a d e r  t o  [ 3 ]  f o r  a more g e n e r a l  

f o r m u l a t i o n  w i t h  c o n s i d e r a b l y  more a t t e n t i o n  p a i d  t o  d e t a i l s  o f  

d e r i v a t i o n s  and a n a l y s i s  o f  t h e  approximat ions  i n t r o d u c e d ,  

Assume the  random p r o c e s s  x ( t )  under  c o n s i d e r a t i o n  t o  have 

c o n t i n u o u s  second d e r i v a t i v e s  and l e t  P ( h , T ) d h  d T  b e  t h e  

p r o b a b i l i t y  t h a t ,  g i v e n  a minimum i n  x ( t )  a t  t = o ,  t h e  n e x t  

maximum o c c u r s  i n  t h e  time i n t e r v a l  T c t c T f d T  and t h a t  

h < x ( r ) - x ( o )  ch+dh (see f i g .  l), Then t h e  r i s e  and f a l l  d e n s i t y  i s  

Q) 

P ( h )  = $ P ( h , r ) d r  0 

0 

A s  a f i rs t  s t e p  i n  t h e  d e t e r m i n a t i o n  o f  P ( h , T )  we wr i t e  

( 3 4 )  

( 3 5 )  
t 

where f O ( h l T )  i s  t h e  c o n d i t i o n a l  d e n s i t y  of h g i v e n  t h a t  t h e  n e x t  

maximum o c c u r s  a t  t = 'I and p 0 ( r )  i s  t h e  d e n s i t y  o f  t h e  time 

i n t e r v a l  between s u c c e s s i v e  ex t remao These two f u n c t i o n s  w i l l  

be approximated  i n  t h e  work t o  fo l low,  o u r  aim b e i n g  t o  r e p l a c e  

them by f u n c t i o n s  which can  be  c a l c u l a t e d .  



1 Taking  f o ( h l  T )  f i r s t ,  we approximate i t  by  
I 

1 where f ( h l  T )  dh i s  t h e  p r o b a b i l i t y ,  g i v e n  a minimum i n  x( t )  a t  

t = o  and a maximum ( n o t  n e c e s s a r i l y  t h e  f i r s t )  a t  t= t ,  t h a t  

h < x ( T ) -  x ( o ) c h t d h .  The approximat ion  becomes e x a c t  f o r  small T 

s i n c e  t h e  p r o b a b i l i t y  o f  hav ing  a n o t h e r  maximum i n  o < t < r  i s  

c o r r e s p o n d i n g l y  small, For  l a r g e  v a l u e s  o f  T t h e r e  w i l l  be a 

d i s c r e p a n c y ,  b u t  t h i s  d i s c r e p a n c y  w i l l  b e  un impor tan t  s i n c e  p 0 ( r )  

i s  small f o r  l a r g e  'I. 
t h e  z e r o  c r o s s i n g  d e n s i t y  f o r  i ( t ) )  i s  o b t a i n e d  a f t e r  e x p r e s s i n g  

i t  f i r s t  i n  t he  form d e r i v e d  i n  [31 

The approximat ion  f o r  p0(.) (which r e p r e s e n t s  

where p (TIoc tcT)  d.r i s  t h e  p r o b a b i l i t y  o f  a maximum i n  

~ < t c ~ t d ~  , g i v e n  a minimum a t  t = o  and no o t h e r  maxima i n  t h e  

i n t e r n a l  O C t < T o  We now approximate p(  T I O C t < T )  b y  

where p( . r )dT i s  t h e  p r o b a b i l i t y ,  g i v e n  a minimum a t  t = o ,  t h a t  a 

maximum o c c u r s  i n  ~ c t c ~ t d ~ ~  Thus ( 3 7 )  becomes 
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For  small T t h e  e x p o n e n t i a l  term i s  approx ima te ly  u n i t y  and ( 3 9 )  

y i e l d s  t h e  t y p e  of  approx ima t ion  given i n  [ 4 ]  f o r  t h e  z e r o  c r o s s i n g  

d e n s i t y ,  T h i s  i s  a good approximat ion  f o r  small T , s i n c e  t h e  

p r o b a b i l i t y  of  o t h e r  maxima i n  o < t < T  is a l s o  small ,  A s  f+O,  t h e  

r igh t -hand  member i n  ( 3 9 )  approaches z e r o  e x p o n e n t i a l l y ,  s i n c e  

p ( T )  approaches  a c o n s t a n t  r e p r e s e n t i n g  t h e  e x p e c t e d  number of 

maxima pe r  u n i t  t ime, L i t t l e  can  b e  sa id  abou t  t h e  c l o s e n e s s  o f  

t h e  approx ima t ion  when T i s  n o t  small, b u t  we n o t e  t h a t  i n t e g r a t i n g  

t h e  r igh t -hand  member o f  ( 3 9 )  i n  T from z e r o  t o  i n f i n i t y  y i e l d s  

u n i t y .  I 

We n o t e  that  t h e  approximat ion  o b t a i n e d  f o r  P ( h , f )  t h rough  t h e  

u s e  of e q u a t i o n s  ( 3 5 ) ,  (36), and ( 3 9 )  i n v o l v e s  t h e  e x p r e s s i o n  

f ( h ( T )  p ( ~ ) ,  

i s  e q u a l  t o  f ( h , T )  where f ( h , ? )  dh d.r i s  t h e  p r o b a b i l i t y ,  g i v e n  a 

minimum a t  t = o ,  t h a t  a maximum ( n o t  n e c e s s a r i l y  t h e  f i r s t )  o c c u r s  

i n  f < t < ? t d ?  and t h a t  h < x ( r ) - x ( o ) < h + d h ,  Thus,  e q u a t i o n  ( 3 4 )  f o r  t h e  

By t h e  law of c o n d i t i o n a l  p r o b a b i l i t y  t h i s  e x p r e s s i o n  

r i s e  and f a l l  d e n s i t y  becomes 

W 9 

P ( h )  hs $ f ( h , T )  exp \ -  S T p ( s ) d s l  d r  (40)  
0 0 

The f u n c t i o n s  f ( h , T )  and p ( ~ )  appea r ing  i n  ( 5 1 )  are e x p r e s s i b l e  i n  

terms o f  j o i n t  d e n s i t y  f u n c t i o n s  f o r  t h e  p r o c e s s  x ( t )  and i t s  

d e r i v a t i v e s .  The r e s u l t s  fo l low from e s s e n t i a l l y  t h e  same s o r t  

of approach  which l ed  t o  ( 6 )  and ( 2 6 ) ,  L e t t i n g  Ne be  t h e  e x p e c t e d  

number o f  ex t rema p e r  u n i t  time, 
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em 
where g(v,w; v?,w?;T) is the joint density of i ( o ) ,  x(o),~(T), 

and ;(TI represented by v,w,v', and wf respectively, and 

0 

where g(u,v,w;u',vt,wf;~) is the joint density of x ( o ) ,  x ( o ) ,  

x ( d ,  x ( d ,  & I ,  and h). em 

For applications to the case of stationary Gaussian processes 

the multi-dimensional Gaussian distribution [4] must be used, 

The expression ( 4 1 )  for p(~) becomes 

where 

-1/2 
H = K IJ2 - K'] 

-1 
and o S cot ( -H)&r0 The expression for f(h,r) cannot be 

( 4 4 )  

expressed 

in closed form, but may be reduced (see [3])to a single integral 

in a form convenient for numerical evaluation: 
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where 

Dh(sin 8 t cos Q) 
4- z = z(h,r,Q) = 

S 
36- '33 +9 9 

c = -  
9 

- ( s13+s16)2 
= s33 2(SlltSl4) ¶ 

and where IMI is the determinant o f  the matrix M and sij is the 
th th i- row and j- column member of the inverse matrix of M, M being 

the six by six correlation matrix 



It i s  s e e n  t h a t ,  f o r  Gauss ian  p r o c e s s e s ,  t h e  e v a l u a t i o n  of p ( r >  

and f ( h , T )  r e q u i r e d  i n  t h e  approximate  e x p r e s s i o n  (40 )  o f  t h e  

r i s e  and f a l l  d e n s i t y  p re supposes  a knowledge o f  t h e  c o r r e l a t i o n  

f u n c t i o n  R ( T )  and o f  i t s  f i r s t  f o u r  d e r i v a t i v e s .  According t o  

[ 9 ]  w e  are a s s u r e d  t h a t  t hese  e x i s t  f o r  any p rocesb  f o r  which 

second d e r i v a t i v e s  e x i s t ,  I n  te rms  o f  t h e  s p e c t r a l  d e n s i t y  

t h i s  means t h a t  F(w) must be  bounded by a n  e x p r e s s i o n  o f  t he  form 

c/wS+Efor l a rge  W ,  where c i s  a c o n s t a n t  a n d c i s  any p o s i t i v e  

number. 

More p a r t i c u l a r  i n f o r m a t i o n  on t h e  r i s e  and f a l l  d i s t r i b u t i o n ,  

such  as t h e  c o n d i t i o n a l  d e n s i t y  o f  r ises g i v e n  a minimum a t  some 

f i x e d  l e v e l ,  can  also b e  o b t a i n e d  th rough  m o d i f i c a t i o n s  (See C31) 

o f  t h e  t e c h n i q u e s  g i v e n  above,  

It i s  a p p r o p r i a t e  t o  mention two o t h e r  attempts a t  t h e  

d e t e r m i n a t i o n  of t h e  r i s e  and f a l l  d i s t r i b u t i o n  i n  r e f e r e n c e s  

[ l o ]  and [ll]. S c h j e l d e r u p  [lo] g i v e s  a t r e a t m e n t  o f  t h e  r i s e  

and f a l l  problem for some s p e c i a l  l i m i t i n g  c a s e s  of  Gauss ian  
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p r o c e s s e s  w i t h  power s p e c t r a  composed o f  s h a r p  peaks a t  ve ry  

w i d e l y  separated f r e q u e n c i e s ,  His method f a i l s  t o  take accoun t  

of t h e  dependence o f  a maximum on t h e  l a s t  minimum and i s  i n  

g e n e r a l  n o t  capable o f  e x t e n s i o n  t o  o t h e r  c a s e s c  Kowalewski 

[ll] g i v e s ,  w i t h o u t  d e r i v a t i o n  o r  r e f e r e n c e ,  a n  e q u a t i o n  f o r  t h e  

rise and f a l l  d i s t r i b u t i o n  i n  a Gaussian p r o c e s s .  That t h e  

e q u a t i o n  i s  i n c o r r e c t  can  eas i ly  b e  s e e n  by computing t h e  

a v e r a g e  r i s e  and f a l l  h e i g h t ;  t h e  r e s u l t  d i f f e r s  c o n s i d e r a b l y  from 

h as g i v e n  by  ( 2 2 )  o r  ( 2 3 ) ,  which has been checked f o r  v a l i d i t y  

s e v e r a l  times by measur ing  and a v e r a g i n g  r ise  and f a l l  h e i g h t s  

i n  e x p e r i m e n t a l  r e c o r d s  o f  random p r o c e s s e s o  

I 

~ 

I 
I 

- 
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P a r t i c u l a r  Examples - Gaussian Processes With I d e a l i z e d  S p e c t r a  

I 

i 

Examples  are g i v e n  i n  t h i s  s e c t i o n  f o r  s t a t i o n a r y  Gauss ian  

p r o c e s s e s  w i t h  i d e a l i z e d  power spec t r a  of t h e  form 
I 

o t h e r w i s e  I o  
where o S ~ < 1 ,  

cu t -o f f  f r e q u e n c y ,  When B=o t h e  spec t rum i s  t h a t  o f  a n  i d e a l  

Here uc i s  a n  upper  c u t - o f f  f r equency  and f3wC a lower  

' low-pass '  f i l t e r  and when 8 i s  close t o  u n i t y  t h e  s p e c t r u m  i s  

' na r row band ' ,  S i n c e  1 F ( w ) d w  = u2, (I i s  t h e  r o o t  mean s q u a r e  

v a l u e  o f  x ( t ) ,  It  is conven ien t  t o  use  a d i m e n s i o n l e s s  t i m e  

4 = w C t  and t o  deal w i t h  t h e  p r o c e s s  y ( 4 )  = X ( t ) / a  which i s  

d i m e n s i o n l e s s  w i t h  u n i t y  r o o t  mean s q u a r e ,  Then t h e  c o r r e l a t i o n  

f u n c t i o n  f o r  y($) i s ,  a f t e r  a n  a p p r o p r i a t e  m o d i f i c a t i o n  of ( 3 1 ,  

QD 

0 

o r  

For  s e v e r a l  a p p l i c a t i o n s  d i s c u s s e d  e a r l i e r  one needs  on ly  know 

c e r t a i n  d e r i v a t i v e s  a t  4 = 0: 
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Denoting by h a r i s e  o r  f a l l  i n  x ( t ) ,  we f i n d  from ( 2 2 )  

t h e  a v e r a g e  r i s e  and f a l l  h e i g h t  o f  t h e  p r o c e s s  y ( $ )  i s  

It i s  eas i ly  s e e n  t h a t  f o r  fl = o ( i d e a l  low pass f i l t e r ) ,  

E 
ave rage  approaches  E = ma * C 2 . 5 1 u  which i s  t h e  upper  bound g i v e n  

by (24). The e x p e c t e d  number of  c r o s s i n g s  o f  y ( $ )  = a / u  ( t h a t  i s ,  

= m / 3  u z1.870 , whereas when B - t l  ( na r row band f i l t e r )  t he  

of x ( t )  = a ) ,  z e r o  c r o s s i n g s ,  and ex t r ema  p e r  u n i t  o f  t ime $ 

( t h a t  i s ,  p e r  u n i t  o f  a c t )  are from (14), ( 1 5 ) ,  and ( 1 6 )  

r e s p e c t i v e l y  

E q u a t i o n s  (52) and ( 5 3 )  i l l u s t r a t e  a p o i n t  o f  some i n t e r e s t  

i n  t h e  a n a l y s i s  o f  s t a t i o n a r y  p r o c e s s e s ,  Suppose t h e r e  are two 

p r o c e s s e s  x , ( t )  and x 2 ( t )  w i t h  v a r i a n c e s  u and u , and t h a t  
1 2 

t h e  spec t ra  F ( 0 )  and F ( w )  a r e  s imilar  i n  t h e  s e n s e  t h a t  t h e y  

can  b e  made t o  c o i n c i d e  by a p p r o p r i a t e  s c a l e i n g  o f  t h e  wand F 

axes .  If w and w are c h a r a c t e r i s t i c  f r e q u e n c i e s  s u c h  as a 

1 2 

1 2 
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c u t - o f f  f r equency  o r  a c e n t e r  f r equency ,  t h e n  t h e  p r o c e s s e s  

(where I$=@ t )  
2 

have i d e n t i c a l  s t a t i s t i c a l  d i s t r i b u t i o n s  b o t h  i n  d i m e n s i o n l e s s  

ampl i tude  yi- -xi/ui  and i n  d imens ion le s s  time + = w i t .  
t 

1 
I 

The r i s e  and f a l l  d e n s i t y  f o r  y ( 4 )  ( t h a t  i s ,  P ( h / u )  ) may be  

~ 

computed from t h e  approximate  f o r m u l a t i o n  g i v e n  i n  t h e  l a s t  *h 
I , s e c t i o n .  C o n s i d e r a b l e  d i f f i c u l t i e s  were met i n  pe r fo rming  

, n u m e r i c a l  computa t ions  on a d i g i t a l  computer due t o  the  ex t reme 

accuracy  r e q u i r e d  i n  i n v e r t i n g  t h e  c o r r e l a t i o n  m a t r i x  o f  ( 4 7 )  n e a r  

i t s  s i n g u l a r  p o i n t  a t  T = O  and due t o  t h e  e x t e n s i v e  amount o f  

n u m e r i c a l  i n t e g r a t i o n ,  These are d i s c u s s e d  a t  greater l e n g t h  i n  . 

[ 3 ] .  Computat ions of t h e  r i s e  and f a l l  d e n s i t y  were made f o r  

v a l u e s o f  f3 e q u a l  t o  0 , .25 , ,50 ,&.75e  R e s u l t s  f o r  B =  o are shown i n  

f i g u r e  2 and f o r  f3=0.75 i n  f i g u r e  30 F i g u r e  4 i s  a combined p l o t  

o f  computed r e s u l t s  f o r  a l l  f o u r  c a s e s e  The dashed l i n e  i n  

f i g u r e  2 i s  a p l o t  o f  expe r imen ta l  data c o l l e c t e d  by Leybold [12] 

from measurements of  approximate ly  53,000 r ises  and f a l l s  i n  a 

d i g i t a l l y  g e n e r a t e d  random f u n c t i o n  w i t h  a n  i dea l  low pass f i l t e r  

power spec t rum,  The dashed l i n e  i n  f i g u r e  3 i s  a p l o t  of  t he  

Rayleigh d i s t r i b u t e d  r ise  and f a l l  d e n s i t y  which would o c c u r  i n  a n  

e x t r e m e l y  narrow band p r o c e s s  c o n s i s t i n g  of  a s i n e  wave w i t h  a n  

ampl i tude  v a r y i n g  n e g l i g i b l y  as t h e  p r o c e s s  passes from a minimum 

t o  t h e  n e x t  maximum, The ampl i tude  R of  such  a p r o c e s s  has t h e  

d e n s i t y  [ 4 ]  
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Not ing  t h a t  h/a = 2R/a and u s i n g  t h e  u s u a l  r u l e s  f o r  t r a n f o r m a t i o n  

o f  s t o c h a s t i c  v a r i a b l e s ,  t h e  l i m i t i n g  form o f  t h e  r i s e  and f a l l  

d e n s i t y  as t h e  bandwidth i s  narrowed toward z e r o  i s  

I 

I 

T h i s  i s  t h e  d e n s i t y  p l o t t e d  as a dashed l i n e  i n  f i g ,  3 ;  It i s  

e a s i l y  checked t h a t  i t  y i e l d s  f o r  a n  ave rage  r i s e  and f a l l  h e i g h t  

= p u ,  which i s  t h e  upper  bound of  ( 2 4 )  The comparison w i t h  

t h e  c a s e  B=.75 seems a p p r o p r i a t e  s i n c e  the  v a l u e  of  i s  on ly  

1.5% less t h a n  Computed r e s u l t s  f o r  small h/u c o u l d  n o t  be 

a c c u r a t e l y  o b t a i n e d  i n  t h i s  c a s e  and t h u s  are n o t  shown, 

The agreement of  p r e d i c t e d  r e s u l t s  w i t h  e x p e r i m e n t a l  data f o r  

B=o and t h e  l i m i t i n g  Rayle igh  d i s t r i b u t i o n  f o r  B=.75 i n d i c a t e s  t h a t  

t h e  approximate  s o l u t i o n  t o  t h e  r ise  and f a l l  problem i s  

s a t i s f a c t o r y  a t  l eas t  f o r  large h ,  S i n c e  one i s  g e n e r a l l y  i n t e r e s t e d  

i n  h i g h e r  moments o f  h ( s e e  t he  nex t  s e c t i o n ) ,  t h e  r e s u l t s  are 

s u f f i c i e n t ,  The t a b l e  below g i v e s  t h e  f i r s t  f o u r  moments o f  t h e  

computed r i s e  and f a l l  d e n s i t y  where t h e  n t h  moment i s  d e f i n e d  as 

The f irst  l i n e  g i v e s  e x a c t  va lues  o f  E/u  as found from e q u a t i o n  ( 5 2 ) .  
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moment = 0.75 

( W a )  e x a c t  1.868 2 0 1 1 1  2 0 3 5 1  2.478 

(E/a)  computed 1.810 2.026 2.244 2 e 625 

( ? / 0 2 )  computed 4.469 5.473 6.415 8 227 - 
( h 3 / u 3 )  computed 13.112 1 7  a 484 21 ,491  31.139 

( T / o 4 )  computed 430573 6 3 0 1 1 0  81.297 1 3 2  e 856 

Agreement between e x a c t  v a l u e s  o f  t h e  ave rage  he igh t  and the  

ave rage  as computed from t h e  approximate r i s e  and f a l l  d e n s i t y  i s  

g e n e r a l l y  good. The moments f o r  6=0,75 can  b e  compared w i t h  t h o s e  

o f  t h e  l i m i t i n g  form o f  t h e  d i s t r i b u t i o n  as B approaches  one. The 

f i r s t  f o u r  moments of t h e  l i m i t i n g  e x p r e s s i o n  g i v e n  by ( 5 5 )  are, 

r e s p e c t i v e l y ,  2,51, 8000, 30.70, and 128,00, The lower moments of 

h as computed f o r  p=O.75 seem t o o  l a r g e ,  t h e  r e a s o n  b e i n g  the 

i n a c c u r a t e  r e s u l t s  ment ioned e a r l i e r  f o r  small v a l u e s  o f  h a  T h i s  

a p p a r e n t l y  has less  e f f e c t  on t h e  h i g h e r  moments. 
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F a t i a u e  Crack ProDanat ion Under Random Loadinas  

Exper imenta l  data on c r a c k  p ropaga t ion  unde r  random l o a d i n g s  

are  c i t e d  here t o  show t h e  r e l a t i o n  o f  r i s e  and f a l l  s t a t i s t i c s  t o  

t h e  p r e d i c t i o n  o f  f a t i g u e  l i f e ,  Recent work i n  [13,14,15,16] and 

p a r t i c u l a r l y  i n  [l] and [17] h a s  shown t h a t  t h e  r a t e  o f  p r o p a g a t i o n  

of  a f a t i g u e  c r a c k  i n  a p l a n e  s h e e t  under  c y c l i c  l o a d i n g  depends 

on ly  on t h e  v a r i a t i o n  o f  t h e  c rack  t i p  stress i n t e n s i t y  f a c t o r  and 

i s  o t h e r w i s e  independen t  o f  t h e  method of l o a d i n g ,  c r a c k  l e n g t h ,  and 

specimen goemetry. T h i s  i s  t r u e  when t h e  s c a l e  o f  p l a s t i c  y i e l d i n g  

. a t  t h e  c r a c k  t i p  i s  small compared w i t h  o t h e r  geometr ic  d imens ions  

a n d i s  a v e r y  r e a s o n a b l e  r e s u l t  s i n c e ,  when y i e l d i n g  does n o t  a l t e r  

t h e  stress s t a t e  far from t h e  c rack ,  t h e  stress i n t e n s i t y  f a c t o r  i s  

a s i n g l e  pa rame te r  d e s c r i b i n g  t h e  stress d i s t r i b u t i o n  n e a r  t h e  c r a c k  

t i p ,  It has been observed  e x p e r i m e n t a l l y  t h a t  the  c r a c k  growth pe r  

l o a d  c y c l e  depends p r i m a r i l y  on the  ampl i tude  o f  t h e  i n t e n s i t y  

f a c t o r  v a r i a t i o n  and is r e l a t i v e l y  i n s e n s i t i v e  t o  t h e  mean l o a d  

l e v e l ,  F u r t h e r ,  if one i n s i s t s  on f i t t i n g  a power law t y p e  of 

r e l a t i o n s h i p  t o  t h e  data ,  t h e  c rack  e x t e n s i o n  p e r  l o a d  c y c l e  fs 

rough ly  p r o p o r t i o n a l  t h e  f o u r t h  power o f  t h e  ampl i tude  o f  s t r e s s  

i n t e n s i t y  f a c t o r  v a r i a t i o n .  Some t h e o r e t i c a l  j u s t i f i c a t i o n  of  

these r e s u l t s  i s  g i v e n  i n  [l] and [ 1 8 l 0  

On t h e  basis  o f  ev idence  on c r a c k  p r o p a g a t i o n  under  c y c l i c  

l o a d i n g  i t  i s  n o t  u n r e a s o n a b l e  t o  e x p e c t  t h a t ,  under  random l o a d i n g ,  
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t h e  ave rage  c r a c k  e x t e n s i o n  per  load  peak  s h o u l d  be approximate ly  

p r o p o r t i o n a l  t o  t h e  a v e r a g e  v a l u e  of t h e  f o u r t h  power of  t h e  r i s e  

and f a l l  h e i g h t  i n  t h e  stress i n t e n s i t y  f a c t o r  v a r i a t i o n ,  T h i s  

i g n o r e s  t h e  e f f e c t  of r i s e  and f a l l  h e i g h t  sequence ,  b u t  neve r the -  

less p r o v i d e s  a u s e f u l  s t a r t i n g  p o i n t .  For  a c r a c k  o f  l e n g t h  2a 

. i n  a large p l a t e  loaded  w i t h  a s t r e s s  s a c t i n g  p e r p e n d i c u l a r l y  t o  

t h e  c r a c k  l i n e ,  t h e  stress i n t e n s i t y  f a c t o r  k i s  [19] k = s p 6  

Thus, i f  t h e  stress s = s ( t )  is a s t a t i o n a r y  random p r o c e s s  w i t h  

an  a v e r a g e  f o u r t h  power o f  the  r i s e  and f a l l  h e i g h t  h 4 s ,  t h e  

c o r r e s p o n d i n g  f o u r t h  power r i s e  and f a l l  o f  t h e  stress i n t e n s i t y  

f a c t o r  i s  

- - 
h4k  = h4  a2  , 

S ( 5 7 )  

Our h y p o t h e s i s  t h e n  i s  t h a t  t h e  c rack  e x t e n s i o n  per  l o a d  peak 

s h o u l d  depend only  on t h e  combinat ion shown i n  e q u a t i o n  (57)  and,  
'7 

t h u s ,  s h o u l d  be o t h e r w i s e  r e l a t i v e l y  independen t  o f  t he  c r a c k  

l e n g t h  a ,  t i e  mean v a l u e  o f  s ( t ) ,  and any o t h e r  s t a t i s t i c a l  

p r o p e r t i e s  of the pro 'cess  s ( t ) ,  C i t i n g  e x p e r i m e n t a l  r e s u l t s  

g i v e n  i n  [l], we v e r i f y  t h a t  t h e  p r e c e d i n g  s t a t e m e n t  i s  t r u e ,  

F i g u r e s  5 and 6 show r e s p e c t i v e l y  samples o f  f i v e  d i f f e r e n t  

s t a t i o n a r y  random stress p r o c e s s e s  and t h e  c o r r e s p o n d i n g  power 

s p e c t r a .  

E by Leybold [12] ( p r o c e s s  E was used f o r  t h e  comparison of  

p r e d i c t e d  and e x p e r i m e n t a l  rise and f a l l  d e n s i t i e s  i n  f i g u r e  21, 

P r o c e s s e s  A,B, and C were g e n e r a t e d  by F u l l e r  [ 20 ]  and 



The d e n s i t i e s  of  r ise  and f a l l  he igh t s ,  made d i m e n s i o n l e s s  t h rough  

d i v i s i o n  by t h e  s t a n d a r d  d e v i a t i o n  

measurements o f  r ises and f a l l s  and are shown i n  f i g u r e  7. The 

ave rage  f o u r t h  power r i s e  and f a l l  h e i g h t s  o f  t h e  stresses 

d i v i d e d  by t h e  s t a n d a r d  d e v i a t i o n s ,  2 o v e r  u: , are  1 2 8  f o r  A ,  

88 f o r  B ,  101 f o r  C ,  64 f o r  D ,  and 40 f o r  E ,  The stress p r o c e s s e s  

A,B,  and C were a p p l i e d  t o  c racked  p l a t e s  o f  7075 T6 aluminum a l l o y  

a s ,  were de te rmined  by 

i 

1 
I 

I 

by S o  Smith o f  t h e  Boeing Company who k i n d l y  r e p o r t e d  h i s  r e s u l t s  

t o  t h e  writers,  
- 1/4 

The r e s u l t s  are reduced t o  a p l o t  o f  (hz) from 

I 
I f i g u r e  8. 

( 5 7 )  a g a i n s t  t h e  ave rage  c r a c k  e x t e n s i o n  p e r  l o a d  peak  d ( 2 a ) / d n  i n  
I 
I 

The f a c t  that  da ta  from three  ve ry  d i s t i n c t l y  d i f f e r e n t  random 

l o a d i n g s  f a l l  e s s e n t i a l l y  i n t o  t h e  same c u r v e  in f i g u r e  8 i s  a 

v e r i f i c a t i o n  o f  t h e  u s e f u l n e s s  of r i s e  and f a l l  s t a t i s t i c s  and of  

t h e  stress I n t e n s i t y  f a c t o r  approach t o  c r a c k  p r o p a g a t i o n ,  It 

s h o u l d  be  c a u t i o n e d  t h a t  i t  appea r s  t h a t  the c r a c k  p r o p a g a t i o n  r a t e  

under  random l o a d i n g s  does n o t  depend on h;: i n  e x a c t l y  t h e  same 

way as i t  does  f o r  c y c l i c  l o a d s ,  This  p o i n t  i s  i l l u s t r a t e d  by 

f i g u r e  9 where growth ra tes  under b o t h  c y c l i c  and random l o a d i n g s  

are compared, 
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Some P r a c t i c a l  C o n s i d e r a t i o n s  i n  Applying Rise and F a l l  S t a t i s t i c s  

Bas ing  p r e d i c t i o n s  o f  f a t i g u e  l i f e  on a v e r a g e s  o f  t h e  r i s e  and 

f a l l  he ight  can ,  i n  some c a s e s ,  l e a d  t o  s u b s t a n t i a l l y  i n c o r r e c t  

r e s u l t s .  As a n  exmaple, c o n s i d e r  a random l o a d i n g  x ( t )  f o r  which 

a p a r t i c u l a r  sample has t h e  appearance  of one of  t h e  samples  

shown i n  f i g u r e  5. If a very  h igh  f r equency  o s c i l l a t i o n  w i t h  

ex t r eme ly  small ampl i tude  is superimposed on t h e  l o a d i n g  x ( t ) ,  

one would e x p e c t  t h e  r e s u l t a n t  l o a d i n g  t o  g i v e  e s s e n t i a l l y  t h e  

same f a t i g u e  l i f e .  But t h e  d i s t r i b u t i o n  o f  r i s e s  and f a l l s  would 

be  markedly changed, f o r  i n  p l a c e  o f  a r e l a t i v e l y  large r i s e  

and f a l l  i n  x ( t )  one would now have s e v e r a l  smaller r ises  and 

f a l l s .  

A random p r o c e s s  g e n e r a t e d  by  a p p l y i n g  whi te  n o i s e  t o  a 

l i g h t l y  damped l i n e a r  spring-mass-damper sys t em a f f o r d s  an  example 

o f  t h i s  phenomena and p r o v i d e s  a u s e f u l  means o f  i l l u s t r a t i n g  what 

can  b e  done t o  e l i m i n a t e  t h i s  h i g h  f r equency  e f f e c t  from the  

a n a l y s i s .  

L e t  x ( t )  be t h e  r e s p o n s e  s a t i s f y i n g  

m b  
x ( t >  + C W 0  i ( t >  + W; x ( t >  = w(t> , ( 5 9 )  

where w ( t )  i s  white  n o i s e  w i t h  a power s p e c t r a l  d e n s i t y  e q u a l  t o  

a c o n s t a n t ,  K ,  f o r  a l l  f r e q u e n c i e s .  Then u s i n g  s t a n d a r d  methods i n  

t h e  s t o c h a s t i c  a n a l y s i s  o f  l i n e a r  sys t ems  [9,21], t h e  power 

s p e c t r a l  d e n s i t y  o f  t h e  r e sponse  x ( t >  i s  
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When E i s  small ( l i g h t  damping) t h e  spec t rum has a Onarrow band'  

appea rance  w i t h  a large peak c e n t e r e d  n e a r  w = wo, and t h u s  a 

sample o f  x ( t )  might b e  expec ted  t o  resemble a s i n u s o i d a l  wave 

w i t h  s lowly  v a r y i n g  ampl i tude  and phase,, The ave rage  r i s e  and 

f a l l  h e i g h t  i s ,  however, e q u a l  t o  z e r o ,  T h i s  i s  r e a d i l y  s e e n  by 

n o t i n g  t h a t  from ( 2 2 )  v a r i e s  i n v e r s e l y  w i t h  the s q u a r e  r o o t  o f  

R ( 4 ) ( o ) .  

F( w )  e But i n  t h e  c a s e  under  c o n s i d e r a t i o n  F( w )  approaches  

K/w4 f o r  large w ,  imp ly ing  tha t  the  f o u r t h  moment i s  i n f i n i t e  and 

t h u s  t h e  ave rage  h e i g h t  of  r i s e  i s  z e r o ,  The ma themat i ca l  

i d e a l i z a t i o n  of white  n o i s e  cannot  be r e a l i z e d  p h y s i c a l l y ;  ra ther  

t h a n  h a v i n g  a v a n i s h i n g  ave rage  he ight  i n  t h e  a c t u a l  c a s e  5 would 

By (18), d 4 ) ( o )  i s  t h e  f o u r t h  moment of  t h e  spec t rum 

I be  very  small due t o  t h e  h igh  f requency  c o n t e n t  o f  F(w) which 

c a u s e s  r a p i d  o s c i l l a t i o n s  o f  small ampl i tude  i n  x ( t ) ,  even  though 

upon c a s u a l  o b s e r v a t i o n  x ( t )  would appear t o  b e  q u i t e  r e g u l a r  

and t y p i c a l l y  'narrow bandv i n  i t s  v a r i a t i o n ,  

T h i s  d i f f i c u l t y  i s  n o t  i n su rmoun tab le ,  and t h e  u s e  o f  some 

judgement can  lead t o  meaningful  r e s u l t s  f o r  t h e  r i se  and f a l l  

d i s t r i b u t i o n .  

spec t rum d e f i n e d  as F(w) (as  g iven  i n  ( 6 0 ) ) f o r  w < w + ,  and d e f i n e d  

as z e r o  f o r  w > w + .  

Suppose we c o n s i d e r  a p r o c e s s  x , ( t )  w i th  a 

Then x , ( t )  has a non-zero E i f  w +  is f i n i t e ,  
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The p r o c e s s  x , ( t )  is s i m p l y  t h e  p r o c e s s  x ( t >  w i t h  a h i g h  f requency  
000 

component, hav ing  v a r i a n c e  0,' = \ F( w ) d w ,  s u b s t r a c t e d  o u t .  If 
%4 

U 

w e  choose a v a l u e  o f  W, s l i g h t l y  g rea te r  t h a n  w0 b u t  a t  t h e  same 
I 

time s u f f i c i e n t l y  large such  t h a t  82 i s  n e g l i g i b l e  i n  comparison 

t o  t h e  v a r i a n c e  of  x ( t ) ,  we have  e f f e c t i v e l y  eliminated t h e  

t roub lesome  p a r t  o f  t h e  p r o c e s s  x ( t )  b u t  r e t a i n e d  i t s  i m p o r t a n t  
i 
I 

I f e a t u r e s  w i t h  r e g a r d  t o  f a t i g u e  a n a l y s i s  t h r o u g h  c o n s i d e r a t i o n  o f  

A similar  method may b e  employed i n  o t h e r  cases. Taking  t h e  

r a t i o  No/Ne  ( o r  e q u i v a l e n t l y  from (23), E/ 2na)  as a measure o f  

t he  degree of  i r r e g u l a r i t y  i n  a p r o c e s s ,  when t h i s  r a t i o  is n o t  an 

a p p r e c i a b l e  f r a c t i o n  of u n i t y  t h e  e x a c t  d i s t r i b u t i o n  of  r ises and 

f a l l s  may have  l i t t l e  r e l e v a n c e  t o  the  l o a d  v a r i a t i o n s  i m p o r t a n t  

i n  f a t i g u e ,  and a n  a l t e r a t i o n  of  t h e  t y p e  per formed above may be 

n e c e s s a r y  t o  y i e l d  u s e f u l  r e s u l t s .  
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